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LOI NOI PAU

Pay 12 quyén sich hudng din 6n tap, ndi dung didc bién soan
duya vao chuong trinh dang hién hanh d8i véi mén Toédn ctia Bd gido
duc va Dao tao.

Chudng t6i tuyén chon cic bii tip phd hgp vdi chuong trinh véi
45 by dé tSng hdp mén Todn mdi dé tdng hgp gdm cé 5 ciu héi,
ki&n thifc bao quat trong ba nim hoc bac Trung hoc phd thong.

Vé hinh thitc va ndi dung, mdi dé tdng hgp cé ciu tnic nhur mot
dé thi t5t nghiép Trung hoc phé théng va tuyén sinh vao Dai hoc.

Chiing t6i hy vong ring, n6i dung dudc trinh bay trong quyén
sach nay gidp hoc sinh 6n tap ding nhitng ki€n thifc trong tim trong

ba nim hoc, gidi dude cdc bai tap khé va dat hiéu qud 8t trong cic
ki thi tuyén sinh sip t3i.

Chiic cic em thanh cong trong Ki thi s4p tdi.



Ciu 1. Chohamsd y = %xﬂ -mx’ + (4m - 3)x + 1.

1. Xdc dinh gia tri cGa m d& ham sé ddng bién trén khodng (0; +x).
2. Khao s4t su bién thién va vé dé thj (C) cia ham sé khi m = 1
3. Viét phuong trinh cdc tiép tuyén cia (C) biét tiép tuyén dé hop vdi truc
hoanh mét géc 45"
Cau 2.
1. Giai phuong trinh cos"’(x + 3_11\‘ + coszﬂ{x + q = 2sin®2x.
. 2) 2)
2. Tim gia tri nho nhat cia ham sé.

y = J1sin?x — 4sinx + 2 + V17 + 8sinx - 4cos’x

Cau 3.
1. Tim hai h&ng s6 a va b sao cho - Sx 1 =2y ~-b——-.
x* -4x+3 x-1 x-3
Tir d6 tinh [t 4y,
X —4x+3

2. Tinh dién tich hinh phéng giéi han bdi cdc dugng sau:
y = sinx, y = cosx (0 < x < 2n).
Cau 4. Trong khéng gian vdi hé toa do Oxyz, cho tf dién ABCD véi AQ1; 3; 0),
B(-1; 3; 2), C(1; 1: 2), D(-1; 1; 0).
1. Td dién ABCD c6 dac diém gi?
2. Viét phuong trinh cha mat ciu ndi tigp tf dién ABCD.
Cau 5.
1. Cho phuong trinh e* 22 _ ¥/ twx-2m _ 42 L omy +m.
Xdc dinh m dé phuong trinh c6 nghiém.
2. Trong khéng gian, cho dudng thdng A va hai diém A, B sao cho dudng thang
AB va A chéo nhau. Mot diém M di dong trén A, xac dinh vj tri cia M dé:
a) MA + MB dat gia tri nhé nhat.
b) IMA — MB | dat gi4 tri 16n nhat.

Giai
Cau 1.
1. Tap xac dinh D = k.
Ta cé:y = x* = 2mx + 4m — 3.
Diéu kién d& ham s& dong bién trén khodng (0; +x=) la y’ > 0, ¥x € (0; +).
Biét thic A" =m?* - 4m +3, A’ =0 m’-4m+3=0<m = 1 hoacm = 3.



m l - 1 3 +x
A + 0 - 0 "
«Néul<m<3thiA <0 suyray >0, Vx € x. Nhu th& ham sé dong

bién trén ¥, nén cang déng bién trén khodng (0: +x).
e Néum < 1 hoac m > 3 thi A’ > 0, suy ra phuong trinh y’ = 6 ¢6 hai
nghiém phin biét x;. x; (X, < X»).
X —x X, X9 +
y’ | + 0 - 0 +
Trong truong hgp nay, y' = 0, Vx € (0; +=) khi:

m< 0

S=2 0
m < 3 >me?

X <X<0 & [
P=4m-320 m> -

Tém lai, néu m e (1; 3) thi ham sé déng bién trén khoang (0; +x).
. Khi m = 1 phuong trinh cia ham sé trg thanh y = %xl’ -x* 4 x+ 1

* Tap xdcdinh D =%

* Sy bién thién:

sy =X -2x+1=(x-17*20,Vx e k.
Ham s6 déng bién trén toan tap xac dinh k.

¢ Gi4i han: llmy = +x va limy = -

X -7

¢ Bidng bién thién:

X - +aC

y +

y -~aC +X
* P thi:

b6 thi cit truc tung tai diém (0; 1), diém
U[l; %] 1a tam i xing cita db thi.

. Got A 12 ti€p tuyén cua (C) hgp vdi truc hoanh méot gée 45°, tiép diém‘ ta
Mi(x; Yo).
Suy ra A ¢6 hé s6 gée k dinh bai: [k | = t.an45° ok = 1.
Ma k = y'(x) = X2 — 2%, + 1, nén:
e Néu k = 1 ta duge phuong trinh:
=0
=2

Vé&i x, = 0 thi M(0; 1), phuong trinh cda A lé y=x+1

Iodxy+l=1e xf,—2x.,:0<:

Véi x, = 2 thi M, [2; %j phuong trinh cia Ajay = x - %



o Néu k = -1 ta duge phuong trinh: x} - 2x, + 1= -1 x} ~ 2%, + 2 = 0.

(vd nghiém).
Vay ¢6 hai tiép tuyén thoa mian bai toan vdi phuong trinh la: y = x + 1 va

Cau 2.
1. cos")'[x ‘ :iw + cos’3 [x +%] = 2sin®2x (1).

\
/

. . L - 1- 6
(1) <> sinx + sin?3x = 2sin’2x 1 c;)s2x + c;)s X 1 - cos4x.
&> c0S6X + c0S2X = 2¢0s4x <> 2c054xco82x ~ 2¢084x = 0.

< cosdx{cos2x — 1) = 0 < cosdx = 0 hodc cos2x = 1.

& 4X = % + kn hoac 2x = n2n véi k, n € Z.

ox=n + kX ho&c x = nn.
8 4
Vay phudang trinh ¢6 hai ho nghiém: x = x = % + k% hoac x = nn (k,n € 7).
2. Phuong trinh cua ham sé viét lai:
y = J(@sinx - 1)? + 12 + J(2sinx + 2) + 3
Trong mat phing toa do Oxy, xét hai vecto 0 = (2sinx — 1; 1) va
v = (~2sinx — 2; 3).
Ta cé6 U+ v =(-3; 4).

Suyra y-= fal+Ivlvalao+vl=s

Mait khsc véi hai vectg G, v talusnes lil + [v]21d + v |=5

Do d6 y > 5. Pdng thic xay ra khi va chi khi 4, v cung hudng, tuc la:
2sinx -1 1

— = -~ & 6sinx - 3 =-2sinx - 2 < sinx = 1
—2sinx-2 3 8

Vay miny =5 khi x = arcsin% + k2n hoicx = n — arcsin% +K2n(k € 2).

Céu 3.
3x+1 a b - 3x+1 _alx-3)+bix-1)

.= = + =S =
x’ -4x+3 x-1 x-383 (x - 1(x - 3) (x—1Kx - 3)
Suy ra 3x + 1 =(a + b)x — 3a — b, v4i moi x.

Do 46 a+b=3 - a=-2
-3a-b=1 b=5

Ta duge Xt . 2,5
x°-4x+3 x-1 x-3

Tu (*) ta c6:

3x+1 1 1 :
I—-Tm—gdx:—ij—_ldx+5}-x—_—3dx =—2lﬂIX“ 1' +5ll’1|X—3I +C

*)




2. Goi f(x) = sinx va g(x) = cosx.
fix) — g(x) = sinx - cosx.
f{x) — g(x) = 0 < sinx — cosx = 0 <> sInX = CO$X < tanx = 1

o X = g +kn, xe[0;2n]l > x = g hodc x = 5—“
Dién tich hinh phing:
.')-ly( ].‘t‘n 5-\
S= ﬂsinx - cosxjdx J(sinx - cosx)dx| = (—cosx -sinx); | = 202 .
n L4 1
r s

Vay S = 242 (dvdt).
Cau 4. A(1; 3; 0), B(-1; 3; 2). C(1; 1; 2), D(-1; 1; 0).

1. Ta dé dang tinh dugc: AB = AC = AD =BC =CD =DB = 2/2.
Vay ABCD la mét ti dién déu.

2. Goi I, J 14an lugt la trung diém cita AB va CD, ta duge 1(0; 3; 1), J(0; 1; 1).
Lai goi G 12 trung diém cua LJ, ta duge G(0; 2; 1).
Vi ABCD la mat td dién déu nén G(0; 2; 1) 1A tam cia mat ciu noi tidp
cia ta dién ABCD.
Ta c6: AB = (-2;0; 2), AC = (0; -2; 2.
Vecto phap tuyén cia mat phaing (ABC): n = [AB‘ ACW = (4; 4; 4). cung

phuong véi veetg 4 = (1; 1; 1).
Phucng trinh clia mat phdng (ABC):

1ix-1D+1y-3N+1x-0)=0=x+y+2-4=0
Ban kinh cia mat cau néi tiép ABCD:

+2+1-
r = dG,(ABC)) = pr2+1-4 3
J3 3

Phuong trinh cta mit ciu ndi tidp ABCD la:

X +ly-2¥+(z-17= %

Cau 5.
1. Xét phuong trinh e* "#2 — g2’ imx-2u _ 32, Omx 4+ m .

Tap xdc dinh cua phuong trinh D = &,
Patu=x’+2mx+2, v=2x>+4mx + 2+ mthiv—u=x’+ 2mx + m.
Phuong trinh da cho trg thanh:

e'-e'=v-uee'+u=ze +v
Xét ham s6 f(x) = e* + x (x € k).
Nhu viy: flu) = e* +uva fiv) = " + v.
Tacé: f(x)=e*+1>0, Vx € k.
Suy ra f{x) Ia ham sé déng bién trén X, do dé:

fluy=flvicu=vox’+2mx+m=0



Phuong trinh nay c6 nghiém khi va chi khi:
A=m-m20cm<0hoaicm=>1

Vay néu m < 0 hoac m > 1 thi phuong trinh da cho ¢6 nghiém.

2. Goi H va K lan luct 12 hinh A
chidu vuéng goc cha A va B
trén A. Dung mat phing (P)
vuong goéc véi1 A tai K. Trong
(P) dung dudng tron (T) tAm
K ban kinh KB thi A la true
d61 xing caa dudng tron (T).
Nhu thé vdi moi difm M € A
va moi diém N e (T) ta déu
¢6 MN = MB.
Goi (Q) 1a mat phang xdc dinh bdi A va A. Mt phing (Q) cit (T) theo duong
kinh CD, trong (Q) ta c6 thé& gia st hai diém A va C nim cing mot phia dai
vdi A. Nhu thé khi diém M di dong trén A ta ludn ¢c6 MB = MC = MD.

a) Vi tri cda M dé MA + MB nhé nhéat:
Ta cé: MA + MB = MA + MD > AD (a).
Bat déng thiuc (a) thanh ddng thic khi va chi khi M tring véi diém 1. véi
I 1a giao diém cua A va doan thdng AD.

Pé y rang, trong mat phing (Q) ta cé:

KD // AH = 1 _ AH_AH
IK KD BK
Nhu thé I 14 diém chia doan théng HK theo ti s8: k = — %

Tém lai: Khi di€ém M tring vdi diém I thi MA + MB dat gid tri nhé nhat
va ta duge: min(MA + MB) = AD.

b) Vi trt cia M dé {MA - MB/| l¢n nhAt:
Ta c6: IMA - MB| = {MA - MC| < AC. (b).
Bat ding thie (b) thanh ding thifc khi va chi khi M trang vdi diém J, véi
J la giao diém cia A va dusng thing AC. Trong mat phing (Q) ta ciing cé:

CK /) AH = JH _AH _AH
JK CK BK
PV . . .~ ., AH
Nhu thé& J 1a diém chia doan thdng HK theo ti s6: k' = BK -

Vay: Khi diém M trung véi H thi |MA - MB/| dat gia tri 16n nhit va ta
dugc: max{MA - MB)) = AC.
Chi y ring khi AH = BK thi AC // A nén diém J khéng xdc dinh, trong

trudng hdp nay khéng tdn tai diém M nao trén A d€ |[MA — MB/| Qat gid
tri 16n nhat.



DE 2

Cau 1.

1. Cho ham s6 y = fix) = ax® + bx* + cx + d (a = 0). Xdc dinh phuong trinh
cia ham sé, bigt rAng dé thi clia ham s4 c6 hai diém cyc tri 1a A(1; -1) va
B(-1; 3). Khao sat su bién thién va vé dé thi cha ham sé tng vdi cac gia
tri a, b, ¢, & vira tim duge.

2. Chiing minh riing n&u ham 36§ ¢6 hai cuc tri sao cho gia tri cue dai va gia
tri cuc tidu trai ddu thi phuong trinh ax® + bx” + cx + d = 0 ¢6 ba nghiém
phan biét.

Cau 2,
1. Giai phuong trinh 4cos’x ~ 2 V3 cos®x — 2cosx + V3 =0 (1).
2. Tim gid tri nhd nhat cia ham sé.

y= V2 1+ Jax? - 4x+2 + VOx? - 830x + 29

Cau 3.
. N - 1 a b c
1. Tim cdc hang s6 a, b, ¢ sao cho > = —+ + )
x(x* -1 x x-1 x+1
Tu d6 tinh Tl—dx.
x(x° -1)

2. Tinh dién tich hinh phdng gidi han bdi cdc dudng sau:
y=x-38x,y=-3x+1,x=0,x=2
Cau 4. Trong khéng gian véi hé toa dé Oxyz, cho ba diém A(1; 2; 0), B(0; 2; 3),
C(1; 0, 3).
1. Ching minh riing tir didn OABC cé c4c ciip canh déi bang nhau timg ddi mét.
2. Viét phuong trinh clia mit cdu ndi tiép £ dien OABC.
Céu 5.
1. Giai phuong trinh 2x — 1g(5% + x - 2) = 1g4~.
2. Cho hai tia Ax va By chéo nhau. Hai diém M va N thay dai lan lugt trén
Ax va By sao cho AM = BN (M = A, N = B}.
.2) Ching minh ring duong thing MN luén song song vdi mot mat phing cé dinh.
b) Go¥I la trung diém ciia doan thing MN, tim quy tich diém N.

Gidi
Cau 1.

1. * Ta ¢ (x) = 3ax® + 2bx + c.
Tu gia thiét ta c6 hé phuong trinh:

(1) = -1 a+b+c+d=-1 a=1

f-1=3 —a+b-c+d=3 b=0
fand <

f'‘=0 3a+2b+c=0 ¢c=-3

f')=10 da-2b+c=0 d=1
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Ta duge y = x* — 8x + 1. Kiém tra lai ta thay ham s& dat cuc dai tai didm
x = -1 va dat cuc tiéu tai diém x = 1.
Vay phuong trinh cia hamsd lay = x" - 3x + 1.
* Khao sat ham s6 y = x” — 3x + 1 (doc gia tu khdo sat).

2. Ta xét bat todn trong truong hop a > 0, trudng hgp a < 0 duge chitng minh
tuong tu.
Gia sy ham s& dat cue dai tai diém x, va dat cue ti€u tai di€m x,. gid tri
cuc dai va cyc tiéu tuong dng la y; va y..
Vi a > 0 nén ham s6 c6 bang bién thién nhu sau:

~-C X3 Xy +C
y + 0 — 0 +
y N +x
—x CT

Trong trudng hop nay ta phai ¢6 Xy < Xy, y1 > 0 va yy < 0. (Vi y; va y, trai dau).
s f(x,) =Yy > 0.
Hmf(x) = —x = 30 < 0 véi lal di 16n sao cho o < x, va fia) < 0.

Suy ra f(x,).f(a) < 0 = Je¢; € (&) x;) sao cho fley) = 0.
o fixy).flxg) = ¥1.y2 < 0 = 3¢y € (X3; Xp) sao cho fley) = 0.
o fix,) =y; <O.
limf(x) = +oc = 3B > 0 v6t P dud 16n sao cho B > x; va f(B) > 0.

Suy ra f(x,).f(8) < 0 = 3cy & (xy; B) sao cho flez) = 0.
Nhu vay ¢, ¢;, ¢3 12 ba nghiédm phéan biét cua phuong trinh fix) = 0.
Mat khace fix) = 0 12 phuong trinh bac ba nén ¢é nhiéu nhat ba nghiém,
do vdy phuong trinh nay c6 diing ba nghiém phéan biét la ¢, ¢, ¢3.
Vay phuong trinh: fix) = 0 > ax® + bx®> + ¢x + d = 0 c¢6 dung ba nghiém
phan biat.
Cau 2.
1. Xét phuong trinh 4cpsax - 2\/§cos2x — 2cosx + \/§ =0 (1).
(1) & (2c05°x - 1)(2c08x — /3 ) =0 < cos2x(2cosx — J3)=0.

cos2x =0 2X=£+l{.7’[ x:1+k£
- B e 2 el Y 2 xmean
COSX = =<~ x:t-é+m21t x=t%+m2n

2. Xét ham s6y = Vx® +1 +Vax? ~4x+2 +9x? - 30x + 29 .
Phuong trinh cda ham sé viét lai:
y= Vx2+1 +J@2x-1)2+ 1 +JBx -5 +2° .
Trong mit phing toa dé Oxy, xét ba vectad.

LR/



G=(x;1), v =2x-1;1), W = (=3x + 5, 2).

Ta cé U+ Vv +w =(4;4).

Suy ra: y:lﬁ|+|\}|+l“}|v‘a|ﬁ+\7+ﬁ'|=4\/§‘

Mait khéc vdi ba vecto u, v, w ta ludn cé:
lal«lsl+lwlizlao+rv+wl=442.

Do d6 y > 42 . Pang thic xdy ra khi va chi khi i, v, w cing hudng,
_2_);__—-1_1

tue la: X 1 O{Zx—lzx < x = 1.
-3x+5 2 -3x+5=2x
Tx 1

Vay miny = 42 khix = 1.

