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Tém tit: Su phat trién ciia tinh todn luwong tu hira hen kha nang xuw ly thong tin vuot troi thong qua cac
thudt toan nhu Peter Shor hay Grover. Tuy nhién, cac hé thdng lwong tie thuc 16 d6i mdt véi thach thire Ién
tir nhiéu méi trwong (decoherence) va sai sé thao tac cong, dan dén sw tich liy 16i theo ham lity thira. Ma
sira sai lwong tir (Quantum Error Correction - QEC) dong vai tro then chot trong viéc xdy dung cdac may
tinh luang tk ¢6 kha néng chiu 161, Bal bao nay tdp trung nghién civu co sé 1y thuyét vé khéng gian Hllbert
mo hinh 16i Pauli va phan tich chl tiét cau triic ma Calderbank Shor-Steane (CSS). Nghién ciru cung cdp
nén tang quan trong cho viéc trién khai cdc giao thirc truyén tin hrong tir bén viing.

Tir khoa: tinh toan lwong tir, ma swa sai lwong tir, CSS Code, mo hinh 16i Pauli, Qubit.

Abstract: The development of quantum computing promises superior information processing capabilities
through algorithms such as Peter Shor or Grover. However, practical quantum systems face significant
challenges from environmental noise (decoherence) and gate operation errors, leading to exponential
error accumulation. Quantum Error Correction (QEC) plays a key role in building fault-tolerant quantum
computers. This paper focuses on the theoretical basis of Hilbert space, the Pauli error model, and a
detailed analysis of the structure of Calderbank-Shor-Steane (CSS) code. This research provides a crucial
foundation for the implementation of robust quantum communication protocols.
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1. Gi6i thiéu

Ké tir khi Richard Feynman dé xuit y tuéng vé
may tinh luong tur vao nhling nam 1980, linh vuc nay
da chuyén minh manh mé tir cac nghién ctru thuan
tay 1y thuyét sang giai doan hién thuc hoa cong nghé.
Strc manh vuot trdi cua may tinh lugng tur so voi may
tinh c¢6 dién da duoc khing dinh thong qua cac thuat
toan mang tinh dot pha: thuat toan Peter Shor c6 kha
ndng phéa v& cac h¢ mat ma khoa cong khai dua trén
viéc phén tich s6 nguyén t6 16n trong thoi gian da
thirc, va thuat toan Grover giup t6i vu hoa tbe do tim
kiém trong dir liéu chua cau triic. Nhiing tién bg nay
dwa trén hai nguyén ly nén tang cua co hoc luong tir
1a tinh chdng chat (superposition) va su rdi lwong tir
(entanglement), cho phép hé thong xir 1y song song
mot luong thong tin khong 16 ma khong mot siéu
may tinh c¢b dién nao co thé dat toi.

Tuy nhién, thuc té trién khai cac hé thong luwong
tir 61 mat véi mot thach thirc mang tinh séng con:
su mong manh cua cac trang thai lugng tir. Do tinh
chit chong chat nhay cam, cac qubit (bit lwong tir)
rat d& bi tic dong boi cac nhiéu dong nho nhét tir moi
truong xung quanh, dan dén hién twong mat lién lac
luong tir (decoherence). Thém vao do, cac thao tac
cdng logic (gate operations) va qua trinh do ludng
(measurement) trong thuc té ludn ton tai sai sd vat
Iy nhét dinh. Khac voi thong tin ¢6 dién von co do
on dinh cao va dé dang sao chép dé du phong, thong
tin lugng tir khong thé duoc sao chép theo “Dinh ly

khong sao chép” (No-cloning Theorem), khién viéc
ap dung truc tiép cac k¥ thuat stra sai ¢6 dién nhu ma
lap (repetition code) tré nén bét kha thi.

Sy tich lity sai s6 trong qué trinh tinh toan luong
tir dién ra theo ham lity thira, chi can mot 18i nho &
mirc d6 qubit vat 1y ciing c6 thé 1am hong toan bo két
qua cua thudt toan. Do do, viéc xay dung cac ma stra
sai lugng tir (Quantum Error Correction - QEC) dong
vai tro 1a “chia khoa” then chdt dé 1ap day khoang
cach giita 1y thuyét Iy tuong va cac thiét bi luong
tlr c6 nhiéu & quy mo trung binh (NISQ). Trong )
céc phuong phap tiép can, ho ma Calderbank-Shor-
Steane (CSS) n6i 1én nhur mot giai phap xuat sac nho
kha ning tan dung sy tinh tay cta ly thuyét ma hoa
b dién dé bao vé thong tin trude ca 18i nhay bit va
16i dao pha. Két qua nghién ciru khong chi gop phan
lam rd gidi han hoat dong ciia ma CSS ma con cung
cip nén tang quan trong cho viéc trién khai cac giao
thirc truyén tin luong tu ben viing trong tuong lai.

2. Co s6 1y thuyét vé tinh toan va sai s6 lwong
tir

2.1. Don vi thong tin lugng tir

Khac véi don vi thong tin ¢6 dién (bit) chi nhan
mot trong hai gia tri roi rac , don vi thong tin lugng
tor (qubit) dugc dinh nghia 1a mt vecto trang thai
trong khong gian Hilbert phirc hai chidu H = C2.
Mot qubit ¢6 thé ton tai trong su chong chat tuyén
tinh ctia cac trang thai co s¢ |0) va |1), dugc biéu dién
dudi dang: |y)=a|0)+/[1)
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Trong d6, a va f8 1a cac sb phic dong vai trod 1a
bién d6 xac suat (probab111ty amphtudes) Theo tién
dé cua co hoc luong ti, tong xac suat tim thdy hé &
céc trang thai co s¢ phai bang 1, do d6 cac bién do
phai théa man diéu kién chuén hoéa: |a>+ |f>=1. O
day, |a|? dai dién cho xac suat hé suy sup vé trang thai
10yva |B)* 1a x4c suat hé suy sup vé trang thai |1) khi
thyc hién phép do chuén tryc giao.

Dé hinh dung tryc quan, mot qubit don 1¢ thuong
dugc biéu dién thong qua mit cau Bloch (Bloch
Sphere). Bing cach sir dung cac toa do goc (6, ¢),
trang thai |y) c6 thé dugc viét lai nhu sau:

) = cos (5) |0) + e'%sin (9) V0 <O <mva0<¢<2m.

Trong biéu dién nay, cac trang thai cd dlen |0) va
1) ndm tai hai cuc Bic va Nam cua mat ciu, trong
khi cac trang thai chong chéat vo han nim trén bé
mat mit cau. Bién sb ¢ dai dién cho pha tuong ddi
(relative phase) — mot thanh phan dic trung quyét
dinh tinh giao thoa lugng tir nhung khong c6 tuong
duong trong thong tin ¢o dién.

Khi xét hé théng gdm 7 qubit, khong gian trang
thai s& m¢o rong theo tich tensor H ®n, tao ra mot
khong gian Hilbert 2" chidu. Sy gia ting sd chiéu
theo ham iy thira nay chinh 1a ngudn gdc tao nén
stc manh tinh toan vuot trdi ciia may tinh luong ti,
cho phép xir Iy ddng thoi lwong thong tin khong 1.
Tuy nhién, chinh sy nhay cam ciia cac tham sé 0 va ¢
trude cac tac dong tir moi truong bén ngoai din dén
hién twong mat lién lac luong tir (decoherence), 1am
sai 1éch thong tin va doi hoi cac co ché sira sai nghiém
ngit s& duoc trinh bay trong cac phan tiép theo.

2.2. M6 hinh 16i lwong tiv

Trong mdi truong tinh toan cb dién, sai s6 chi
yéu ton tai dudi dang 16i nhay bit (bit-flip), tirc 1a su
bién doi trang thai tir 0 sang 1 hodc nguoc lai. Tuy
nhién, trong hé thng luong tir, sai s phirc tap hon
rat nhiéu do tinh chat lién tuc cua cac bién do xac
suit va su ton tai cia pha luong tir. Bat ky twong
tac khong mong mubn nao giita qubit va moi trudng
(hién tuong decoherence) déu co thé giy ra nhiing
bién di don nhat (unitary) hodc khéng don nhét 1am
sai léch trang thai gic.

Mic du khong gian 16i 1a lién tuc, mot dic diém
quan trong cua 1y thuyét sira sai lugng tir 13 moi 13i
bat ky E tac dong 1én mot qubit déu c6 thé dugc biéu
dién dudi dang td hop tuyén tinh cua cic ma trin
Pauli co s¢ {0,, Oy, Ty, Oz} Diéu nay cho phép ta “roi
rac hoa” céc 16i luong tir thanh céc loai hinh cy thé:

+ Lbi nhay bit (Bit-flip error - ): Tuong tng véi

ma trgn Pauli o, = (] 1. Tac dong cia 13i nay lam
hoéan d6i bién do xac suit cta cac trang thai co sd:
X(a|0) + BI1)) = al1) + B]0).
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+ Lb6i ddo pha (Phase-flip error - ): Tuong
ung voi ma tran Pauli 0, = (é _01) Day 14 loai 16i
dac thu luong tir, khong c6 tuong duong trong hé
¢b dién. N6 1am thay d6i du giira cac thanh phan
chdng chat ma khong lam thay ddi xac suat do dat:
Z(al0) + B[1)) = a|0) — B[1).

+ L&i hon hop pha-bit (Bit-phase-flip error - ):

0 ) Loi
nay xay ra khi mdt qubit vira bi nhay bit vira bi dao
pha dong thoi.