XG ¢

Cau 3.
1. Ta co:
1 a b ¢ 1 a(x? - 1) + bx(x + 1) + ex(x - 1)
_ = — + =4 - = 3 .
x(x*-1) x x-1 x+1 x(x* - 1) x(x* -1
Suyra:a(xz—1)+bx{x+1)+cx(x—l);lc:>(a+b+c)x2+(b—c)x—az1
a+b+c=0 a=-1
Ta c6 hé: <b-c=0 & 1
b:C:-—
a=-1 2
Dovéyi1 _—1+ 1 1

= -+ ,
xxP -1 x 2x-1 2x+1
1 1. 1.1 1e1
Jx(xz-ndx"kd“EJxA x+ g gt

= Infx +%ln|x—1|+—;~1n|x+]i+ C = -Injy +%ln|xZ - )4 +C.

2. Goi fix) = x° - 3x va g(x) = -3x + 1.
Ta c6 fix) — g(x) = x” — 1.
fix) —gx)=0=x-1=0x=1.
Do d6 dién tich cda hinh phédng la:

2
2 4 !
fox? - l)d{ = [1- - x}
i 4 [}]

S = I}i(3 - lhx
0
l B
j(x" - 1)d><{ +
0
R 7
Vay S = 2 (dvdt).
Cau 4. Theo gia thi&t A(1; 2; 0), B(0; 2; 3), C(1; 0; 3).
1.OA=BC= 5,0B=AC= 13,0C = AB = V10
Vay tf diédn OABC cé cac cap canh d8i bing nhau timg déi mét.

S =
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2. Goi I, J 1lan lugt la trung di€m cia OA va BC, suy ra I{Lé; 1; OW, -JI(;—; 1; BJA

/ \

Lai goi G la trung diém cua 1J, ta duge G[é; 1; g]

Vi OABC la mégt ti dién c6 cac cap canh déi biing nhau ting d6i mét, nén

G[%; 1; g] la tam cia mit cdu noi tiép eda ta dién OABC.

Ta c6: OA =(1;2; 0). OB = (0; 2; 3).

Vecto phap tuyé&n cda mat phing (OAB): 6 = [OA, OB = (6; -3; 2).

Phuong trinh cia méat phiang (ABC):
6.x—1)-3.(y-2)+2z2-0=z06x-3y+2z=0.

Bédn kinh cua mat cau ndi tiép OABC:

‘6; -3.1+ 2.#
R = d(G,(OAB)] = ‘7“ =
Phuong trinh ctia mat cau ndi tiep OABC la:

2 2
{ _l} (v — 1)? [ _§j ZE
kx 5 +(y )+ x 5 5

TN

Cau 5.
1. Xét phuong trinh 2x — Ig(5* + x — 2) = lg4™ (1).
Piéu kién 5% + x — 2 > 0 (*). Ta c6:
(1) = 2x = 1g(5% + x — 2) + 1gd* < 2x = Ig((5*™ + x — 2).4%).
o 10 = (5% ¢+ x - 2).4° o 10" =10+ £ (x - 2)= 0.
>4 x-2)=0ox=2

Vay phuong trinh ¢6 mét nghiém x = 2.

a) Qua A dung tia Ay’ song song va cung hudng vdi By. Duong thing qua N
song song vdi AB cit Ay’ tai P. T giac ABNP 1a mét hinh binh hanh nén:
« NP // AB, NP = AB
» BN = AP = AP = AM. Do dé tam gide AMP cén tai A. Suy ra MP song
song voi phan gidc ngoai As cua géc x’A‘y trong mat phiang (Axy’). Mat

13



phing (BAs) la mgt mat phing ¢6 dinh.
Ta dé dang chimg minh duge: (MNP) // (BAs).
Ma MN < (MNP) nén MN // (BAs).
Vay: Dudng thing MN lubn song song véi mat phang ¢& dinh.

b) Goi J 12 trung diém MP thi 1T // NP va 1J = 523suy rald // AB valJ = %B.
Trong mat phdng (Axy’), tam gidc AMP can tai A nén quy tich cia J la
phan gidc At (loai diém A) cia géc xAy'.

Ta ¢6: JI = % AB . Do d6 phép tinh tién T theo vecto u = é AR bién J

thanh I.
Vay: Quy tich ciia I 1a tia Oz (Joai diém O) 4anh cua At trong phép tinh

tién theo vectd 1 = % AB . Tia Oz di qua trung di€m O cua AB song song

va cing hudng véi tia At.

PE 3

Cau 1. Cho ham s& y = f{x) = 2x" - 3(m + 3)x* + 18mx — 8 (Cy,).
. V@i gid tri nao cia m thi dé thi cda ham sé tiép xuc véi truc hoanh.
. Khéo sdt su bién thién va vé dd thi (C) cia ham 58 ing véi m = 1.
. Chung minh ring trén d4 thi (C) tén tai vé s6 cap diém ma tiép tuyén tai
cac cap didm d6 song song vdi nhau.
Cau 2.
1. Gigi phuong trinh 4sin®x + 4sin®x + ( J2 - 2)sinx + V2 - 2 =0 (1)
2. Cho x va y 1a hai sé thuc bat ki, hay tim gia tri nhé nhat cua biéu thuec:
A= Jx2+y* +2y+2+ Jx* +y? +6x—10y + 38.

[N

Cau 3.
1. Tinh j(sinsx +sin® x + sinx)dx

2. Tinh dién tich hinh phing gi6i han bdi cic dubng sau; y = x* + x va y = 5x.
Ciu 4. Trong khéng gian vdi hé toa dé Oxyz, cho tam gidc ABC vdi A(1; 3; 1),
B(-1; 3; 3), C(1; 1; 3).
1. Ki€m ching ring tam gidc ABC déu, tim tiAm va ban kinh cia duyng tron
ngoai ti€p tam gisc ABC.
2. Tim toa dé diém D sac cho ABCD la mdt ti dién déu.
Cau 5.
2x +y =4
1. Gidi hé phuong trinh 1

y

24 7 -64
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2. Cho hai dudng thing d va d’ chéo nhau. Doan thing AB ¢6 46 dai a trugt

trén d va doan thiang CD c¢d d¢ dai b truge trén d’. Ching minh rang khéi
ty dién ABCD c6 thé tich khéng déi.

Gidi

Cau 1.

1.

Gia st dé thi (C,,) tiép xic véi truc hoanh tai diém cé hoanh dé x, thi x,
14 nghiém caa hé phuong trinh:

{f(qu =0 2x; - 3(m + 3)x; +18mx, -8 =0 (1)
o

f(x,) =0 6%, —6(m + 3)x, +18m = 0 (2)

Ta ¢6 (2) & x5 - (m + 3)xy + 3m = 0.

Phugng trinh trén c6 hai nghiém x, = 3 hoac x, =

= m.
. N 35
e Thé %y, = 3 vao (1) ta duge: 27m - 35 =0 o m = o7
¢ Thé x, = m vao (1) ta dugc:
) m=1
(m-1)(m“-8m-8)=0s
m=41+2/6
Vay c6 bén gia tri cia m dé db thi (C,) ti€p xic véi truc hoanh la:
35
= —.m=1m=4= 26
m= =.m J6

2. Khi m = 1 phuong trinh cia ham s§ tré thanh y = fix) = 2x* — 12x* + 18x — 8.

* Tap x4c dinh: D = &.

* Syt bién thién:

¢ Chiéu bién thién: y’ = 6(x* — 4x + 3), ¥’ = 0 <> x = 1 hoac x = 3.
y > 0 khi x € (—x; 1) U (3; +»). Ham s§ déng bién trén khodang (-x; 1),
(3; +=).
y" < 0 khi x € (1; 3). Ham s& nghich bién trén khodng (1; 3).

e Cuec tri: Ham sé dat cuc dai tai x = 1, ycp = 0 va dat cyc tiéu tai x = 3,
yor = —8.

e Gidi han: limy = +x va limy = —x%.

X »ix X x

« Bang bién thién:

X —x 1 3 +
y’ + ¢) - 0 +
y / 0 \ +Y
/
—x -8
* D6 thi:

P4 thi cit truc tung tai diém (0; —8), cdt truc hoanh tai hai diém (1: 0),
(4; 0) va c6 tam d6i xing la diém (2; -4).
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3. Ta ¢6 f(x) = 6(x” - 4x + 3).
Trén 46 thi (C) ldy hai diém bat ki
Mi(xy: y1), Ma(Xp; ¥2), (X1 = %),
Hé s& gbéc tiép tuyén cia (C) tai M, 13 /4

la ky = fix)) = 6(x? — 4%, + 3). ol/ >
Hé s gbéc tiép tuyén cda (C) tai M,

ta k, = fix,) = 6(x2 — 4%, + 3).

Hai tiép tuyén cia (C) tai M; va M,

song song vdi nhau khi va chi khi:

k1=k2 oG(xf—4xl+3)=6(x§—4x2+3)‘ -8

S (X - X)Xy + %, —4)=0
DR+ Xg—~ 4 =0 (Vi X; = Xg).

D Xy = 4 - X1,
Do vay hai diém M,(xy; y1), Mafx3; y2) thude (C) véi x, = 4 — x, thi cdc tiép
tuyén cia (C) tai M, va M, song song véi nhau. Vi x; € X nén tdn tai vo

s6 cap diém vdi cac tiép tuyén cda (C) tai My va M, song song v6i nhau.

Ciau 2.

16

1. Xét phuong trinh 4sin®x + 4sin’x + (V2 - 2)sinx + V2 — 2 =0 (1),

V2

(1) & (sinx + 1)(2c082x — V2) = 0 < sinx = -1 hoac cos2x = —.
. s
osmx=—1<:>x=~§ + K27,

2 i P
& COS2X = 7 c:cost:cosZ o 2x =+ +m2rt<:>x=i-§ + Imm.

W | =

Vay phuong trinh ¢6 ba ho nghiém x = —g +k2r, x=+— +mn(k, m e Z)

o A1

2. Xét biéu thuc:
A= X! +y?+2y+2+x? +y® +6x 10y +38
Biéu thuc A ¢ thé viét.
A=z Xy +12 41 + Jx+ 3P +ly -5 «2°
Trong khéng gian vdi hé Oxyz, ta xét hai vectg
Ud=(x;y+1;1), v =(~x—3; -y +5; 2)
Ta cé g+ v =(-3:;6; 3).
Suy ra A=lul+vlvalid+vl=23/6.
Mat khdc v6i hat vecta G, v ta ludon c6 | i |+ lvl>tda+vl=5.
Do dé A > 3J6 . Dédng thic xay ra khi va chi khi 1, v ciing hudng. tic 1a;
X +1 1 X =-1
-x-3 - _5;+5=§ = {y—l
Vay minA = 3J6 khix=-1vay= 1.




Cau 3.
1.Goil= j(sin"‘x +sin’x + sinx)dx

I-= [(l —cos®x)? +(1-cos’x)+ l]sinxdx
I= j(cos‘ X — 3cox?x + 3)sinxdx
bat t = cosx = dt = —sindx

5
= - fit" - 3t* + 3)dt :—%+t3—3t+C _ o

2. Goi fix) = x* + x va g(x) =
Ta cé fix) — g(x) = x(x* — 4).
fix) — g(x) = 0 & (x = 0 hodic x = 2 hodic x = -2).
Do db dlen tich caa hinh phdng la:

S = ﬂx - 4xdx = (]’p( ~ 4xdx + jx — 4xjdx.
n Q
= _!(x‘d - 4x)dx{ + 2j(x3 - 4x)dx( = [XT - 2:(2]_2

4 P4
LE 2x!}
4 i}
Vay S = 8 (dvdt).

Cau 4. Xét tam gidc ABC vdi A(l; 3; 1), B(-1; 3; 3), C(1; 1, 3).
1. AB = BC = CA = 242, do d6 ABC la mét tam giac déu.
biém l(a; b; ¢) 1a tdm cha dudng tron ngoai tiép ciia tam gidc ABC khi va
IA=IB=IC

chi khi: (1).
I € mp(ABC)

eIA=1IB « IA? = IB®
S@-12+(b-32+(-1 =(a+1)] +(b 3)* +(c - 3)~
<a-~-c+2=0.
s IA=IC o IA* = 1C?
o@a-17+b-3+@-1"=(@~ 1"+ (b~ 1%+ c-3)°~
<b-c¢=0.
e AB = (-2; 0; 2), AC = (0; -2; 2). Suy ra vectd phdp tuy&n cua miat
phing (ABC):
= [AB, AC]= (4; 4; 4), cung phuong vdi vecta d = (1; 1; 1).
Phuong trinh cGa mat phdng (ABC):
lix-1D+1(y-3)+1l(z-1)=0=x+y+z-5=0.
Do d6 I(a; b; ¢) « mat phing (ABC) @ a+b+c-5=0.

= 8.

1
. a=7
a-¢+2=0 3 177

Nhuvay: (1) © {(b-e=0 o b=— :I[n—;——;~]
3 3 3/

a+b+c-5=0 7

c=—

3
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2. Goi A ]a dudng thing vudng géc vai mit phiéng (ABC) tai I thi A 1a truc

cia dutmg tron ngoai tiép tam gide ABC. Do dé néu ABCD la ti dién déu
thi D € A

Pudng thing A di qua I va vuéng géc vdi mit phdng (ABC) nén cé phuang

{x:-l-+t
! 3
\
trinh tham sé la: y:z+t 3D[1+t;z+(; z+t“
3 3 3 3 J
{z=z+t
3

Ta phai ¢6 diéu kién: AD = AB < AD? = AR*
c:(l +t,—1)"!+(z +t—3)2=8c>9t2:16=0c:»t=ii.
3 3 3

,
Suy ra DLE—) }—1 E] hosic D(-1; 1; 1).
333
Céau 5.
2x+y=4
1. Xét hé phuong trinh L . Ta c6:
2°4 2 =64
2x+y =4 2x +y =4 2x+y =4 2x +y =4 x =1
v--] And -2yt & < A A
9% 4Y°2 _ g4 2 =2 x+2y+1=6 X+2y =5 y=2

18

. Goi (P) 12 mat phang qua d va song song

Viy hé phuong trinh ¢6 mét nghiémx=1vay = 2.

véi &', thi (P) la mat phéng ¢d dinh.
Qua A ké duong thdng A song
song vdi d’, thi A nAm trong (P).
Tit D dung dudng thing song song
véi AC cit A tai diém E.

Ta thdy tu gide ACDE la mdt hinh
binh hénh. do 46 VABCD = vAm)E.

(Vi hai khéi B.ACD va B.ADE c¢é
hai d4y la hai tam gidc ACD va
DEA bing nhau, cé cang chiéu cao
1a khoang cich tit B d&8n mat phing
(@, A)).

Goi o la géc tao bdi d va d’. Ta ¢6:

Vaspe = % Sape.h véi h = d(D,(P).

M2 Spge = %.AB.AEsina = %AB.CDsina = %absina (khéng déi). Ngoai

ra, do d’ / (P) nén khoang c4ch tir h tit D dén (P) khéong d8i. Suy ra Vaspe
khoéng déi.
Véy VABDE khf)ng d(-)'l



DE &

Cau 1. Cho ham sd y = x* — mx + m - 2, goi d6 thi la (C,).
1. Viét phuong trinh tiép tuyén cda (C,) tal giao diém cia (C,) véi truc tung.
Chung minh ring khi m thay déi, tiép tuyén nay ludn di qua mét diém cd dinh.
2. Xdc dinh m dé tiép tuyén néi trong cdu 1) chdn hai truc toa do mét tam
gidc ¢6 dién tich bling 2.
3. Khao s4t su bién thién va vé dé thi (C) cda ham s6 iing véi m = ~1.
Cau 2.
1. Giai phuong trinh 2cosx ~ sin“x — 5cosx + 3 = 0.
2. Cho ba s6 khéng 4m x, y, z théa man diéu kién.
X(x -~ 1)+ y(y~-D+z(z—- 1)< %
Ching minh rang: x +y + z < 4.
Cau 3.

1. Tinh }1—’(de )
+ X

2. Tinh dién tich cia hinh phing gidi han boi dudng cong (C) y = gi%
ti€p tuyén eda (C) tai diém A(-2; 1) va truc hoanh.
Cau 4. Trong khong gian vdi hé toa dé6 Oxyz, cho tam gidc ABC véi A(l; 2; -1),
B(0; 2; 2), C(1: 0; 2).
1. Viét phuong trinh cia mat phing (ABC).
2. Tim tAm va ban kinh cGa dudng trdn ngoai tiép tam gidc ABC.
Ciu 5,
1. X4c dinh cédc gia tri cia m dé bat phuong trinh sau vé nghiém:
4 -(m-12"" +4m + 1 <0
2. Khéi chép S.ABCD cé ddy 14 hinh vuéng canh a, SA 1 mat phing (ABCD)
va SA = a. Goi M 14 trung diém cla canh SC.
a) M¢t mat phing (a) di qua AM va song song véi BD chia khéi chép thanh
hai phan. Tinh thé tich.cia mbi phén dé.
b) Tinh géc tao bsi mat phang («) va mit phdng (ABCD).

Giadi
Cau 1.
1. Bé thi (C,) cit truc tung tai diém A0; m — 2). Goi A 1A ti€p tuyén cua
(C,,) tai A.

Ta c6 v = 3x° — m, suy ra y(0) = -m.
Phuong trinh cia tiép tuyén Ald y = -mx + m - 2.
Dé thdy tiép tuyén nay luén di qua diém c6 dinh 1(1; -2).
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2. Tiép tuyén A cat truc tung tai diém A(0; m — 2) va c#t truc hoanh tai diém
B[“‘—‘Q; 0) (m « 0).
m )
Tam gidzc OAB la tam gidc chdn béi A véi hai truc toa dé.
Im-2  (m-2°

| m | 2|

1 1
Soap = 5OA.OB =3 lm - 2].

Theo gia thiét ta c6 phuong trinh.
(m - 2)*

2jm|

em>0:(*)>(m-2V =4mom’-8m+4=0

Soap = 4 < =2 (m-2¢=4|m]| (*.

m=4+2J3
m=4-2J3
em<0:(*) = (m-2)°=—4m < m* + 4 =0 (v nghiém).
Vay cdc gid triciamcan timlam =4 + 22 hoac m = 4 — 2J2 .

3. Khi m = -1 phuong trinh cia ham sé trd Cy
thanhy = x* + x - 3. W

* Tap xdc dinh D = &, L
* Su bié€n thién:
oy =3x"+1>0, Vx € R.
Ham sé dong bién trén toan tap xdc dinh K.
e Giéi han: limy = +¢ va limy = -o.
+ Bang bién thién:
X —aC +x 0 X
Y z . 2
y / +X
e 3
* Pé thi: .

Dé thi cidt truc tung tai diém UW©; -3),
diém U ciing la tam déi xing cua d6 thi.
Cau 2. " |
1. Xét phuong trinh 2cos®x — sin’x - 5cosx + 3 = 0 (1).
(1) o 2cos®x + cos’x — Beosx + 2 = 0 < (cosx + 2)(2c08’x — 3cosx + 1) = 0.

e 2¢08°X — 3cosx + 1 = 0 < cosx = 1 hoac cosx =

6o

x = k2n
k, m € Z).

<< n
X = t—+ m2n
3

2. Ta cé (x+y+z)253(x2+y2+zz).
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Hay(x+y+z)2—-3(x+y+z)s3(x2+y2+z2)~3(x+y+z)

4

g.
Suyra(x+y+2°-3x+y+z)s4ox+y+z2°-3x+y+2 -450,
Patt=x+y+220,tadudc bat ddngthuc t* -3t -4 <0 o> -1<t <4
Két hgp vait > 0 ta duge 0 <t < 4.

Hay (x + y+ 2 - (x +y +2) < 3[x(x - D+ y(y - D) + 2z - 1)} < 3.

Viyx +y +2< 4. Pdng thitc xdy rakhix=y=2z = %

Cau 3.
1.Patt=1+ JVx > x=t2-2t+ 1 =dx = 2(t - 1)dt.

X (€ -2+ 10t -Ddt o® -3tF ¢ 3t -1
Ta duge [——dx =2 =2f dt.
7 cHe 1+Jx J t J t

2 1 t* 3,
2t --3t+3-E t=2 5ot +3t-Inlf |+ C.

%(1 +VX)(2% - 5Yx +11) - 2ln(1 + Vx) + C.

2. Tinh dién tich cda hinh phing gi6i han béi dudng cong (C): y = 2: +11 ,
tiép tuyén cia (C) tai diém A(-2; 1) va truc hoanh.
Goi f(x) = 2x+1,tac6f‘(x): -3 5. YT
x-1 (x-1)
Suy ra f(-2) = —l . 5

w

Phuong trinh tiép tuy&n cda (C)
tai diém A(-2; 1)

1 1 1
=——( 2)+1loy-—-—x+ =.
y=-3&+ ) y=-3

3 —E _1\‘0 \

D4 thi (C) cAt truc hoanh tai diém (—;, O]A 2 \

Yy

Dua vao db thi ta c6 dién tich cia hinh phdng la:

1
~ (2x+3lnx - [z = g(ZInZ -1,

Vay S = 2(21112 ~ 1) (dvdt).
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CAau 4, Theo gia thiét A(1; 2; —1), B(0; 2; 2), C(1; 0; 2).
1. AB =(-1; 0; 3), AC =(0; -2; 3). Vecta phdp tuy&n cla mat phing (ABC):
A = (AB, AC] = (6; 3; 2)
Phuong trinh cia mat phing (ABC):
6x-1D+3(y-2)+2z+1D)=06x+3y+2z-10=0.
2. Piém I(a; b; ¢) la tadm ctiia dudng tron ngoai ti€p cia tam gidc ABC khi va
chi khi: {IA =IB=IC )
I €« mp(ABC)

o IA = IB <> [A? = IB?
sa-12+b-2++Di=a+ (- 27+ (c-2>%
>2a-6c+2=0 (1)

¢« IA=IC o IA* = 1C?
oa-1+b-2%+c+ 1) =(@-1"+b*+(~-20"°
< -4b +6c+1=0 (2)

o] ¢ mp(ABC) <> 6a + 3b + 2¢ - 10 = 0 (3).

8

Giai hé (1), (2), (3) ta dugc: a = § b= §§ c= ﬂ
98 49 98
Viy tam duding trén ngoai tiép cda tam giac ABC la 1[8—5; ﬁ; ﬂ]
98 49 98

Céu 5.
1. Xét bat phuong trinh 4* - (m — 1)2**' 4+ 4m + 1 < 0 (1).
Bii todn tuong dugng véi, xdc dinh gia tri cia m dé bat phuong trinh sau
nghiém ding véi moi x € R: 4" — (m — D2 + 4m + 1 > 0 (2).
Dat t = 2* (t > 0), bat phudng trinh (2) tré thanh
t?—2(m -~ Dt + 4m + 1 >0 (3).
Goi fit) =t? - 2(m — )t + 4m + 1.
Nhu vay ta xdc dinh m d€ f(t) > 0 véi moi t > 0.
Tacé A =m’ - 6m.
m — 0 : 6 +x
A * 0 - 0 +
e NEuO <m<6thi A’<0, suy rafity >0 Vvt € k. Do dé6 fit) > 0, Vt € (0; +¢).

e Néum < 0 hode m > 6 thi A" > 0, khi dé fit) ¢6 hai nghiém phan biét t,, t,.

t - t.l tz + X
f(1) + 0 - 0 +
S=2 -1 0
Dodé: ft) < 0, Vt e (0; +x) ot <ty s 0 & (m -1 <
P=4m+12>0
m< 1 1
= 1 < —— <mc< 1l
m2-— 4
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K&t hop vai diéu kién trén ta duge —% <t<0,

Tém lai: Néu —i < t < 6 thi bat phuong trinh (2) dugc nghiém dung vai

moi x, hay bat phuong trinh da cho vé nghiém.

2. Goi V la thé tich ctia khéi chép S.ABCD ta ¢6:

a) Mat phing (a) song song véi BD nén

b

~—

1 1 2 ﬂ‘s
V= =8 SA= ~-a2°a= —.
3 OABCD 3 3

cit mit phidng (SBD) o BD theo giao
tuyén NP / BD (N € SB, P € SD). Nhu
thé (o) cdt khdi chép S.ABCD theo
thiét dién la tu gidc ANMP.
Goi O=AC~BDval=AM ~ NP, dé
thay ba diém S, I, O thing hang.
Nhan thay I la trong tam cua

SI 2

ASAC nén — = —,
SO 3

SN SP 2
T ASBD, NP // BD — = =
rone ~SB " SD 3
Goi V| 1a thé tich kh&i chép S.ANMP va V, la thé tich cua khéi da dién
cOn lai.

Vi ABCD la hinh binh hanh nén AACB = ACAD. Do dé:

A%
Vsacn = Vsean = 7
Tacs Yoaws _SMSN 12 1 o V.
Viacn SC SB 23 3 6
TUUng tu Vgamp = \é,-
\Y% A" v
Do dé V; = Vq Vg - — 4+ — = —
1 SAMN + Vgamp 6 8 3
’ - 2V 2a°
Va V:E-—.su raV,= — = —/——,
ay v, 5 y 2 3 9

Giao tuyén ciia hai mat phing (o) va (ABCD) 12 dudng thidng A qua A song
song vdi BD va NP. Do OA 1 BD nén OA L A. Mit khdc MO la dudng
trung binh cda ASAC nén MO // SA.

Suy ra MO L (ABCD) = MA 1 A. Do d6 géc giita (o) va (ABCD) 1a géc MAO .
TUu tam giac MOA vuéng tai O, ta c6:

a
tan@:%:ﬁ:%.vay MAO =arctang.
2
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DES
Cau 1. Cho ham sé: y = x* — 3x + 1.
1. Khao sat ham s6 da cho Goi dé thi ciia ham s 1a (C).
2. Trén duong thang (D) y = 3, hay chi ra cic diém tu dé vé duge véi (L) ba
tiép tuyén phdan biét.
3. Trén dudng thing (D): y = 3, hay chi ra cac diém tir d6 vé duge véi (L) ba
ti€p tuyén phan biét, trong dé ¢é hai ti€p tuyén vudng géc vdi nhau.
Cau 2. '
1. Giii phuong trinh V2 tan’x ~ (23 + Dtan’x + (/3 + 2)tanx — 1 = 0 (1).
2. Cho ba sé duong x, y, z théa man diéu kién xyz>x +y + z + 2.
Tim gi4 tri nhé nhat cia x + y + 2.
Cau 3.
1. Tinh Itan" xdx .

2. Tinh dién tich cia hinh phing giéi han béi cdc dusng y = |Inx|, y = 1.

Cau 4. Trong khéong gian véi hé toa dj Oxyz, cho mat phidng (P) va dudng
thdng (D) dinh bai:

x=4+t
(Prx-y+22-2=0,(D) ¢y =-2-t¢
z=1-¢

1. Ching minh ring dudng thing (D) song song v4i mat phang (P).
2. Viét phuong trinh cia mat phédng (Q) qua (D) va hap vdi (P) mét goc 60"
Cau 5.
2
1. Giai phdong trinh loggo(m—:x—:l
X" +x°+3
2. Cho khéi bat dién déu ABCDEG canh a, véi cac duang chéo 1a AC, BD, EG.
a) Chitng minh ring ba dusng chéo AC, BD, EG vuéng géc véi nhau timg doi
moét va ching cdt nhau tai trung diém cia mdi dudng.
b) Tinh dién tich cia mat ciu néi ti€p cia khéi bat dién da cho theo a

Gidi

=x0 - 3x24+2

Cau 1.
1. Khao sat ham sé: tdoc gia ty giai).
2. Trén duong thing (D) ldy diém M(m; 3) bat ki. Goi A 1a dudng thing di
qua M véi hé sé goc k. Phuong trinh cia A c¢6 dang:
y=kix-m+3=y=kx-km+3.
Diéu kién can va du dé A tiép xic véi (C) 14 hé phuong trinh sau ¢6 nghiém:
{xa -3x+1=kx-km+3 (1)
13x* 3=k (2)

Thé (2) vao (1) va thu gon ta duge:

24



(x+ D2 - @Bm+ 2x +3m + 21 =0 ()
x=-1

o »
lg(x) =2x* - Bm +2)x+3m+2 =0 (ID

Tt M v& dugc ba tiép tuyén phan biét vdi (L) khi va chi khi phuong trinh
(I) ¢6 ba nghiém phén biét, hay phuong trinh (II) ¢6 hai nghiém phan
biét khdc -1, tuc la:

{A=3(3m2—4m—4)>0 m<—ghoacm>2
== 3

g-DH=6m+1) =20 m % -1

7

Viy néu m € L—%; 2]\{—1} thi ti diém M(m; 3) vé duge véi (L) ba tiép

tuyén phan biét.

3. Nhan thdy chinh (D) 1a mgt tiép tuy&n dic biét cua (L) qua M, got A, va
A 1a hai tiép tuyén con lai. Vi khéng cé tiép tuyén nao cta (L) vuong goc véi
(D), nén hai tiép tuyén vudng géc véi nhau chi c6 thé 1a A; va A,. Hoanh do
tiép diém x,, x, cla A; va A, véi (L) 14 cde nghiém cia phuong trinh:

2%x° —(3m + 22X +3m + 2 =0
Hé 56 géc ciia Ay, Ay 1a: ky = 3(x? - 1), ky = 3(x; - 1)
Ta c6: ky.ko = 3(x? ~1).3(x2 1) = 9[(x%5)° — (X, + X2)* + 2%,%5 + 11.
3m + 2 3m + 2
y X + Xy = .

2

Ma x.xy,=

Suy ra k; .k, = 27(m + 1).
Hai tiép tuyén A, va A, vudng goc véi nhau khi va chi khi:
28

kl.k2=——IC>27(m+1)=—1®m=——.
27

Vay M[—%’?; 3] ]a diém duy nhat ma tir dé vé dude vdi (L) ba tiép tuyén

phan biét, trong dé ¢é hai ti€p tuyén vudng géc vdi nhau.
Cau 2.
1. Xét phuong trinh J3 tan’x — (2 J3 + Dtan®x + (V3 + 2)ttanx - 1 = 0 (1).

tanx = 1 - x:l+kﬂ
(1)c>(«/§tanx—1)(tanx—l)2=0<:> J§Q 4 (k, m ¢ 2)
tanx = — _n
X---5+l‘nn

2. Ap dung bat ding thic Cé-si: (x +y+z)32(3$/x_yz » = 27xyz
Ma xyz2x +y + 2z + 2 nén ta suy ra
(x+y+z)3227(x+y+z+2)c3(x+y+z)3—27(x+y+z)—5420
Patt=x +y + z > 0, ta duge bat phuong trinh:
P -27t -54>20 6 (t-6Xt+ 3720t 26
Vay min(x + y + z) = 6. Pdng thifc xay rakhi x =y = 2z = 2.
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Cau 3.
dt
1+t

t? 1
4 - — 2 _ -
Ta duge J'tan xdx = [——dl " t = (t 1+ o )dt.

tan®x

1. Pat t = tanx = dt = (1 + tan’x)dx = dx =

— tanx + x + C.

3
J'tan‘xdx= j(t’ -Ddt + jdx=t——t+x+C=
3
2. Goi f(x) = [Inx|, gx) = 1.

e
fix) - gx) =0 |Inx| =1 olnx = +1 & 1
e

Tacbé S = lﬁl - Inx)dx = I(l + Inx)dx + J'(l ~Inx)dx.
i i i

" e

Tinh IInxdx.
Dat u = Inx, dv = dx, ta duge du = ldx, V=X
X

Do gdé flnxdx = xIlnx - ﬁix =xlnx-x+C.

| o 2
° j(l +Inx)dx = (x - xInx + x)l‘ ==,
i e €
. f(1+lnx)dx = (x—xlnx+x)‘: =e— 2. 1 /
1 E
1 % i
Vay: S = -~ — 2 (dvadt).
ay " +e vat) NERE A
Cau 4. e
1. Dudng thdng (D) di qua diém A(4; —2; 1) va ¢6 vecto chi phuong
a=(1;,-1; -1.

Mat phéng (P) c6 vecto phap tuyén n = (1; -1; 2).
e .V =11+(-D-D+(-1)2=0=d L V.

04 (-2)+21-2=0= A4, -2:1) ¢ (P).

Suy ra (D) // (P).

i ' 2=0
2. Ta cé: Y=‘2—t<3x_4:y+2=2_1@ X+y-2=0
1-¢ 1 -1 -1 x+z-5=0

z=1-

Ta xét miat phdng (Q) c6 phuong trinh:
X+y-2+mx+z-5)=0ocom+1)x+y+mz-5m-2=0

Dé thdy mat phdng (Q) chita dudng thing (D).

Mat phéng (Q) c6 vects phap tuyén ng, = (m + 1; 1; m).

Néu (Q) hop véi (P) mat gée 60° thi ta c6:

1 {m+D-11+2m

€0s860° = Icos(ﬁ,ﬂ-)|¢:—— :
“ 2 BJm+1)?+1* +m’
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o 62mP+2m+2)=49m’ = 2m’-m-1=0 < 1

Suy ra c¢6 hai mit théa man dé bai, phuong trinh la:
2x+y+2z2-T7T=0,x+2y-2+1=0.

Cau 5.

1. Xét phuong trinh logyoos —

2
] elae2
X" +x°+3

Pata=x°+x*+3,b=4x"+1thia-b=x%-3x*+2
loggu)g E =a-beo loggo()gb - logz()()ga zta-bo lOg').ooab +b= ].ngl)(;ga +a(2)
a

Goi f(t) = logamst + t thi f(t) 1 ham s6 ddng bién trén khoang (0; +x)

Ta cé fla) = log, + a, f(b) = logypeb + b.

Dodé: (2> fla)=fib) oa=boa-b=0cox"-3x+2=0(3)

. ) , =1

Dat u = x*, phuong trinh (3) tré thanh: u® - 3u® + 220 < | ,
u = -2 (loai)

Suy rax = +1

Vay phuong trinh ¢6 hai nghiém: x = +1.

2. a) Tir gid thiét ta co AE = AG, BE = BG, CE = CG. DE = DG.

b)

Do dé bén diém A, B, C, D cing nam trén
mat trung true cia dudng chéo EG. Két hgp
véi AB = BC = CD = DA = a ta suy ra ABCD
12 hinh thoi. Ching minh tuong tu AECG va
BEDG ciing 1a hai hinh thoi.

* Hai dudng chéo m¢ét hinh thoi thi vuéng
géc v6i nhau nén ta dé dang suy ra duge ba
dudng chés AC, BD va EG vudng géc véi
nhau tung d6i mot.

* Goi O la giao diém ctia AC va BD thi O 1a trung diém \§
ciia AC va BD, suy ra O ciing 1a trung diém cta EG. G

Vay ba dudng chéo AC, BD va EG c4t nhau tai trung diém ctia mi dudng.
Hién nhién di€m O-cdch déu cadc mit cia khdai bdt dién déu ABCDEG,
nén O 14 tAm cha mit cdu (S) noi tiép cda né.

Goi | 12 trung diém cba AB, H 13 hinh chiéu vudng géc cia O trén EL Ta dé
chimg minh duge OH 1 mat phing (EAB). Suy ra ban kinh ca (S)1a r = OH.
Tu tam gidc EOI vudng tai O:

a ay2
OHEI-OLOE » oH - 2OE _272" af6  _ ad6
El a_\_/3 6 [
2
Dién tich cua mat cdu (S) 1a: S, = 4nr* = %naQ.
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DE 6

Chu 1. Cho hamsé y = x® - 3x + 1.

1.