Mo hinh 16i phé bién nhét duoc sir dung trong
nghién cuu nay la Kénh khu cue (Depolarizing
Channel). Trong m6 hinh nay, m01 qubit ¢ xac suat
1 —p la khong bj 181, va xac suat p bi 16i, trong d6
cacldiX Y Z xay ra voi xac Suét bang nhau la p/3.
Khi xét hé thdng n-qubit, toan tir 161 tong quat ¢ s& 1a
tich tensor cua cac toan tir Pauli trén ting qubit riéng
1€:E=EFERE, Q- RE,.

Viée hiéu 5 cdu trac cua cac toan tir ndy 1a diéu
kién tién quyét dé xay dung cac phép do Syndrome
(syndrome measurements). Trong muc tiép theo,
chung ta s& thiy cach ma CSS st dung cac tinh chat
giao hoan va phan giao hoan ctia nhom Pauli dé phat
hién 18i ma khong 1am sup d6 trang thai chong chét
cua dit liéu, qua do bao toan tinh toan ven cia thong
tin lugng tu.

3. Ma svra sai calderbank-shor-steane

3.1. Cau triic ma héa

Ma Calderbank-Shor-Steane (CSS) 1a mét 16p
quan trong cua mi 6n dinh (stabilizer codes), dwoc
xay dung dua trén sy két hop khéo 1éo giita hai ma
sira sai ¢O dién tuyén tinh. Diém dic biét cia ma
CSS 1a kha nang chuyén hoa bai toan sira 16i lwong
tir phtrc tap thanh bai toan sira 16i trén cac bit ¢d dién
don thuan.

Gia su ta c6 hai ma tuyén tinh c6 dién C,vaC, lan
lugt co cac thong s6 [n, k]va[n, k], thoa man dleu
kién C, = C,. Diéu nay c6 nghia 1a moi tir m trong
C, ciing dong thoi 1a tr ma trong C.. Khong gian
vector con C, chia ma C, thanh cac lop ké (cosets)
dangx+ C,véix € C,. Ma luong t&r CSS tuong Ung,
ky hi¢u la CSS(CI, 2) s& ¢6 sb chiéu 1a k = k, -k,
nghia la n(') ma hoa dugce k qubit logic vao n qublt Vat
ly. Véimdi tirma x e C,, ta dinh nghia mét trang thai
luong tir logic &) 1a sur chong chat chuin hoa cua tat
ca cac vecto trong 16p ké tuong ung:

1

|x +Cz) = |x D y)

Trong d6 biéu thirc x @ y thuc hién phép cong
modulo 2 trén timg bit. Can luu y rang néu x — x' € ,
thi |x + C,) va |x’ + C;) biéu dién cung mot trang
thai luong tir. Do d6, cac trang thai co sé cua ma

Tuong Gng v&i ma tran Pauli 0, = iXZ = ((l)
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luong tir nay duge xac dinh boi tap hop cac 16p ké
cla C trong C,.

Cau trac nay mang lai mot wu thé toan hoc cuc ky
quan trong: tinh tryc giao. Vi cac 16p k& khac nhau 1a
roi nhau, cac trang thai lugng tur tuong g s€ d6i mot
truc giao, dam bdo khong gian ma hoa 1a mot khong
gian con hop 1€ trong khong gian Hilbert n-qubit.
Hon nita, diéu kién dé ma CSS co thé sua d@)ng thoi
18i bit va 15i pha lién quan tryc tiép dén khoang cach
Hamming tdi thiéu cua C, va ma dbi ngdu ¢#. Cu
thé, néu C, stra dugc ¢ 161 bit va ¢4+ stra dugce ¢ 16i
pha, thi ma luong tir CSS téng hop ¢6 kha ning hiéu
chinh bét ky 15 lugng tir ndo o trong sé khong vuot
qué ¢. Sy 1dng ghép nay bién ma CSS tro thanh “cau
n6i” hoan hao, cho phép ap dung toan bo kho tang ly
thuyét ma héa cb dién (nhu ma Hamming, ma BCH
hay ma Reed-Muller) vao linh vuc truyén tin luong
tir day thach thuc.

3.2. Co ché phdt hién va hi¢u chinh sai so ciia
ma CSS

Co ché sira 18i ciia ma CSS dya trén mot nguyén
Iy cbt 16i: sy doc lap twong dbi gitra 101 nhay bit (X)
va 11 dao pha (Z) trong ciu tric dai sb ciia ma. Quy
trinh nay dugc thuc hién thong qua hai giai doan
chinh, str dung cac phép do khong pha huy dé trich
xudt thong tin vé 13i (error syndrome) ma khong lam
sup do trang thai lwong tir cta qubit dit liéu.

a. Phép do Syndrome va Hiéu chinh 16i Bit-flip

Gia sir trang thai ma héa ban dau 1a [y). Khi xay
ra 16i bit-flip £, (twong tng véi cac toan tir Pauli X),
trang thai trd thanh Ex|t//) Dé phat hién 15i nay, ma
CSS st dung ma tran kiém tra parity H| cia ma cbd
dién C,.