Khio siat ham sé da cho. Goi dd thi cua ham s6 1a (L),

2. Trén (L) 1ay ba diém phan biét A, B, C c6 hoanh lan lugt 1a a, b, ¢. Ching minh
rang diéu kién cin va di dé ba didm A, B, C thing hanglaa +b + ¢ = 0.
3. Céc tiép tuyén cia (L) tai A, B, C cit (L) tai A,, B,, C,. Chiing minh ring
néu ba diém A, B, C thing hang thi ba diém A,, B,, C, cang théng hang.
Cau 2,
1. Giai va bién luan phuong trinh sau theo tham sd m
sinx — (m + 1)sin’x + (m — 2)sinx + 2m = 0.
2. Giai phuong trinh 4x” + iz + [2x - 1. 6=0.
X X
Cau 3.
1
1. Tinh f—dx.
cosx
2. Tinh dién tich cia hinh phing gi6i han béi cde dudng y = x, y = 1 va
2
y = XT trong mién x 20,y < 1.
Cau 4. Trong khéng gian vdi hé toa 49 Oxyz, cho dudng thdng (D) cé phuong
x =2+t
trinh tham s6 Jy = -2t
z=2+2t
1. Tim toa dé cia diém I 4 hinh chiéu vuéng géc cia diém A(4; 0; —1) trén
dusng thing (D).
2. Goi A la dudng thing qua diém A va song song véi (D). Trong cac mat
phing qua A, hiy viét phudng trinh ctia mat phdng cé6 khoang cach dén
(D) 16n nhat.
Céu 5.
1. Gidi bat phuong trinh 1 + 2.2* + 3.3* < 6%
2. Cho khéi lang tru tam gisde ABC.A'B’C’ ¢6 ddy 1a tam gidc déu canh a,

diém A’ cdch déu ba diém A, B, C va canh bén AA’ tao véi mat phadng day
mbt gée 60°.

a) Tinh thé tich V cia khéi ling tru ABC.AB’C’.
b) Tinh thé tich cia khdéi chép A.BCC'B’ va khoang cach tif A dén mat

phing (BCC'B’).

¢) Tinh dién tich xung quanh cida hinh lang tru ABC.A'B'C".
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Gidi
Cau 1.
1. Khao sat ham s6 y = x* ~ 3x + 1 (doc gia v gini),
2. Tacé Ala; a° — 3a + 1), Blb; b* = 3b + 1), Clc; ¢ — 3¢ + 1).
AB = (b - a; b® - a® — 3(b - a)), AB cing phuong véi vectd
u =(1;a° + ab + b? - 3)
Tuong tu AC ciung phuong véi v = (1; a* + ac + ¢ — 3)
Ba diém A, B, C thing hang khi va chi khi:
. a’+ab+b*-3 1
4 va v cung phuong < ————— = —
a“+ac+c” -3 1
c<ab+b’=zac+c‘s(b-cla+b+ec)=0
<a+b+ce=0(dob#0)
3. Phuong trinh tiép tuyé&n eia (L) tai A c6 dang:
y=(3a*~3)x-a)+a°-3a+1oy=(3a2-3)x—2a° + L.
Phuong trinh hoanh db giao diém cha (L) va tiép tuyén tai A:
X -3x+1=Ba‘~-Px-2a"+1 o (x-a)x+2a)=0c x=a
X = —2a
Suy ra A, ¢é6 hoanh db a, = —2a.
Tuong tu By, C; ¢6 hoanh d6 1a by = -2b, ¢, = —2c.
Dodéa,+b +¢;=-2(a+Db+c¢)
Né&u A, B, C théng hangthia+b+c=0 khidéa, +b, + ¢, = 0.
Viy ba diém A,, B, C; thing hang.
Cau 2.
1. Xét phuong trinh
sinx — (m + 1D)sin’x + (m — 2)sinx + 2m = 0 (1)
sinx - m
(1) < (sinx — m)(sin’x — sinx ~ 2) = 0 & |sinx = -1

sinx — 2 (loai)
csinx:—l@x:—%+k2n ”
* m < —1 ho#ic m > 1: phuong trinh sinx = m'vé nghiém
X = arcsinm + n2n

e~-]l<m«< 1:sinx = m & )
X = T - arcsinm + n2w

. . T
em=1lsmx=m>Dsinx=1<&x= 5 + n2n
Tom lai:

+ m = -1: mdt ho nghiém x = —% + k2n
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+ m = 1: hai ho nghiémx:—-g +k2m, x = % + n2n
+ -1 <m < 1: ba ho nghiém

X = —% + k2n, x = arcsinm + n2n, X = 1 — aresinm + n2n
+m< -1 hoacm>1: méthonghiémx:—% +k2n (k,n € 7).

2
X

2. Xét phuong trinh 4x° + 1 + i2x —l{ -6=0.
X

Phuong trinh da cho tuong duong véi phuong trinh:
-
X — J +
X

Patt =

2x-% -2=0,{x=0)
X

2x —l{ (t > 0}, phuong trinh trd thanh t2+t-2=0.
X

Gidi dugc t = 1, t = -2. Loai nghiém t = -2.
Véi t = 1 ta duge phuong trinh:

2x—l{ =1< (2x ~ 1 = 1 hodc 2x - 1 =-1)
X

X X

1 ) 1
+2x- — =1 2x —x—l:Ocox:lho;icx:——z-

X

1 9 1
+2X—- —=-12x"+x-1¢x=-1hollex= 5

X

. e Lo 1 1

VAay phuong trinh ¢6 bon nghiém: x =1, x=-1,x = —2—,)(:—5.

Cau 3.

30

5in

1 1
1. Ta c¢6 =
a cb cosx dx J:-—[ n] dx
X + 1

batt = tan(-’£+£]
’ 2 4

= dt = 1 1+tan2[£+£] dx = dx = 2
2 2 4 1+t

1 1+t2 2dt 1 X 7
d =F—.—=[—dt=lnt C = Injtan| =+ — C.
cosx 2t 1+¢* t el + n’t (2 4] ¥
2. Trong mién x > 0, y < 1 dudng thdng y = 1 cit dudng thing y = x va
2

parabol y = T 14n Wuot tai cdc didm A(1; 1), B(2; 1).

Dua vao dod thi ta c6:



1 2 2 2 3
S = 4)&—’( dx + ql—x—ﬂdx y1 <
a4 1 4 y=2_

\ £

|
[}
127127 % 2 01 2

Vay dién tich hinh phingla S = % (dvdt).

Xx=-2+t
Cau 4. Theo gia thiét (D): {y = -2t
z=2+2t

1. Dutng thing (D) ¢é vecto chi phuong i = (1; -2; 2). Goi (a) 1a mat phing
qua A va vudng géc vdi (D), thi phuong trinh cia (o) la:
1lx-4)-2(y-0)+22+1D=0cx-2y+2z~-2=0.
Toa d6 cua diém I, hinh chi€u vudng géc cia A trén (D) \dng véi t nghiém
ding phuong trinh:
(-2 +t)-2(-2t) +22+2t)-2=09% =0t =0.
Suy ra I(-2; 0; 2).
2. Goi (P) l1a mat phing di qua duong thdng A, thi (P) // (D) hoac (P) o (D). Goi
H 12 hinh chiéu vudng géc ctia I trén (P). Ta lubn ¢6 [H <TAva IH L AH.
Dé y ring d(D), (P)) = &I, (P)) =TH va H € (a).
Trong mit phéng (o), IH < IA = maxIH = IA, khi H = A. Lic nay (P) § vi
tri (P,) vuéng géc vdi A tai diém A.
Do vay, mat phing théa man dé bai la mat phing (Py) vuéng géc véi 1A
tai A
Vecto phdp tuyén cia (Py) 1a 6 = [A = (6; 0; —3), cing phuong vdi
v =(2;0; -1).
Phuong trinh cla mat phing (Py):
2x-4)+1(z+1)=0=2x-2-9=0.
Cau 5. :
1. Xét bat phuong trinh 1 + 2.2* + 3.3* < 6"

sTact1+22°+3.3<6* [%) + 2. [l] + 3[%] <1(%

3
Xét ham s6 fix) = [l] ‘2 [l] + 3.[1)
8 3 2

V‘10<%<1,0<%<1,0<%<1nénf(x)léhémsf>’nghichbié’ntrén

® va f(2) = 1.
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32

Dovay: (") o f(x) < f(2) & x> 2.
Vay tap nghiém cua bat phuong trinh la (2; +x).

2. a) Goi H 12 hinh chiéu vuéng géc cia A’ trén mp(ABC).
Do A’ cach déu A, B, C nén H 14 tAm cda AABC

R o pen A c
Tir gia thiét suy ra A’AH = 60" .
Goi I la trung diém cia BC thi Al L BC.
Ta c6 AH = %AI = %

Tu tam gidc A’AH vuéng tai H:
A’H = AHtan60° = Eg\/ﬁ -a

Thé tich khéi lang tru ABC.A'B'C’ fa:
a’J3 _a’y3
y A=
b) * Td giac BCC’B’ la mat bén cia khéi 1ang tru nén la hinh binh hanh.
Do 46 ABCB’ = AC'B'C
Suy ra Vapes = Vacsc
Goi V, 1a thé tich khéi chép A.BCC'B' thi V, = 2V, ger

V = Sapc.A'H =

1 a®yJ3
Mav .= Vy = _V=
A BCB BABC = o 12
3
Vay V, = a(;/g

* Mat khdac BC L Al va BC 1 AA’ nén BC L mp(AA'l). Suy ra BC | AA".
Ma BB’ // AA’ nén BC 1 AA’.
Suy ra mat bén BCC’B’ 1a mét hinh ch¥ nhat.

Tam gidc A’AH 1a nita tam gidc déu nén AA’ = 2AH = 2‘/353
Goi S la dién tich cia hinh chit nhat BCC'B”:
2
S = BC.BB' = BC.AA’ = 2”/3“
Goi d 1a khodng céch tir A d6n mat phing (BCC'B’), ta cé:
323
N\ A S
Succ.'e' _2\/532 4
3

¢) Goi J la hinh chiéu vuéng géc cia B trén canh AA’,
Ta c6: AA” L BJ va AA’ 1L BC (do BC 1 (AA’T) nén AA’ 1L (BCJ).
Suy ra AA’ 1 CJ va AA’ 1 1J.

av3

Tam gidc AlJ 14 nifa tam gidc déu, suy ra AJ = %AI =



Tit tam gidc ABJ vuéng tai J:

2
BJ' = AB! - Ao gf - 3% _ 1887 5y ad13
16 16 4

Goi S,, 12 dién tich xung quanh ciia khéi lang tru, ta c6

qu = Sacen + Sasea + Sacea

S, = BC.BB’ + AA’BJ + AA'.CJ (CJ = BJ)
S., = AA'(BC + BJ + CJ) = Z?a [a + 2"‘{“—3) = i£(2 J13 ).

pE 7

Cau 1. Cho ham sd y = x? - 6x” + 3ax. (a 12 tham s8)
1. V6i a = 4, hay xét sy bién thién ciua ham sd.
2. Tim cac gia tri cua a d€ ham s¢ dat cuc dai va cuc tiéu.
3. Goi A, B 12 diém cyc dai va cuc tiéu cia dé thi ham s8. V§i gid tri nao cua
a thi ba di€m A, B, I thing hang véi 1(0; 2).
Cau 2.
1. Giai phuong trinh 3sin2x - 4cos2x + 10sinx + 4 =0
2. V@i cac gia tri nao cha tham s6 m thi phuong trinh sau c6 nghiém?
x+1 X

X-m+1 x+m+2
Cau 3.

, osx + 1
1. Tinh %ﬁdx.
2. Tinh dién tich eua hinh phdng giéi han bdi parabol (P): y* = 4x va dudng
thing Ar y = 2x — 4.

Cau 4. Trong khéng gian véi hé Oxyz, cho hai diém A(1; 2; —1), B(-1; 3; 1.

1. Viét phuong trinh ciia m4t phing trung tryc cia doan thing AB.

2. Tim diém M trén truc tung sao cho tam gidc MAB ]2 mét tam gidc vudng.
Cau 5. '

1. Chitng minh réng véi moi x ta déu cé:

1+xnx+ Vi+x?)> J1+x°

2. Cho khéi tir dién ABCD trong d6 hai dudng thing AB va CD hop véi nhau
mét géc a va khodng cich giida ching bing d. Chimg minh riing thé tick
cia khéi ¢ dién ABCD duge tinh bing cong thic:

V= -é AB.CD.d.sina.
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Gidi
Céu 1.
Ghi chu:
Néu y = fix) la modt ham s§ da thic thi phuong trinh cia ham sé luon c6 thé
viét dudi dang: f{x) = f(3).P(x) + R(x), trong d6 P(x), R(x) 12 cac ham sé da thic.

IR

1. Ham s6 y = x* — 6x” + 3ax ¢6 dao ham y’ = 3(x* — 4x + a)
‘20 x’—4x+a=0.
Tacé A’=4~a Néua>4thi A'<0 véi moia Suyray’ >0 véi moi x.
Vay ham s6 dia cho déng bi&n trén R.

2. Ham s6 dat cuc dai va cyc tiéu khi va chi khi phuong trinh y’ = 0 ¢6 hai
nghiém phan biét va y’ ddi dau khi x qua hai nghiém d6, didu nay tuong
duong vdi:

AN>0c=4-a>0oac<4

3. Phuong trinh cla ham 84 ¢6 thé viét:

y = y’,[% ~ %) +2(a~4)x +2a (¥

Goi A(X,: y2), B(%s; y2) 12 diém cuc dai va cuc tiéu caa d thi ham sé thi
X1, ¥y 1a hai nghiém cia phuong trinh y’ = 0. Thé& x,, x; vao (*) ta duge:
1 = 2(a — 4)x; + 2a, y, = 2(a — 4)x; + 2a.
Suy ra phuong trinh dudng thdng qua diém cuc dai va cuc tiéu caa dé thi
ham s6 “a:
y = 2(a — 4)x + 2a (A)
Ba d'é.n A, B va I thidng hang khi va chi khi:
I(0;2) e Ac>a=1.
Vay néu a = 1 thi ba diém A, B va I thdng hang.
Cau 2.
1. Xét phuong trinh 3sin2x — 4cos2x + 10sinx + 4 = 0 (1)
(1) « 6sinxcosx — 4(1 — 2sin’x) + 10sinx + 4 = 0
&> 3sinxcosx + 4sin’x + 5sinx = 0
< sinx(3cosx + 4sinx + 5) =0
[sir-x =0(2)
=
3cosx + 4sinx = -5 (3)

esinx =0 - x = kn.

e Chia hai vé& phuong trinh (3)-cho Vv3® +4? = 5 va dit cosa = g, sing =

SIS

ta dugc phuong trinh:
COSOCOSX + sinasinX = —1 < cos(x — a) = ~1
SX-—A=z AN +M2ASS X =%+ a+ m2x.
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Viy phuong trinh ¢6 hai ho nghiém
x=knm x=n+a+m2n(k, me2).

x+1 X

2. Xét phuong trinh *)

x-m+1 X+m+2

i) Néu m = — = thi phuong trinh (*) tré thanh:

'—‘L\‘Jr—A

X

S x+1 =x(x¢—%): v nghiém.

><

_3
X+ =

"9 2
ii) Néu m = -% thi (¥) ¢6 tap xdc dinh D = B\{m -~ 1; -m — 2}. Ta ¢6

MoEXx+Dx+m+2)=x(x-m+ 1) 2(m+ 1)x=—-m -~ 2 (a)
em =—1:(a) = 0.x = -1, phuong trinh (a) vdo nghiém

» m = -1: phuong trinh (a) ¢6 nghiém x = —m-2
2(m +1)
Nghiém nay nhin duce khi:
-m-2 e m-1 {m#ﬂ
2(m +1) 2m?+m 20 1
= e dm# —
-m-2 ~ m=-2
2{m + 1) m = -2
Tom lai:
» 1 . . ; . -m -2
Néum ¢ (—=; —2; —-1; 0} thi phuong trinh ¢é nghiém x = —- -——
2 2(m > 1)
Ciu 3.
1. Jrco.sx; 1 dx = Jrc.osax dx + |- 13 dx
7 sin’x sin’ x sin’x
. j_c.osax dx = de(smx) _ .12 +C,.
sin’x sin”x 2sin“x
1
s Tinh f7 dx
! sin®x
. \
Dat t = tan > = dt = 1 [1+tan23de = dx = 2dt2
2 2 2 1+t
2 2,2
1 B 1+t 2dt2 ¢1+3t) dt=l{t+g+i3]dt
sin® x 1+t t 4 At t
1t X 1 x 1 X
:Z[ﬂ+21 it[~ ] —tan 9 +§lnltan5‘—gcot22 + Cs.
' osx + 1 1 ¥ 1 X 1 X
Va - dx —t —Init — —cot® C.
Y sindx 25mx+83n2+2nan§! Bco2+



2. Phuong trinh tung 43 giao diém ciia (P) va A: y4
y'=2y+4) oy -2y-8=0
< y=-2hodcy =4,

Chon y lam bién sé, khi dé:

2
y2=4x<:x=yT,y:2x_4

SOX = y+4

—_ kN N
2 0
Dién tich ciia hinh phdng la:

4. 2
S = y —y+4dy=-1—
3 4 2 4
Fy
1

4
a
S:—[y——yQ—By} =9 /

413

4
fiv* -2y - 8)dy<
-2

2

Vay dién tich hinh phing la S = 9 (dvdt).
Céau 4.

1. Goi (o) 132 mit phdng trung truc cia doan thing AB, thi (a) di qua diém
10: g ; 0) 1a trung diém cua AB.
Mat phing (a) ¢6 vecto phép tuyén n = AB = (-2; 1; 2).
Phuong trinh cia mat phing (a):

2x-0)+ 1(y - g)+2(z~0)=0c3—4x+2y+4z-5=0.

2. Goi M(0; y; 0) € Oy la diém can tim. Chia ba trudng hop:
(1) Tam gidc MAB vudng tai M:
Tacé6 AM =(-1;y-2; 1), BM =(1;y - 3; -1).
Tam gidec MAB vuéng tai M khi va chi khi:
AM L BM & (1.1 +(y -2y -3)+ 1(-1) =0
<y ~5y+4=0o(y=1hoacy=4)
Ta duge M(0; 1; 0) hodc M(0; 4; 0).
(i) Tam gidc MAB vubdng tai A:
Tacé AB =(-2;1;2), AM =(-1,y-2; 1)
Tam gidc MAB vudng tai A khi va chi khi:
AB L AM & (-2).-D+1(y-2+21=0y+2=0cy=-2
Ta duge M(0; -2; 0)
(it1) Tam giac MAB vudng tai B:
Tacé BM = (1;y - 3;-1), AB =(-2; 1;2)
Tam gidc MAB vudng tai B khi va chi khi:
AB LBM o (-2)1+1ly-3)+2(-1)=0cy-T=0y=1.
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Ta duge M(0; 7; 0).
Tém lai ¢6 bon diém trén Oy d€ AMAB vuéng la:
M,(0; 1: 0), Mx(0; 4; 0), My(0; —2; 0), M(0; 7, 0).
Cau 5.
1. Bat ddng thite da cho tuong duong vdi bat ding thuc:

1+xln[x+\/1+x2) —J1+x® 20

Xét ham s6 fix) =1 + xIn(x + \/1+;(7)— V+x? , xe®

Ta cdn chitng minh fix) 2 0, vx € =

Ta cé f'(x) = In(x + V1 +?)

1-x>0
fx)=0ox+ J1+xl =1 L eox=0
1+x% =(1-x)?

Ta lai c6 f(x) = >0 = f(0) > 0.

1
it x?
Ham s8 fix) dat cuc tiéu tai di€m x =0, fix)er = 0
Suy ra fix) > 0, Vx € X (dpcm)
2. V& hinh binh hanh ABED.
¢« DE / AB = (ABCD) = (CDDE) = a

o AABD = AEBD va hai tam giéc nay
cing nAm trong mét mat phing. Do dé:

V= VABCD = v('AIJI) = v(‘.EBD = VB CDhE

Ma Vpepe = —;—.Scng.h v6i h 1a khoang

cdch tir B dén mp(CDE).
® Scpg = %DEACDsina = %AB.CDsina.

« Mat phing (CDE) chda CD va song song véi AB, do d6 h chinh la
khoang cédch giita hai dudng thing AB va CD titc la h = d.

Vay: V = -:15 % AB.CD.d.sina = %ABACD.d.sina (dpcm).
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DE 8

Cau 1. Cho ham s3 y = fix) = ax* + bx” + cx + d (a = 0), goi db thi cia ham s6 1a (C).
1. Khao sat sy bién thién va ve d6 thi cia ham sé iing vé1 a = -2, b = 3,
c=0,d=-1
2. Goi I 14 diém thudc (C) ¢6 hoanh db 12 nghiém cta phuong trinh f“ix) = 0.
Chimg minh ring trong tat c4 cac tiép tuyén cia (C) thi tiép tuyén tai diém
I ¢6 hé s6 géc nho nhat khi a > 0 va ¢6 hé s6 géc 16n nhat khi a < 0.
Cau 2.
1. Giai phuong trinh sin2x - 2cos’x = V2 sinx — 1
2. Gadi va bién ludn hé phuong trinh:
X +my =1
{mx —-3my =2m+3

Cau 3.
08X - sinx
1. Tinh F\—— dx
cos2x
2. Tinh dién tich cua hinh phing gidi han béi elip (E): ;(_6 + Y - 1va

parabol (P): y = S—xz trong miény > 0.

CAu 4. Trong khéng gian Oxyz, cho tam gide ABC vai A(); —-1; -3), B(2; 1, -2),
C(-5; 2; -6).
1. Tinh 46 dai dudng phan gide trong ké tir A cua tam gidc ABC.
2. Viét phuong trinh cia mat phing qua BC ¢6 khoang cach dén diém A 1én nhat.
Ciu 5.

1. Chitng minh ring Inx > 2Ax -

véi moi x > 1.
x+1

2. Cho khéi chép S.ABCD c¢é ddy ABCD la nua lue giace déu véi AB = CD =
CD = a va AD = 2a. Hai mat bén SAB va SAD vudng géc voi ddy, mat
phing (SBD) tao véi mat phéng chua ddy mét géc 45°.

a) Tinh géc gira mit phing (SCD) va mat phdng (ABCD).

b) Tinh khodng cach tif C d6n mat phing (SBD).

) Goi M la trung diém cila canh SB, mat phing (ADM) ciat SC tai N. Tinh
thé tich khéi chép S.AMND.

Giai
Cau 1.
1.Khia=-2b=3c=0,d=-1tadugchamséy=-2x"+3x* - 1

tdoe i (u giari.



2. Ta c6 f(x) = 3ax® + 2bx + ¢, f"(x) = 6ax + 2b

(%)= 0 > Bax + 2b = 0 > x = - 2

3a
Suy ra I(x;; yy) v6i x; = ~£ Vay, = f(—b]
3a 3a
Néu goi k 12 hé s6 goc tiép tuyén cia dé thi (C) tai diém bat ki M(x; fix))

thi k = "(x).
Vi ham 86 k = f(x) = 3ax’? + 2bx + ¢ 12 mot ham s& bac hai nén:
* Néua > 0:

_b
X —X 3a +C
k’ 0 +

k \ 3ac - b’ ——
3a

R6 rang tiép tuyén cia (C) tai diém I ¢6 hé s6 géc nho nhdt la

min(k) = f'(-lj _ ac-b
3a 3a
* Néu a < 0:
b
X -0 - g +x
K’ + 0 -
k 3ac - b’
/ R’
3a

R6 rang ti€p tuyén cia (C) tai diém I c6 hé sé géc 16n nhat la

o, _ 2
max(k) = f[_LJ = M )
da 3a
Chu 2.
1. Xét phuong trinh sin2x — 2cos®x = V2 sinx ~ 1 (1)
(1) & sin2x — 2. 1—+£29—S-2§ = V2sinx - 1

& sin2x - cos2x = V2 sinx

& Jﬁsin[Zx—gj = 2 sinx

2x—£:x+k2n x=£+k2n
& sin 2x—£j = §inx & 4 & 4 tk ¢ 2)
4 T 50 k2n
2x ~—=n-x+k2n [x=—+—
4 12 3
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-1
2. Xét hé phuong trinh: {« Y
mx - 3my =2m + 3

Tinh edc dinh thie:

:E“ ;lnl=—m2—3m=—m(m+3)

1 m
D, = = —-2m(m + 3)
2m+3 -3

1
Dyz[:n J:m«v.’.’»
2m +

Bién ludn:

e Néum # 0 va m # -3 thi D # 0: hé phuong trinh c6 mot nghiém
_ -2m(m +3) _ _ m+3 1
T cm(m+3) 7 “mm+3) m

e Néum = 0 thi D, = 3 = 0: Hé phuong trinh vé nghiém
eNéum=-3thiD,=0vaD,=0:Hé¢ thulaix-3y=1
Hé phuong trinh ¢é v6 sé nghiém: y = y;, x =3y, + 1 vdi yy € X.

Cau 3.
0SX - SInX cOSX — Sinx 1
1. J—c——— dx = jQ—dez J‘,‘dx
cos2x cos“X —sin°x SInX + COSX
W o gy s
sinx + cosx \/_ [ J

sin| X +

| e

Batt-tan( 3}:&:-1. 1+tan2(3+ﬁj dx = dx = 2dt2
2 8 2 2 8 1+t
1 1 4 1 X =n
[——d = ~-—= Fdt=In|t] + C= —=1 —+= C
SinX + COSX J2 J:E nltl+ J2 n)\an{2+8] ¥
. 0SX — Sinx 1 X =n
\Y r——d = —1 =+ C.
i coszx L 2 2+81 *
2. Phuong trinh hoanh dé giao diém cia (E) va (P):
2

2
x—+i.(§x’] =lodx'+ix’*-64=0
16 - 12 \4

x=2
X =-2

2 2

Tacé-;%+y—=1 —+—\/

12
Hinh phing c4n tinh dién tich l4 hinh phdng gidi han bdi cdc duyng:
\/2— 16 - x y=%x2,x=—2‘x=2

Do Oy la tryc d8i xiing ciia (E) va (P), nén dién tich cda hinh phdng la:
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(Qﬁ_— ] y

n

=3 lee x dx~—

2 32
¢ .[X2dx=§—( = §
QO 3 0 3

2
o Tinh [V16- x° dx \
0

Pat x = 4sint, t € [— g, = dx = 4costdt

MIP'

Khix:Othitzo,khix=2thit,=g

2 g g 8
_[\/16 —xtdx = J'\/16(1 _sin’t) .4cost.dt = 16 jcos"t.dt =8 j(l +cos2t) dt
QO (] 0 n

B{tﬂ] =8[1+£]
2 6 4

Vay: S = 83 E+£3— 38 4nV3 + 2 (dvdt).
6 4 23 3

Cau 4. Theo gia thiét A(1; -1; -3), B(2; 1; -2), C(-5; 2; -6).

1. Goi D 1a chéin dudng phéan gisc trong ké tir A cda tam gidc ABC. ta c6

D6 - _AC pE (%
AB

Tac6 AB = V12+2°+1% = V6, AC = /(-6) + 32 +(-3)* =36

Thé vao (*) ta duge DC = -3DB, nhu th& D 12 diém chia doan théng CB

theo ti s6 k = -3.

x _-5+3.2 x 21
T 143 ’ 4 .
2+3.1 5 1 5
s - <2 opk; 2
Wra Yo =g @ sy 2D )
-6+ 3(-2) 2, =3
7y = ———
1+3
Vay: Do dai phan gidc trong ké tir A 1a AD = %*f‘é‘ 40 = @.

2. Pudng thing BC c6 vecto chi phueng 4 = CB = (7; -1; 4).
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x=2+Tt
Phuong trinh cia dudng thdng BC: {y =1-t
z=-2+4t

Goi (o) 12 mat phéng qua A va vudng géc véi BC, thi phuong trinh ciia (o) 1a:
Tx-1D)-1F+1)+4z+3)=0=27x-y+42+4=0

Goi I 12 hinh chiéu vuéng géc ciia A trén dudng thdng BC. toa do cia

diém I dng véi t nghiém ding phuong trinh:

7(2+7t)—(1—t)+4(~2+4t)+4=0<:>66t+9:0c>t=—-3—

22
Suy ra I[ﬁ; 2—5; %]
22 22 11
Goi (P) 12 mit phang di qua BC, thi (P) / BC hoic (P) > BC. Goi H la
hinh chi&u vuéng géc cia A trén (P). Ta luén ¢6 AH < Al va IJH L AH.
D& y ring d(A,(P)) = AH va H ¢ (o).
Trong mat phang (a), AH < 1A = maxAH = Al, khi H = 1. Lic nay (P) ¢
vi tri (Py) vuéng géc vai Al tai diém 1.
Do vay, miat phing thda man dé bai l1a m&t phdng (Po) vuéng goéc vdi Al
tai I. -
Vecta phap tuyén cia (Py) la i = Al = [i, ﬂ; —ﬂ), cung phuong v6i
22 22 11
v = (1; 47, -122).
Phuong trinh cha mat phidng (Po):
l(x—2)+47(y—-1)-122(z + 2) =0 © x + 47y ~ 1222 - 293 = 0.

Cau 5.
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1. Bat ddng thic da cho tuong duong véi bat ddng thic:

2(x - 1)
- >
x+1

Inx 0

2(x-1)

x+1

1 - 4 (x-1)*
x

Xét ham s6 f(x) = Inx — ,X € [1; +o)

Tac6 fx)= - — = >0, x e [1; +x)

x+1?  x(x+1)?
Ham s6 f(x) ddng bién trén {1; +x), do dé:
2(x - 1)
x+1

x>1=fx)> (1) @ Inx - >0

2Ax-1)

Viy Inx >
x+1

v6i moi x > 1.

2. a) Tir giad thi€t ta ching minh duge SA 1 (ABCD), ciing tir gia thiét ta suy

ra, nifa lyc gide déu ABCD noi tiép trong dudng tron dudng kinh AD, do
d6 ABD = 90° hay BD | AD, tir 46 suy ra BD L SB.



Do vay géc giita (SBD) va ddy lagéc SBA = 45°.
Tamn gidc SAB vudng cin tai A nén SA = AB = a.
Ta c6 ACD = 90° hay CD 1 AC. Suy ra CD 1 SC,
Suy ra géc gilta (SCD) va day la SCA . S
T tam gidc ACD vudng tai C:
AC = JAD? - CD?
= J(2a)! —a% = a3
Tu tam gide SAC vudéng tai A:
tanSCA = % =2 = ig-
AC av3 3
— SCA = 30°.
Vay goc gidta (SCD) va d4y la 30°.

1 o a’\3
b) Ta ¢6 Vsaep = — .Ssga.SA = = —CB CD.sin120°.8A =
3 3 12
Mat khdc Vgyep = Vessp = %Ssan-d(C,(SBD)) (*)
Tl‘Ol‘lg dé SSBD = lSBBD = %8\/5 .ﬂ\/_ = a \/— (BD = AC = aJ—)
3 2
Tit (%) cho 2Y3 _ 1 @ f A(C,(SBD))
12 3
av2

Vay ¢(C,(SBD)) = 2

¢) Thé tich khai chép S.AMND
Mat phing (ADM) song song véi BC nén cit (SBC) theo giao tuyén
MN // BC, M la trung diém ctia SB nén N 13 trung diém ctia SC. Ta cé:
Vg amnn = Vsamn + Vs anp.

SM SN 1 1

* Vsamn = SBSe- Vs apc = %-EVSABC = ZVSABC
Ma  Vsane = %SABC.SA - —%.%AABABC.sinImOOAa - "31*2/5
= Vg amn = 31\8/5 .
e Vsanp = %.VS.ACD= %%S n-SA = % _;__a\/g_aa: 331\2/:_3
Vay Vs amnp = al\s/g + 82\2/5 = Sa:f’
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PE 9

Cau 1. Cho ham s8'y = f(x) = x* — 3mx® + 3(m + 1)x — 2, goi dé thi cia ham s&
1a (Cp).
1. X4c dinh céc gi4 tri cia m d&€ ham s6 ¢6 hai cue tri.
2. Khao s4t su bién thién va vé dé thi (Cy) clia ham s§ dng véi m = 2.
3. Dua vao dé thi (Cy) hdy xdc dinh cdc gi4 tri cia k dé phuong trinh sau c6
6 nghiém phan biét [x|* - 6x*+ 9lxl +k = 0.
Cau 2.
1. X4c dinh céc gia tri cia m dé hai phuong trinh sau day tuong duong véi nhau:
4cos®x — (2m + 3)cos2x + 2(3m + licosx -~ 4m -3 =0 (1)
cos2x — 3cosx + 2 =0 (2)
2. Giai hé phuong trinh {"2 vy -xvy=2
Xy+x-y=-1
Chu 3.
1. Tinh 1 ax
sinx — V3cosx
2. Trén dudng cong (C): y = -x® + 3x® 14y hai diém A va B c6 hoanh do lan
lugt 1a 3 va 1.
Tinh dién tich hinh phing gi¢i han bdi (C) va hai ti€p tuyén cia (C) tai A
va B.
Céu 4. Trong khdng gian Oxyz, cho tam gide ABC véi A(1; 2; 3), B(2; 0; 1),
C(0; 0; 1).
1. Xdc dinh hinh tinh cda tam giac ABC. Tinh chu vi va dién tich cua tam
gidc ABC.
2. Tim toa 4§ tdm va bdn kinh cia dutng trdn néi ti€p tam gide ABC.
C4u B.

1. Ching minh b4t ddng thic 2 < Jlog,3 + \flog,2 < %

2. Cho khdi lang tru ABC.A’'B'C’. M6t mat phdng di qua A’'B’ va qua trung
diém I cia canh AC chia khéi ling tru thanh hai phédn. Tinh ti sd thé
tich cia hai phén dé6.

Giai
Ciu 1.

1. Xét ham 83 y = x° — 3mx? + 3(m + Dx - 2
Tap xdc dinh: =R

Paoham y = 3x’ - 6mx + 3(m + 1) = 3(x* - 2mx + m + 1)
Biét thife A’ = m* - m — 1.
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Piéu kién d& ham sa c6 hai cuc tri 14 phuong trinh y’ = 0 cé6 hai nghiém
phan biét va y’ déi dau khi x di qua hai nghiém dé, tuc la:
: 1--J5 1+ JE
AN>0¢3sm’-m-1>0=m< —— hotaicm > ---*-\‘5_
2. Khi m = 2 phuong trinh cua hiam s& tré thanh y = fix) = x* — 6x* + 9x - 2
(doe gia tu khao sat).
D6 thi ciia ham s8 ¢6 dang nhu hinh 1.

A

/ (Hinh 1)

3. Xét phuong trinh [x1? - 6x? + 9|x| +k =0 (1)
Taco (1) e Ix|"-6x*+9lx| ~2=-k-2 (2
Phuong trinh (2) la phuong trinh hoanh dé giao diém ciia dé thi hai ham sé:
gx) = [x|"~6xt+9|x] -2y vay=-k-2(D).
Nhén thay ring g(x) la mot ham sé chin nén dé thi déi ximg qua truc tung.
Khi x > 0 ta duge g(x) = x* — 6x* + 9x — 2.
Két hop vdi db thi cia ham s6 fix), ta dugc dé thi cia ham sé g(x) ¢6
dang nhu hinh 2.
Dira vao dé ihi ta thay phuong trinh
Ix|*-6x*+9]x| +k=0
cé 6 nghiém phéan biét khi va chi khi:
2<-k-2<2<=-4<k<0
Cau 2,
1. Ta cé:

(2) ¢> 2c08”x — 3cosx + 1 = 0 < cosx = 1 hoac cosx = 1

(1) & 4cos’x — (2m + 3)cos’x + (3m + 1)cosx ~ m = 0
Datt = cosx (-1 <t < 1), ta duge phuong trinh
4t - Cm+ 3t +Bm+ Dt —m =0
2t -1t -1}t-m)=0 (3

Phuong trinh trén ¢6 ba nghiémt, =1, t, = % t; = m
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Nhu vay hai phuong trinh (1) va (2) tuong duong véi nhau khi va chi khi
. ; 1
phuong trinh (3) ¢6 ding hai nghiémt =1vat= 5

Cé cac truosng hop x3y ra nhu sau:
+ta=t; < m=1.

1
+ty = t,om = E .
+t3<~1hodct;>1<¢>m<-1hodcm> L
Tém lai, n€um € (-o, =1) U (1; +x) U {1; %} thi hai phuong trinh (1) va
(2) tuong dugng vdi nhau.

X2+y -x+y=2()

2. Xét hé phuong trinh
xy+x-y=-1(2)

Day la hé chua d6i ximg, dé dugc hé ddi xitng ta dit t = —x va dugc hé sau:
{t2+y2+t+y:2

ty+t+y=1
2
$ , - =9
Tiép tuc dit: S = t + y va P = ty, hé tré thanh {2 P2P:S
+ =

Khy P ta duge phuong trinh:
S?-21-8)+S=2c84+35-4=0
Phuong trinh nay ¢6 hai nghiém: 8 = 1 hoéic S = 4.