Trong mach luong tir, didu nay dugc thuc hién
bang cach st dung cac qubit phu trg (ancilla qubits).
Céac ancilla duoc chuan bi & trang thai |0), sau do6 tuong
tac vdi cac qubit dir liu thong qua cac cong CNOT,
trong d6 qubit dir liéu dong vai tro didu khién va ancilla
dong vai tro dich. Phép do trén cac ancilla nay s€ tra
vé tri riéng (eigenvalue) cua toan tir kiém tra, twong
g v6i hoi ching 16i (syndrome) s, = H e (voie la
vector 16i ¢6 dién).

Vi s, la mot gia tri b dién, ta co thé st dung cac
thuat toan giai ma c6 dién (nhu hoi ching giai ma -
syndrome decoding) dé xac dinh vi tr 18i va 4p dung
toan tir X twong tng dé dio nguoc sai sb, dua hé
thdng vé trang thai ban dau d6i v6i kénh 13i bit.

b. Chuyén doi va Hiéu chinh 16i Phase-flip

Théch thtrc 16n nhét cia ma lugng tir so voi ma cd
dién 14 161 dao pha (Z). Ma CSS giai quyét van dé nay
bang mot ky thuat tinh vi: chuyén ddi 16i pha thanh
18i bit thong qua phép bién déi Hadamard (H).
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Toan tir Hadamard c6 tinh chét bién ddi co so:
HXH = Z va HZH = X. Do d6, bang cach ap dung
cdng H 1én toan bd n qubit ciia ma CSS, 15i pha E,
ban dau s& bién thanh 13i bit £ ", tdc dong Ién trang
thai trong khong gian lién hop.

Luc nay, ma CSS tan dung mai c6 dién thi hai C,.
Quy trinh do syndrome dién ra tuong ty nhu phan
3.2.1 nhung sir dung ma tran kiém tra H, cua ma dbi
ngau C#. Sau khi thu dugc syndrome pha s., mot
thudt toan giai ma co dién lai dugc thyc thi dé xac
dinh cac vi tri bi dao pha. Cudi cung, mot phép bién
d6i Hadamard nguoc lai duge ap dung dé dua cac
qubit vé co sé chuin sau khi da hiéu chinh.

c. Tinh chdt khéng phd hiy va bdo todn chong
chdt

Mot dic diém quan trong bac nhét trong co ché
sira 161 CSS 1a phép do syndrome chi trich xuit thong
tin v& vi tri va loai 13i, chir khong trich Xuét thong tin
vé trang thai dit liéu (a va ).

Xét vé mat toan hoc, cac toan tir do (stabilizers)
ciia ma CSS duoc thiét ké dé giao hoan véi nhau.
Phép do syndrome thyc chét 1a phép chiéu trang thai
16i vao cac khong gian con tryc giao cia cac toan tir
nay. Vi trang thai ma hoa nam trong khong gian riéng
¢6 tri riéng bang +1 cua tit ca cac stabilizer, nén phép
do s& khong 1am thay d6i bién d6 xéac suit cua di lidu
néu khong c6 16i, hodc s& chi “chi diém” 15i néu co.

d. Quy trinh tong qudat (R)

Quy trinh hiéu chinh tong quat ddi véi mot ma
CSS c6 thé tom tit qua cac bude:

1. Trich xudt Syndrome Bit: Sir dung cac qubit
phu trg trong tac v6i khdi ma dé thu duoc s..

2. Xir Iy ¢é dién: Giai ma s, dé tim vector 13i é..

3. Phuc hoi Bit: Ap dung X% 1én cac qubit tuong
ung.

4. Chuyén co sé: Ap dung cong H trén toan khdi
ma.

5. Trich xudt Syndrome Pha: Thu dugc s, thong
qua cac qubit phu trg.

6. Xir Iy ¢6 dién: Giai ma s, dé tim vector 13i é..

7. Phuc hoi Pha: Ap dung X® (hiéu chinh bit
trong co s6 Hadamard, tuong duong hi¢u chinh pha
trong co s& chudn).

8. Hoan tit: Ap dung cong H dé tro lai co sé ban
dau.

Nho kha ndng tach bi¢t hoan toan viéc xu ly hai
loai 156i nay, ma CSS cho phép tin dung tbi da cac
bo giai mi ¢ dién hiéu ning cao (nhu gidi ma dwa
trén dd thi hodc xac suét), tao tién dé cho viéc xay
dung céc kién tric tinh toan lwong tir chiu 16i (Fault-
tolerant quantum computing).

(Xem tiép trang 206)
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