¢S =1= P = 0: Trudng hgp nay ta c6 hé
t+y=1 t=0vay=1 x=0vay=1
{ty:O i [y=0vét:1 < th vay=0
¢S =-4 = P =5 Truong hgp nay t va y 1a nghiém cia phuong trinh:
X*+4X+5=0
Phuong trinh nay vo nghiém.
Tém lai: Hé phuong trinh ¢6 hai nghidém x =0,y =1 hodcx=-1,y=0.

Cau 3. 2
1. Ta c¢6 1 dx = 1 J‘;dx
sinx — v¥3cosx 2 sin[x ~ E]
6
batt = tan[i - i) > dt= 1 (1 m’(i-l}]d,{ dx = Zd%
2 12 2 2 12 1+¢

1 1 1 1 X =
dx = dt:—lnlt|+C= = In an(————] +C
sinx — /3cosx I; 2 2 |t 2 12

1
2
Vay 1 dx = llnttan(i——n-] +C.
sinx — \J3cosx 2 2 12



2. (C): y = —x* + 3x%, suy ra A(3; 0), B(1; 2)
y=32x-x) >y =-9,y(1) =3 /
Phuong trinh ti€p tuyén cda (C) tai A(3; 0): 6| I

y=-9x-3) > y=-9%+ 27 4 4

Phuong trinh tiép tuyén cia (C) tai B(1;2): {717 g
y=3x—-1)+2cy=3x~-1 :

Toa dj giao diém cla hai ti&p tuyén la 5 2" ;B

nghiém cta hé phuong trinh: i ii\A R

7 -10[ 1 2713
{y:—9x+27CD X=z 3
y=3x-1 y-6

Hai ti€p tuyén caa (C) tai A va B ¢4t nhau tai diém I( % ; 6)

Dua vao dé thi, dién tich cta hinh phing la:
7

3 3
S= f(Bx-1)- (=" +3xNdx + f(-9x +27) - (—x* +3x*)dx
i 7

3

[

3 a
S = ﬁx3 - 3x? +3x - dx + ﬁxs - 3x* —9x + 27dx
1 7

7
4 2 3 . 2 3
S= x—~x3+3i-x PR . S O S ) I
4 . 2 7 81 81

Vay S = % (dvdt)

Cau 4. A(1; 2;: 3), B(2; 0; 1), C(0; 0; 1).

1. Ta dé dang tinh dugc AB = AC = 3, BC = 2. &
Do dé AABC can tai A. Goi D la trung diém
cida BC thi AD 13 dudng cao va cing la phan
giac trong cua géc A trong AABC.
* Chu vi cia AABC: 2p = 8 I
* Ta c6 D(1; 0; 1), suy ra AD = 2J2 . Dién tich AABC
S:%BC.AD:Z\/E. B D C

2. Trong AABC vé phén gidc trong cia géc B cit AD tai 1, diém I 12 tAm
dudng trdn noi tiép cia AABC.

Trong AABD véi phan gisce trong Bl ta c¢6 A = - % ID =-3ID.

Nhu thé 1 12 diém chia doan thing AD theo ti s6 k = ~3. Ta duge:
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x - 1t3.1
143 z, =1
_2+30 =l:>](1-l-§)
Y'T 3 Y73 '3
3+3.1 3
zZ, = z, = —
1+3 L 2

Vay duting tron nbi tiép AABC c6 tam la 1[1; %; %J va ban kinh 1a

J2

r=1ID= —.
2

Ciu 5.

1. Ching minh bat ding thic 2 < flog,3 + Jlog,2 < %

Ta c6 1<log23<2:1< Jlog,3 < \/5

Va  Jogs2= —— = 1
083 08,2 \/Egz‘
1
Nhu vay \/log,,S + Jlog32 = Jlog,3 +
Jlog,3

Pat x = flog,3 thil <x< V2 va Jlog,3 + Jlog,2 =x + 1
X

Xét ham s6 f(x) = x+—v61xe(1 \/—)
X

1 (x-I}x+1)

fxy=1- 5 = >O.xe(1;\/_2_)
X

2
X
Suy ra f(x) déng bién trén khoang (1; V2 ), do dé:

lex< V2 5fi<f<fVZ)Io2<x+ 1 <§£
X

2
1 3J2
Cho x = |Jlog,3 ta duge: 2 < flog,3 + ﬁ—_3 < 5
08,

Hay 2 < \flogZS + -\/log:iZ < §§ (dpem) |

2. Goi S, h, V la dién tich ddy, chiéu cao, thé tich ciia khéi lang tru ABC.A'BC’.
Mat phédng (A'B’I) song song véi AB nén cit mat phdng (ABC) theo giao
tuyén IJ // AB (J la trung diém cia BC).

Ta goi V; 1a thé tich khéi chép eyt A’'B’C’.IJC va V, la thé tich cha phén
con lai.

Ba dudng théng CC’, 1A’, JB’ ddng quy tai diém K.

Trong mp(ACC’A"):

48



1c/ac = XC 2 IC 1 ¢1a trung digm cua KC"
RKC - AC 2
Suy ra (K, (A'B'C")) = 2h

K
Hai tam gidc CIJI va CAB déng dang, ti s¢

dong dang k = %

1 S

Do d6 Sciy = —Sarc = —

0 cw = Sane =
Ta ¢6: V), = Vg anc ~ Viuc C

1 1
= = Spapc2h - =Seph
3 A'BC 3 ClJ

v,=Yson- 18y Tan-2

3 33" 12 12 C
5V

SuyraV, = 2Y

uy ra vy 12
7

Va A

ay 2 5

PE 10

Céau 1. Cho ham s6 y = fix) = x* — 3mx® + 3(m — 2)x, goi 45 thi ciia ham sé& 1a (C).

1.
2.

Chdng minh ring vdi moi m ham 88 ludn dat cyc dai va cye tidu.
Viét phuong trinh cia dudng thdng di qua diém cuc dai va cue tiéu cia db
thi (C,,).

3. Khao sat su bién thién va vé dé thi cia ham sd ing v6i m = % .
Cau 2.
1. Gii phuong trinh sin’x + sin2x — 2cos’x = %

2.

Véi gia tri nao cda a thi hé phuong trinh sau ¢6 nghiém?
{7«2 +x+a=0 '

%2 +ax+1=0

Céu 3.

1.

2.

1
Tinh Jxan(xz +dx .
0

Tinh thé tich cia kh6i tron xoay, khi cho hinh phdng gi6i han bdi céc
dudng sau quay xung quanh truc hoanh:
y=sin’x,y=0,x=0,x=n
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Cau 4.
1. Cho x, y 1a hai s6 bat ki. Tim gia tri nhé nhat eda biéu thuc:
A= Jx* 1y’ —4y+5 + X vy +2x1 2.
2. Trong khéng gian vdi hé toa dé Oxyz, hdy viét phudng trinh cia mat ciu

ti€p xue vl mat phang (Oxy) tai diédm A(2; 4; 0) va di qua diém B(3; 6; 1).
Cau 5.

I x

1. Giai bit phudang trinh 2%{ <0 (%)

2. Cho khéi chép tam gisc déu S.ABC c6 canh ddy biing a va cdc canh bén
cing hop v8i mat phing ddy mot gée 60°.

a) Tinh dién tich ciia mat cau ngoai tiép hinh chép S.ABC.

b) Mat mat phdng (P) qua BC va vudng géc véi canh SA chia khdi choép da
cho thanh hai phan. Tinh thé tich cia hai phan d3.

Gidi
Cau 1.

1. Xét ham s6 y = x" — 3mx® + 3(m - 2)x. s
Tap xac dinh: =7
DPao ham y’ = f(x) = 3(x* - 2mx + m - 2)
y=0ex-2mx+m-2=0(*
Biét thitc A’ =m?> —m + 2> 0, vdimoi m e X
Do d6 phuong trinh (*) luén c6 hai nghiém phan biét, suy ra v4i moi m
ham s& da cho ludn cé cuc dai va cuc tiéu.

2. Goi My(Xy; ¥y), My(xy; yo) 12 di€m cuc dai va auc tifu cia do thi (C,) thi x; va
X, 12 hai nghiédm cua phuong trinh f(x) = 0, tdc 14 £(x;) = 0 va f(xy) = 0.
Phuang trinh ciia ham sé fix) cé thé viét:

f(x) = f’(x).[% - %) +(=2m? + 2m — )x + m(m - 2)
Suy ra vy, =fix)) = (-2m* + 2m - 4)x, + m(m - 2) (1)
vy, = fix,) = (=2m” + 2m - 4)x, + m(m — 2) (2)

Tu (1) va (2) ta két luan: phuong trinh cia dusng thing di qua diém cuc
dai va cuc tiéu cua db thi ham sé da cho la
g =(—2m? + 2m — 4)x + m(m - 2).

3. Khim= 3 phuong trinh cia ham sé tré thanh y = x* — x* - 5x.

tdoe gia tu gian,

Cau 2.
. . ; 1
1. Xét phuong trinh sin“x + sin2x — 2cos®x = 2 (1)

(1) < 2sin®x + 4sinxcosx — 4cos“X = cos’x + sin’x
< sin’x + 4sinxcosx — 5cos’x = 0
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Néu cosx = 0 thi sinx = 0, vd i. Do d6 cosx # 0

Chia hai v& ctia phuong trinh cho cos®x, ta duge phueng trinh:
tan’x + 4tanx - 5 = 0. Giai dugc tanx =1 hoac tanx = -5

Vay phuong trinh cé hat ho nghiém:

X = % + kn va x = arctan(—5) + kn (k € 7).

xX*+x+a=0

2. Xét hé phuong trinh
x’+ax+1=0
Gia s hé phuong trinh ¢6 nghiém la x, khi dé ta c¢6 hé phuong trinh:
x+x,+a=0 (1)
X +ax,+1=0 (2
Lay (1) trir (2) ta duge: (1 — a)xq=1— a (¥)
+ Néu a = 1 thi phuong trinh (*) ¢6 vé 56 nghiém, trong trudng hgp nay
hai phuong trinh thu lai mét phuong trinh 1a ¥* + x + 1 = 0, nhung
phuang trinh nay vé nghiém.
+ Néu a # 1 thi phuong trinh (*) ¢6 mot nghiém x, = 1.
Thé x; = 1 vao hé phuong trinh da chotadugca + 2=0 = a= -2,
K&t lugn: N&u a = -2 thi hé phuong trinh da cho ¢6 nghiém.
Cau 3.

1
1. Tinh J'xlnz(x2 + 1)dx
a

Datt=x2+ 1, dt = 2xdx ta dugc:
Khix=0thit=1khix=1thix=2

2
jln'2 tdt

1

N | =

1
Jxln2(x2 +Ddx =
0
2
Tinh J'ln'ztdt
1

Dat u = In’t, dv = dt. Ta dugc du = Zthtdt, v=t
2

2
J.lnztdt = tln?t ~
h . 1

2 2
-2 pntdc = 2In°2 - 2 [intdt
1 1
Pat s = Int, dr = dt ta dugc ds = %dtva r=t
2 . 5 2
fin*tdt = 2In*2 - Z[tlnt{‘ - ﬁit} = 2In%2 ~ 2(2In2 - 1)
1 1
1
Vay jx1n2<x2 +dx =1n“2 - 2In2 + 1 = (In2 — 1)%
0
2. Ta c6:
V = 1 [sin?x)’dx = 1r‘ intxdx = = 1 3 ~ 4c052x + cosdx)dx
) fin'sdx = 5 f

0
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V=

. n 2
(Sx - 25In2x + 5m4x] = 3n
L 4

— (dvtt).
8 v

o A=

0
Cau 4.
1. Viét A du6i dang A= (X2 +(y -2 +1 + JIx+D? +y* +1.
Trong khong gian Oxyz, xét cdc vecto: 1 = (x; y— 2; 1), v =(-x - 1; -y; 1).
Tacé: d+ Vv =(-1;-2;2)

Suyra: A=luil+|vlvala+v|=3
Mat khéc véi vecto G, v taludned ful + [ v | 2 la +v| =3
Do d6: A > 3. Pdng thuc xay ra khi va chi khi 4, v cing hudng, tic la:
X
X y-2 1 —x—1=1 X=—l
= e = - S = 2
-x -1 -y 1 Z_-_2=1 y=1
-y

VéyminA:S,xéyrakhix:—-% vay=1,

2. Goi I(a; b; ¢) 1a tAm va R 1a bdn kinh cia mat cdu (S) thoa dé bai.
« Do (8) ti€p xtic vdi mp(Oxy) tai diém A(2; 4; 0) nén a = 2, b = 4, tic la
I(2; 4; c).
s Vi (S) di qua diém B(3; 6; 1) nén ta c¢6:
IACIB=ReIA* =B o ?=3-2+6B-4°+(1-cPoc=3
Suy ra I{2; 4; 3) va R = 3. Vay phuong trinh ctia mat cau (S) la:
(x-2f+(y-4’+z-37=0.

Ciu 5.
1-x
1. Xét bat phuong trinh %ﬁl <0 (¥ y4 N
- o
biédu kién: x 2 0 ¢
Nhén xét ring 2° - 1> 0khix >0
va 2"~ 1<0khix<0
2'* ~92x+1<0khix>0 A .
Dodé (*) o x e ‘ y
2'*-2x+120khix<0 LoPl
2'*<2x-1khix>0 : 0/l X
=
2'*>2x-1khix<0 -1/
Goi(Cry=2"vaAay=2x-1

Dé thay diédm A(1; 1) 14 mot giao diém cia (C) va A.
Mat khac trén &, ham sé y = 2" 1a ham s6 nghich bién vay = 2x — 1 1a
ham s déng bién, nén A(1: 1) la giao diém duy nh4t cda (C) va A.
Dua vao dé thi ta ¢6 két qua sau:
27" <2x-1
[ ]
x>0

s x21
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< x < 0.

. {2‘ *22x -1
x<0
Vay tap nghiém cua bat phuong trinh: S = (~=; 0} U [1; +=)
2. a) Ké dugng cao SH ciia hinh chép, thi H la tAm cua AABC
Do d6 SH 1a truc cha dudng trdn ngoai tiép tam gidc ABC.
Tir gia thiét suy ra SAH = 60°.
Goi I 1a trung didm cia BC va J 1a trung diém cGa SA. Dung mat phing
trung truc cua SA tai J cdt SH tai O, diém O 1a tdAm cda m4it ciu ngoai
ti&p hinh chép S.ABC.
T gisc AHOJ ndi tiép trong dudng tron, nén ta cé: )

2
SO.SH = SJ.SA = 50 = 2454 _ SA

SH = 2SH
Tam giac SHA la nda tam gidc déu
nén SA = 2AH = 2”3‘/§ va SH = a.

Suy ra ban kinh ciia mét cdu ngoai
tiép S.ABC la:

[_2_3_@_]2
Rl 3 ) 2

2a 3
Vay dién tich eda mat cdu ngoai tiép hinh chép S.ABC la:
’ 4a®  16ma’

2
Smie = 41R° = 471 5 9 .
b) Goi D 12 giao diém cia SA v6i mit phiang (P). M4t phdng (P) chia khéi
chép S.ABC thanh hai khéi ti dién S.DBC va D.ABC.
o et {BC 1 Al

- |BC LSH

— BC 1 mp(SAD, SA 1 mp(BCD) = SA 1 DI.

Nhu vay ADAI la nita tam gidc déu, suy ra AD = %AI . a8

4
5a3 SD 5
va =

12 SA 8

Suyra SD=SA-AD=
VS.DBL' -SD 5

Ta co: =B = e = —
Vs ane SA 8
2
Ma Vs ARC = % SAB('.SH‘ trong dé SABC = a ‘;/g va SH=a
1 a*J3 a*J3
Do 46 Vgape = —. 4=
o S.ABC 3 4 a 12
5 a’V3  5J3a’ a*J3
Vay: Vsppe = —. = .SuyraV s = .
1y S NRC 8 12 96 y D.ABG 32
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DE 1

I. Cho ham sdy = x* — (m + 2)x* + (m — D)x + 2. goi db thi cua ham s la (C,.).

- Khao sat su bién thién va vé db thi cia ham sb tng véi m = 1.

. Tim cdc gid tri cua m sao cho dé thi (Cy,) cdt truc hoanh tai ba diém phan

biét ¢6 hoanh dé lap thanh mét cap sé6 cong.
2.

. Giai phuong trinh cosxcosbx = cos2xcos4x.
. V41 gia tri nao ciia m thi bat phuong trinh sau day ¢6 nghiém?

x—-m<2Vx+2.
3.

. Tinh _Rsin‘x + cos* x)dx .

. Tinh thé tich cda khéi tron xoay khi cho hinh phang gigi han béi cic

duong sau quay xung quanh truc hoanh:

X
x-1
4. Trong khéng gian vdi hé Oxyz, cho tu dién ABCD véi A(2: 1; 0).
B(1; 1; 3}, Ci2; -1; 3), D(1; —1; 0).

y= yy=0,%x=0,x=1.

. Chung minh rang ti dién ABCD c¢6 cdc cdp canh déi déi mét bang nhau.
. Tim toa dd tam va bdn kinh cia mat cau ngoai tiép tt dien ABCD.
. Tinh khoang cach giifa hai dugng thdng AB va CD.

Cau 5.

1.

54

Giai bat phuong trinh:
22x—l + 22\-.’] _ 2‘3){ 5 > 27—x + 25—)( _ 23—)(»

. Cho khéi lap phuong ABCD.A’'B’C'D’ canh a. Goi M, N lan lugt 1 trung

di€m cuia B’C’ va C'D’. Mt phidng (AMN) chia khéi lap phuong dé thanh
hai kh&i da dién. Tinh thé tich c¢Oa hai khéi da dién do.

Giai

. Khi m = 1 phuong trinh cda ham s6 trd thanh y = x* - 3x* « 2.

tdde gia Ly giand

. Phuong trinh hoanh dé giao diém cia (C,) va truc hoanh:

¥ —(m+ 2x* +(m - Dx+2=0(%
Gida sd dé thi (C,) cAt truc hoanh tai ba diédm phan biét M;(x,; 0).
My(xy; 0), Ma(x,; 0) V61 Xy, Xp, x3 theo thif tu lap thanh mot cdp sé cong.
Hié&n nhién x,, xy, X3 la cdc nghiém cua phuong trinh (*), nén phuong
trinh cia ham s& c6 thé viét dudi dang:
Yy = (X — X)X - X0x — X3)

! 2
oSy = X' = (%) + Xg + X)X + (X1Xy + XoXg + X3%()X — X XuXa.



Dao ham y’ = 3x“ — 2(X; + X» + X3)X + XiXp + XoX3 + X3X;

Dao ham cap hai y” = 6x — 2(x; + X, + X3)

Wi Xy, X, X3 1ap thanh mot cAp s6 cong nén x; + x5 = 2x;

Dodé y” =6x- 6x; = 6(x — Xy).
V=0 x~-%=0ox=x.

Nhu vay diém Ma(xy; 0) 1a diém ¢ hoanh dd x, 1a nghiém cGa phuong

trinh y” = 0.

Ap dung véi ham s6 y = x* — (m + 2)x* + (m - 1)x + 2

Yy =3x*-2m+2)x + m - 1

2
y'=6x-2m+ 2),y"=0ex= me

+2

Ta duce x» = mT =y, = =(m - 1X2m? + 5m + 20)

Nhu vay ta phai cé:

y2:0c>—(m—1)(2m2+5m+20)=0<:>{

Vdi m = 1, phuong trinh (*) trd thanh:

x”—3xl+2=0<:>(x—1)(x2—2x—2)=0c>{

m=1

2m? + 5m + 20 = 0 (v6 nghiém)

x:lt«/é

R6 rang cdc nghiém x; = 1 - V3,% =1, %3 = 1 + V3 theo thit tu lip

thanh mét cap sé eong.

Vay chi c6 mét gid tri cia m théa méan bai todn la m = 1.

Cau 2.
1. Xét phuong trinh cosxcosbx = cos2xcos4dx (1)

(1) %(0056)( + €0S4x) = %(cos6x + C0S2X) < c0sdX = €082X

x=kn

S 4x = 2x + k21 o T
szg

& X = kg- (ho kn la ho con cha k%)

Vay phuong trinh ¢6 mét ho nghiém x = k%.

2. Xét bat phudng trinh x - m < 2Jx+ 2 (1)
Patt= Vx+2 >0.Suyrax=t? -2
Ta dugc bat phuong trinh:
t?-2t<m+2(t20) (2)

>

Y1

[adh 4

Nhu vay ta di tim m d€ bat phuong trinh (2) ¢6 nghiém t > 0.
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Goi (P) 13 cung parabol c6 phuong trinh y = t% - 2t (£ > 0) va (D) 1a dudng

thdngy = m + 2.

Dua vao db thi ta thay bat phuong trinh (2) ¢6 nghiém t > 0 khi va chi khi:

m+2>-lom2-3.

Viy gid tri can tim cta m la m 2 -3.

Cau 3.
1. Ta c6 sin*x + cos’x = (sin’x + cos’x)* - 2sin’xcos?x
=1- 1 sin®2x = ———3 + cosdx
2 4

Jisin“ X + cos'x)dx = % j(a + cosdx)dx

4

1 (3){ + sm4x] +C = 11—6(12)( + sindx) + C

2. Ta c6
1 2 1 2 1
V=n(-—x—) dx:n(l— 1 ]dx:n(l— 2 +—-——1 2)dx
ax+1 6 x+1 5 x+1 (x+1)

1 ]‘ _ 73 - 4in2)
x+1}),

(dvtt).

V=n[x—21n(x+1)—

Cau 4, A(2; 1; 0), B(1; 1; 3), C(2; -1, 3), D(1; -1, 0).
1. Ta dé tinh duge AB = CD = V10, AC =BD = V13,AD=BC = 5
Vay tit dién ABCD c6 céc cdap canh déi déi mdt béing nhau.
2. Qua két qué cau (1), ta thady ABCD la mét tit dién gan déu. Do d6 tam cda
mat ciu ngoai tiép cla ti dién la trong tam G cia tir dién nay.
Vay mat cdu ngoai tiép tit dién ABCD c6 tam la G( %; 0; % ), ban kinh la

R=GA= E .
2
3. Vi ABCD la tit dién c6 cdc cap canh déi bing nhau nén néu goi [, J la

trung diém cia AB va CD thi 1J 12 doan vudng géc chung cia AB va CD.
Ta c6 I(—g; 1; %),J(%;—l; g). Vay khoang cach gita ABvaCDlad = [J = 2.

Cau 5.
1. Xét bat phuang trinh:
22x—1 + 22)( 3 _ 22)(—5 > 2'7-)( + 25—x _ 23-—1 (1)
(1) @ 16.2%7% 4 4275 _ %5 5 162%™ + 4.2°% _ 2%~
P 22x-5 > 23——x

o2x-5>3-—-x

8
S x> —.
3
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2. Trong mat phing ABB’A’, goi I la giao diém ciia hai dudng thing AP va A'B’.

Cau

Trong mit phing ADD’A’, goi J

la giao diém cha hai dudng A B
thang AQ va A'D’. D
Tam gidec B'MI vuéng cin tai B’ ; C
(MB'l = 90°, BMI = CMN = 45%) Tp
a a { 1
S IB"= —. Tu tu JD' = —. 3 !
wreIBs G TmE RN 90 g B
Goi V; la thé tich cia khéi da I’VI
dién chia dinh A’ va V, la thé c
tich cia khéi da dién con lai.
Ta c6 Vy = Vaa- — (Vemie + Vonug). ()
3 3
«Viga = LAAATAT= 1,38 32 9a 32
6 6 2 2 24 8
« Hai khéi ti¥ dién B'MIP va ALJA’ déng dang, ti s6 ddng dang k = ii' - %
1Y’ 1 3a° a®
D dé V 7 = e V PR eme— | — T —
0 B'MIP [3] AlJA 57 8 70
aﬂ
Tuong ty Vapga = —
g W Vaua 72
3 2 k]
Thé vao (*) ta duge V, = s’ _ 2.8 _ 258
8 72 72
47a°
Suyra V,=a’-V,= KT

PE 12

1. Cho ham s6 y = x* — 3mx* + 3(m® — 1)x — (m® — 1), goi dé thi cGia ham
86 la (Cp).

1. Khdo s4t sy bi&n thién va vé dé thi cia ham sé dng véi m = 0.
2. Tim cédc gia tri cua m d& dé thi cia ham s& cdt truc hoanh tai ba diém
phan biét ¢é hoanh d$ duong.
Céu 2.
1. Gidi phuong trinh sin2x + sin4x = sin6x.
2. Lap bang bién thién, tir 46 suy ra tdp gi4 tri cGa ham sé sau
Ciu 3.

1. Tinh f(sin“x +cos®x)dx .
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2. Tinh thé& tich cua khéi tron xoay, khi cho hinh phang giéi han bdi cdc
dugng sau quay xung quanh truc hoanh:
y=Inx,y=0,2x=1,x=e.
Cau 4. Trong khong gian vdi hé toa dé Oxyz cho diém A(2: -4; 6). Goi B, C, D
14an lugt 1a hinh chidu vuéng géc cia didm A trén cac truc Ox, Oy, Oz.
1 Tinh thé tich cua khéi ti dién OBCD.
2. Tim toa doé di€ém M sao cho MB + MC + MD = 5MA. Goi G la trong
tam eua tif dién ABCD. Chimg minh ba diém A, G, M thing hang.
3. Tim toa d6 tAm va bdn kinh cia mat cAu ngoai tiép tu dién ABCD. Chiing
to rdng mat ciu nay di qua goc toa d§ O.
Cau 5.
1. Giai phuong trinh:
3log,4 + 2logs4 + 3logied = 0.
2. Cho khéi lap phuong ABCD.A'B’C’'D’ canh a. Goi M 1 trung diém cua
A’B’, N la trung diém cua BC.
a) Tinh thé tich khéi ti dién ABMN.
b) Mat phing (DMN) chia khéi 1ap phuong da cho thanh hai khéi da dién.
Tinh ti s thé tich cia hai kh&i da dién dé.
Gidi
Cau 1.
1. Khi m = 0, phuong trinh cia ham s trd thanh y = x> - 3x + 1.
{doc gia tu giai
2. Goi f(x) = x* - 3mx* + 3(m? - Dx - (m*~ 1)
Pao ham f(x) = 3(x* — 2mx + m? - 1),
f'x)=0ex*-2mx+m?-1=0
Phuong trinh trén c¢6 hai nghiém x; = m- 1, x, =m + 1
Ta dé suy ra ham sé dat cuc dai tai
x; = m — 1 va dat cuc ti€u tai x, = m + 1.
Suy ra fix,) = (m — 1)(m? — 3),
fixy) = (m + 1Xm® - 2m — 1)

R
K&t hop v6i hé sd bacbala a=1cGa - : /\ X N

Y a

ham s, ta thidy diéu kién d€ 34 thi Y X
cﬁ'a' ham s3 cit truc hoanh tai ba fx) Yoo
diém phan biét ¢6 hoanh 46 duong la:

X, =m-1>0 m>1

x2rm+1>0c> m> -1

£(x,).f(x,) <0 (m® - ){m* - 3)m* - 2m -1) <0

f(0) <0 ~m*-1)<0
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e V3 <m<l+ V2
Vay V3 <m<1+ V2
Cau 2. 1 Xét phuong trinh sin2x + sin4x = sinéx (1)
sin3x - 0

{1) <= 2sin3xcosx = 2sin3dxcosd3x <3 sindxicosdx — cosx) = 0 =
cos3X = cos X

-sin3x:0-:.ﬂ3x:kn::=x:k%

- X - mn
3k =% +M2n

® COSAX = COSX <5 F=> T

| 3x = -x + mZx x:ﬂ]a

X = m% {(ho mn la ho con cla m%}
Vay phuong trinh ¢6 har ho nghiém x = k% VA X = % +mn(k, me Z)

2 y= ' —4x+3 - x
Tap xac dinh: D = (—o0; 1] W [3 +w0) .
x-2 x-2-Vx'—4x+3
- 9 —4x +
Daﬂhém‘.}":: —12 —
Vxf —d4x+3 vx' -4x+3
y =0 e>x-2- Jx' -4x+3 =0 = V&’ 4x+3 =x-2
(x-220
o4 _

|x* -4x+3=(x-2)?
Nhan thay hé phuong trinh trén vé nghiém, nén y' c6 mot dau khong dai
trén méi khodng (—=; 1), (3; +wx)
o y(0) = e -1<0=3y <0, vx € (-=; 1)

J3

{x < 1 hoac x > 3)

2
*yl4)= = -1>0=y >0, Vx € (3; +=)
¥ ﬁ y
Mat khae: limy = lim __ix_fa =-2va
o = I —dx+ 3 ex

limy = lim (\)xz—4x+3—x) = +x

3 +-x

Ta c¢6 bang bién thién:

y +x ' _,,// -2
x—l _'_:.._ = - _3

Tif bang ta suy ra tap gia tri clia ham sé la: T = [-3; -2) © [-1: +=<)
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Cau 3.
1. Ta c6: sin®x + cos®x = (sin®x + cos?x)® - 3sin’xcos’x(sin’x + cos’x)

=1 - 3sin’xcos’x = 1 — 3 sin?2x = 5 + 3cos4x

I(sin“ X + cos® x)dx = 1 _[(5 +3cosdx)dx = 1 (5x + §512i11\ +C
8 8 4
= —1—(20)( + 3sin4x) + C
32
2. TacoV=rm J‘ln2 xdx
0
Tinh [In® xdx
0

2In xdx

Rl

Pat u = In“x, dv = dx, ta duge du =

X
Ap dung cong thic tich phan ting phén:

e

J-ln2 xdx = xIn?x} - 2 Ilnxdx —e— 2 Ilnxdx
1 1

0

Tinh {Inxdx
1
dx
Dat u; = Inx, dv; = dx, ta dugc du; = —, v = x
X
jlnxdx = xlnx|] - jdx =1
1 1
Suy ra Ilnz xdx =e - 2.
1

Vay: V=nrn J(ln x)2dx = n(e — 2) (dvtt).
1

Céu 4.

1. Vi B, C, D la hinh chi&u vudng géc clia A(2; —4; 6) trén Ox, Oy, Oz nén ta
cé6 B(2; 0; 0), C(0; —4; 0), D(0; 0; 6).

Do OB, OC, OD vudng géc timg déi mot nén thé tich khai ti dign OBCD la
V= %OB.OC.OD - %.[2].|—4|.|6| =8

2. * Goi M(x; y; z), ta c6:
« MB =(2 - x: -y; —2z), MC = (-x, -4 - y; —7), MD = (—x; -y, 6 — z,.
Do d6 MB + MC + MD = (2 - 3x; -4 - 3y; 6 — 3z)

e« MA = (2-x;-4-y,6-2)=>5MA = (10 - 5x; -20 - By; 30 ~ 52).
Tir giad thiét ta cé hé phuong trinh:
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2-3x =10 -5x (x =4
-4-y=-20-5y o iy =-8
6-3z=30-52 z=12
Vay diém cln tim la M(4; -8; 12).
» Chitug minh ba diém A, G, M thing hang.
V6i G la trong tdm caa tiy dién ABCD ta dé& dang tim duge G(1: ~2; 3).
Ta c6: AM = (2; —4; 6). AG = (~1; 2; -3). Suy ra AM ‘= -2AG
Hé thuc trén ching té ba diém A, G, M thing hang.
3. Goi I(a; b; ¢) 1a tam clia mat cau ngoai tiép tir dién ABCD thi Al = Bl = C1 = DL
Do do ta co6 hé phuong trinh:
[AI=BI (a-27+(b+4) +(c-6)7 =(a-2)° +b? +¢*
1AJ:CIc>(a—m2+m+4f+w—6V a’ +(b+4)*+c’
{Al = DI (a-2)"+(b+47+(c-6"=a*+b”+(c-6)’
[2b—3c+13=0 a=1
<> i~a—3c+10=0 = {b=-2
-a+2b+5=0 c=3
Vay mat cdu ngoai tiép ti dien ABCD c6 tam I(1; -2; 3) va c6 bén kinh 12
R = IA = V14 . Mat khéc ta cing ¢6 [0 = V14 nén mit cAu ngoai tiép td
dién ABCD di qua géc toa 46 O.
Céu 5. 1. Xét phugng trinh

3log,4 + 2log.4 + 3logysd = 0 (1)
Didu kién: x>0, x= 1, x = l,x:t %6_
e 3 2 3 4o 8 2 3

+ + = + + =
log,x log,4x log,16x log,.x 1+log,x 2+log, x

bat t = log.x, ta dugc phuong trinh:

3 2 3
+ +

t 1+t 2+t

=0 4t2+8t+3=0

Phuong trinh nay c¢6 hai nghiém t, = - % t, = --g
ot1=—-1- cologqx:«l o X = 1
2 2 2
otz-:.—g @log4x=—~3— o X = 1
2 2 8
< . . " 1 1
Vay phuong trinh ¢6 hai nghiém x = 5 X = e
2. a) Tinh th€ tich khéi tif dién ADMN:
1 1 &’ a’
Ta c6 Vapmun = Vmanp = g Sanp.d(M, (ABCD)) = 5 . —2-.3 = —6—
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C B’
' A
1
D’ — M D
] ’I ’
1 ., ;
4 ” 7
1 Pie
1 F 1/
P [}
1, [}
I}
'lQ-__EI;_ _—
Py - \ B
Vyd - \ 4
e \ o
D A D

b) Tinh ti s& thé tich cda hai khéi da dién:

Trong mat phing (ABCD), goi I 12 giao di€m ciia hai dugng thing AB va DN.

Tace B _ BN _1

IA  AD

=5 Suy ra B 12 trung diém cia Al, do 46 BI = a.

Trong mat phidng (ABA'B’), goi J va Q lan luot 1a giao diém cia dudng
thdng MI véi hai dudng thing AA’ va BB'. Trong mit phdng ADD'A’ goi
P la giao diém cha DJ va A'D’. Nhu vay nga gisc DNQMP la thiét dién
cia lap phuong ABCD.A’B'C’'D’ ct bdi mit phdng (DMN).

QF MB 1 2%a
«BI/MB' = = —==_8 BQ = —
= QB - Bl g SwraBQ=>

CAM/Al= A _AM 1 g raJA -2 AP-
JA - Al T 1 3

a

Goi V) 12 thé tich caa khdi da dién chia diém A, V, la thé tich cua khéi

da dién con lai.

Tac6:  Vy =V, — [Vasn + Vyamp)
1 4a  4a®
+ V = —ADAIAJ = ~.a2a. — = —
J.ADL 5 3 5
1 a2 a°
+ V, = —BILBNBQ= -a—-—"— = —
QBN Q=523 " 13
1 1 aaa a’
Viamp= — AMAPAJ= - ———- = —
ToVrAwe 6 243 144
3 3 3 3 3
Dodé V, = da” (a—+i-) - 352 .Suy ra'V; = 9a
9 18 144 144 144
Vay: Vi = 5—5
v, 89



PE 13

Cau 1.
1. Khao sat su bién thién va vé 46 thi (C) ciia ham sd y = 2x° — 6x* + 6x.
2. Ching minh ring khi m thay déi, dudng thing A: y = mx - m + 2 luén di
qua mét diém ¢é dinh I n&m trén (C). )
3. V4i gid tri nao cia m thi dudng thing A cit d6 thi (C) tai ba diém phén
biét |, A, B sao cho I la trung diém cia doan thing AB.
Céu 2,
1. Giai phuong trinh sin4x + sin’3x = sin’2x + sin’x.
2. LAp bang bién thién, tir d6 suy ra tap gid tri ciia ham sé sau

y = Jx+\/x2—x+1.
Cau 3.
1. Tinh |cosxcos2xcos4xdx.

2. Tinh thé tich cia khdéi tron xoay, khi cho hinh phéng gidi han bdi céc
dugng sau quay xung quanh truc hoanh:
y=x*vay=2x
Céau 4. Trong khong gian vdi hé toa 49 Oxyz, cho hinh hjp ABCD.MNPQ vé1
A(0; 1; 1), B(0; 2; 3), C(2; 4; 2) va M(1; 2; 5).

1. Tim toa dj cac dinh con lai cda hinh hép.

2. Tinh dién tich mit chéo BDQN cda hinh hép.

3. Tinh thé tich cda khéi hop ABCD.MNPQ.

Cau 5.

1. Gidi phuong trinh: 2logs’x = logsx.logs(V2x +1 - 1)

2. Cho khéi chép tif gide déu S.ABCD c6 canh ddy va canh bén déu bing a.

a) Tinh thé tich V cida khéi chép.

b) Goi M, N, P lan lugt 1A trung diém cha cdc canh AB, AD, SC. Mat phing
(MNP) cét c4c canh SB, SD lan lugt tai E va F. Tinh db dai cic doan
thdng EB, FD.

¢) Chitng minh ring mat phdng (MNP) chia khéi chép S.ABCD thanh hai
phéan cé thé tich bing nhau.

e

Giai

Cau 1.
1. Khdo st ham s& y = 2x° — 6x* + 6x
(d8¢ gia tu giai)
2. Phuong trinh cia dudng thing A c6 th vidt m(x — 1) =y — 2.
Phuong trinh trén nghiém ding véi moi m khi va chi khi:
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x-1=0 x=1
<
y-2=0 y=2
Vay dudng thing A luén di qua diém cé dinh I(1; 2). D& thay diém I(1; 2)
thudc dé thi (C).
3. Phuong trinh hoanh d6 giao diém cia (C) va A:
28 -6’ +Bx=mx-m+2 =2 ~6x>+(6-mix+m-2=0 (1)
x=1

Sx-12 -4x+2-m=0s ,
gx) =2x° -4x+2-m =0 (2)

Biét thirc ciia (2): A’ = 2m
Dudng thdng A cdt 46 thi (C) tai ba diém phén biét khi va chi khi phuong
trinh (1) ¢6 ba nghiém phan biét, hay phuong trinh (2) ¢6 hai nghiém
phan biét khdc 1, tie 1a;

{A’ =2m >0

Vay khi m > 0 thi duong thdng A cit dé thi (C) tai ba diém phan biét [,
A, B véi I(1; 2). Nhu thé hoanh dj x,, x5 clia A va B la cdc nghiém cia
phuong trinh (2).

Xat¥p

Tac: Xp+Xg =2 > =1=x.

Vay khi m > 0 thi I(1; 2) luén 12 trung diém cia doan thdng AB.
Céu 2.
1. Xét phuong trinh sin®4x + sin®3x = sin®2x + sin’x (1)
1-cos8x . 1 - cos6x - 1-cosdx . 1- cos2x
2 2 2 2
< cos8x + cos6x = cos4x + cos2x

1)<

&> 2c0s7xc08x = 2c083xc08X <> cosx(cos7x — cos3x) = 0
cosx =0
cos7X = cos3X

ocosx:Oc:x:%-«-kn(keZ)

n

7x =3 2 x=mg

e cos7x = cosdx < X X+ men o 2
7Tx = -3x + m2n n

x=m-—5-

Vay phuong trinh ¢6 hai ho nghiém x = m% vVax= m% (m e 7).

2. Xétham s6y = yx+vx? -x+1

Vix!-x+1>0,Vx € Rnén vx! -x+1 ludn c6 nghia
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Do dé6 ta cin cé diéu kién:

X+ VX —x+1 20 Yxl-x+1 >-x(1)
Né&u x > 0 thi (1) hién nhién diing.
Néu x < 0 thi —x > 0, ta ¢6

VKl -x+l >—xeox*-x+12x*<x<1 Suyrax<O0.

Suy ra bidu thic Vvx+vVx? —x +1 luén c¢6 nghia véi moi x, nén ham sé c6

tap xdc dinh 1a @ = R.

Ham sb c6 dao ham:

, 2Vx? —x+1+2x-1

y =

Ta xét phuong trinh:

V=0o2Jx-x+1 +2x~-1=02x*—x+1 =1-2x

4Jx? —x+1.«jx+\/x2 -x+1

1-2x>0
4(x* —x +1) = (1 - 2x)?

Nhan thdy hé phuong trinh trén vé nghiém, do d6 y’ luén c6 mot diu

khéng déi.

Méy'(O):%)O,nény’>0\Vxe}R

Mit khac:

XL

limy = hm\lx+ x!-x+1 = lim ’—tz—ﬂ-——=—-
X—-x X—-4 m—x

limy = limVx+Vx® -x+1 =+

Ham sé cé bang bién thién nhu sau:

—_0

+20

«
e

Vay himsé c6 tdp gia trila T = {g ao].

Cau 3.

1. Ta cé: cosxcos2xcosdx

%cosx(cosz + €0s2x)
1 .
5 [cos6XcosX + cos2xcosx)

1
1 (cos7x + cosdxX + cos3x + casX)
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(cos 7X + cos 5% + cos 3x + cos x)dx

il

Icos x cos 2x cos4xdx

1
4
1[sm7x sm5x sind3x . ]

Z + +sinx{ + C

2.y:x2véy=2x

Tact: x’=2x =>x*-2x =0 x=0hosicx = 2.

2 2 2 2
V= nI(2x)2dx—7tJ'(x2)2dx = ﬂxi* _ X
]

3 b b

0
v= 9T quth).
15
Cau 4. Hinh h¢p ABCD.MNPQ véi A(0; 1; 1), B(0; 2; 3), C(2; 4; 2) va M(1; 2; 5).
1. « ABCD la hinh binh hanh nén ta cé6:
X, -0=2 Xp =2
AD =BC o Yp-1=2 & Jy, =3 & D(Z;3;0)
Z, -1=-1 z; =0
» BN = (xn; yn ~ 2, 20— 3), AM =(1; 1;4). T¥ BN = AM suy ra N(1; 3; 7).
Tinh tuong tu ta duge: P(3; 5; 6), Q(3; 4; 4).
2. Tacs: BN = (1; 1, 4), BD < (2; 1; -3) = (BN ,BD ) = (-7 11; - 1)
Suy ra Sgpgn = i[Eﬁ,Eﬁ]] = 171
3. Goi V 1a thé tich khéi hgp ABCD.MNPQ:
Tacé: [AB, AD]=(-5; 4;-2),{AB, AD]. AM = —
Vay V= |[AB, AD)AM| =9.
Cau 5.
1. Xét phuong trinh
2logs?x = logsxloga(V2x+1 - 1) (1)
Piéu kién: x > 0
Véi diéu kién d6, ta c6:
(1) < logs%x = 2logsxlogs( V2x +1 — 1) < logsx(logsx — 2logy(V2x +1 — 1)) =
log,x =0 2)
|:log3 x - 2log,(V2x +1-1) =0 (3) .

elogsx=0ox=1
e (3) o logex = logy(V2x +1 — 1)’ & x = (/2x+1 — 1)
ox-4x=0ox=4(Vix>0)
Vay phuong trinh ¢6 hai nghiém: x = 1, x = 4.
2. a) K& dudng cao SH. Vi S.ABCD Ia hinh chép déu nén H trdng véi tim
cua d4y ABCD.

Ta c6: V = % Sianc, SH

66



* Siascp) = a’®.
e Tam gidc SHA vudng tai H cho:

SH? = SA? - HA? = 2% - (—

av2 S
2

3
Vay V = -1-.a2.£= a\/EA
3 2 6

:?SH:

b) Pudng thing MN cit céc
dudng thidng BC va CD F /o
lan lugt tai I va J. Nhan
thdy céc tam gidc vudng M X
can BMI, AMN, DNJ J<
bing nhau.

SuytaDJ:BI:AM:%

Trong ASBC ké doan thing PT song song véi BC (T e SB). Ta thdy hai

tam gidc PTE va BEI bing nhau. Suy ra ET = EB = —S:? = %

Ching minh tuong ty FD = %.

¢) Goi chiéu cao ctia khdi chép S.ABCD 1a h.
Mit phing (MNP) chia khéi chép thanh hai phén, goi V, 1a phidn chia
diém C va V; 14 thé tich ciia phdn con lai.

Vi P la trung di€m cda SC nén d(P, ABCD)) = é—d(S,(ABCD)) =

¥j-g

Vi FD = 7}sn nén d(F (ABCD)) = %d(S,(ABCD)) - %.

D€ ¢ ring Ve png = Vepur. Tif cdc k&t qud trén ta cé:

11 _.-.h 1.1 h
Vv, =V - 2V = —.~CI“ = - 2. - (=DN.DJ). —
1 P.Cl FONI = 25 5 3(2 )4
2 ' 3
V1= l[a—a-] h - —1—[—3-5]}1= l3211: X:a \/E
1202 12 2 2 6 2 12
vV  a%J/2
S Vo= — = .
AR ST
VéyVIZVQ.
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Cau 1.
1. Khao sat su bién thién va vé dé thi (C) cia ham s6 y = x* — 3x.
2. Mot dudng thing (D) di qua goc toa do O va ¢6 hé s& géc bang m. Vdi gia
tri nao cia m thi (D) e4t (C) tai ba diém phén biét.
3. Trong diéu kién cha ciu 2), hiy xac dinh gia tri cia m d€ hinh phéng gidi
han bdi (D) va (C) c6 dién tich bing 8.
Chu 2.
1. Giai phuong trinh cos*x + cos*2x + cos?3x + cos*4x = 2.
2. Ty theo m hdy xét su ddng bién, nghich bién cia ham sé&
_(m+1x+m+3
B mx + 2

Cau 3.
1
1. Tinh tich phan jﬁdx
dX+ \[ x“+1
2. Tinh dién tich hinh phing gi¢i han bdi cic dudng
y=e,y=ze , x=-1,x=1
Cau 4. Trong khéng gian véi hé toa dé Oxyz, cho didm A(1; 2; 3). Goi M, N, P
lin luot 13 hinh chidu vuéng gée cia A trén ba mat phing toa dé (Oxy),
(Oyz), (Ozx).
1. Tinh dién tich cda tam gidc MNP.
2. Viét phuong trinh clia mit cdu (S) ngoai tiép td dién OMNP.
3. Tim toa d6 tam va ban kinh cia dudng tron ngoai ti€p tam gide MNP.
Cau 5.
1. Gidi phuang trinh: log, 16 — 4logex = 2logyx
2. Cho tu dién ABCD. Trong mién tam gidc ABC 14y diém M, c4c dudsng
thdng qua M song song vdi AD, BD, CD lan luot cit cdc mat phing
.. ABCD), (ACD), (ABD) tai A", B’, C".
a) Gon N la giao diém cia hai dudng thdng DA’ va BC. Chiing minh ba diém
A, M, N thing hang.
MA' . MB' MC
AD BD CD

Gidi

b) Chung minh rang téng sé biing mét hing s6.

Céau 1.
1. Khdo sat ham sé y = ¥* — 3x.
(doc gia ty giai}
2. Pudng thdng (D) di qua géc toa d6 O va ¢6 hé s6 géc bing m nén cé
phuong trinh y = mx. Phugng trinh hoanh d§ giao diém ciia (C) va (D).
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3 x=0
X° — 3x = mx

x!=m +3 (b
buong thdng (D) cdt 44 thi (C) tai ba diém phan biét khi va chi khi

phuong trinh (a) ¢6 ba nghiém phdn biét, hay phugng trinh (2) ¢6 hai
nghiém phan biét khac 0, tie 1a:

m+3>0<m>-3.
Vay néu m > -3 thi (D) c¢it (C) tai ba diém phan biét.
3. V6i diéu kién m > -3 thi phuong trinh (a) ¢6 ba nghiém phén biét la
X, =—-vmm+3,%x=0x,= ym+3.

Do db thi (C) nhan géc toa 46 O lam tAm déi xing va dudng thdng (D) di
qua O nén dién tich hinh phdng gigi han béi (C) va (D):

vin~3

o xx*-m-3)=0(a) &

Y3 A
§S=2 j (mx - (x* - 3x))dx = 2 j (-x* + (m + 3)x)dx
3 )]

vm~3

4 2 )

S - 2(_1‘_4_ (m +3)x2]
Theo gid thiét ta ¢4 phuong trinh: .

= l(m+3)2
2

_:2 //’

%(m+3)2=8c3(m+3)2=16

m=1 7 ...\
= .-Vaym = 1.
Ln = -7 (loal)
Cau 2.

1. Xét phudng trinh cos®x + c0s*2x + cos®3x + cos4x = 2 (¥)
" l+cos2x  1+cosdx = 1+cosbx 1+ cosBx
(GIR="} + + + =2
2 2 2 2
&> cos2X + cosdx + cosbx + cos8x = 0 <> 2cos3xcosx + 2cosTxcosx = 0
m=1
< cosx(cos7x + cos3dx) =0 &

cos7x = —cos3x

bit
ecosXx =0 x= — +k1't

¢ cas7X = —c0s3xX & co087x = cos(n — 3x)

T n

[7x:n—3x+m2n X 10+m5
o <

7x = 3x -~ n+m2n n n

w =—4+ImM—

4 2

Vay phuong trinh ¢6 ba ho nghiém:
X = il + kn, x = i +m£,x=_3 +m£ k. mZ)
2 10 5 1 5
2. Xétham s6 y = (m+x+m+3
mx +2

Véi m = 0 ham s6 trd thanh y = %J,

oW

. Ham sé nay dong bién trén R.

69



Védi m # 0, ham 86 ¢6 tap xac dinh § =R \ {_3}
m
., —m’-m+2
Tacdy = ———, Y =0 m=1hoéicm=-2.
(mx + 2)

Ta ¢6 bang xét diau y' theo nhu sau:

m |—cc -2 1 +ac
y | - 0 + 0 -

¢ Néum = -2 thi ham sé tré thanh ham s& hang y = é (x=1)
e Néum = 1 thi ham s6 trd thanh ham s6 hdng y = 2 (x = —2)
e Néu -2 <m < 1thiy >0, Vx 2 —-2—. Ham s& déng bién trén cdc
m
khoéng (—ac; — 2 )y (= 3; +0).
m m

. 2 . . .
e Néum < -2 hodcm > 1 thi y <0, Yx # ——. Ham s6 nghich bién trén
m

cic khodng (-x; - 2 ), (= 3 +oc).
m m

Cau 3.

1 1 1 1

1 Tach: |— = dx= [x(Vx'+1-xdx = [xJx? +1dx - [x%dx
G[x+\/x2+1 6[ 6[ Gl-

1

-3

! 3
. szdx X
0 3

A

1
- o Tinh dex2 +1dx
0

batt = \/x2+] o xP=t? -1 = xdx = tdt.

Khix=0thit=1vakhix=1thit= 2

; 2 t 2

IX\'x2+1dx= It.tdt:—é-
1

0
1

= 1@V -1
.3
j X
51+ Vx?+1
2.Goi f) =e* gx)=e*vah(x)=flx)-gX) =e* -
hx) =0 ef-e*=0=e"=ze* = x=0.
Dién tich cta hinh phéng:

Vay dx:%(Zﬁ—Z)

U 1
S = _[(e" —e *)dx| + I(e" -e¥)dx
1 (]

1
=2[e+l—2]
° e

0

S = i(e" +e™)

+ ‘(e' +e™")
-1
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Cau 4.
1. Hinh chidu vuéng géc cia A(1; 2; 3) trén ba mat phing toa dé (Oxy),
{Oy2), (Ozx) 1a M(1; 2; 0), N(0; 2; 3), P(1; 0; 3).
Ta c6: MN = (-1; 0; 3), MP = (0; -2; 3). Suy ra [MN, MP] = (6: 3; 2
Dién tich AMNP 1a Syunp = %
2. Phudng trinh cia mit cdu (S) ngoai ti€p tif dién OMNP c6 dang
xX+y?+2®+2ax +2by +2cz+d=0
Do (S) di qua O, M, N, P nén ta c¢6 hé phuong trinh:
d=0
5+2a+4b=0 -
13+4b+6c =0
10+2a+6c=0
Giai duq::a:—-l-,b=—1,c=—§.
2 2
Vay phuong trinh ciia mat cau (S) la:
XX+y’+22-x-2y-32=0
3. M4t cau (S) ¢6 tam I(%; 1 %) va béan kinh R = g
Goi (T) 1a dudng tron ngoai ti€p tam gide MNP, tam J cia (T) 12 hinh
chi&u vuéng géc ciia I trén mét phidng (MNP).
Vectd phap tuyén cia mat phdng (MNP): 11 = [MN, MP] = (6; 3; 2)
Phuong trinh ciia mit phidng (MNP): : \
6x-1+3(y-2)+2z-0=0=6x+3y+22-12=0
Phuong trinh cia dudng th&ng A qua I vudng géc véi mp(MNP):

x=-1—+6t
2

y=1+3t

z=E+2t
2

Diém J la giao diém cia A va mp(MNP), nén toa dd cua J ing vdi t
nghiém ding phuong trinh:

6[1+6t) +3(1+3t)+2[§+2t] -12=049t-3=0=1t= i
2 2 49

Suy ra J(gé; §§; @]
98 98 98
Khoang céch tir I d6n mat phing (MNP):
‘6.%+3.1+2A—g——12‘ 3
d = &I, (MNP)) = = —
V6 + 3 4 22 7
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Béan kinh cia dudng tron (T): r = YyR* -d*® = J-lf— 71% = @

14

Céu 5.
1. Xét phuong trinh log, 16 - 4logex = 2logyx (+)
Piéu kién: x > 0, x # 1

Véi diéu kién d6, ta cé:

(*) < 12log,2 — logox = 2logx < 0 12 _ 3logox = 0
og, X

c:log'zgx—4=0c>log2x=t2o

2. a) T gid thiét suy ra N niim trén giao tuyén
ciia hai mat phdng (AA'D) va (ABC)

Mat khéc M e (ABC), MA’ // AD
= M e (AA'D)

Di nhién A ciing ndm trén giao tuyén
cua (AA'D) va (ABC).

Viy ba diém A, M, N thing hang.

b) Goi H, H’ la hinh chiéu vuéng gée cia
A, M trén mp(BCD).

Hién nhién ba di€ém N, H, H' thdng hang. Va AH /# MH".
Goi V, V), V3, V4 1an lugt 1a thé tich cda cdc khoi ti dién ABCD, MBCD,
MACD, MABD. Ta ¢6:

1 ’
v, e MH oy nMoma
A -

1 T AH ~ NA AD
§S4BCD)‘AH

Chitng minh tuong tu: A/ = MB', Yy = Mc

vV BD'V T CD

Do dé: % . l\gg' . I‘(’J‘g l";_+£+}’i = 1 (hing s6)
s MA'"  MB MC _
v AD "BD "op T
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DE 15

Cau 1. Cho ham s6 y = x" + mx® — mx + 2m — 1, goi 4 thi cia ham s6 1a (C,,).
1. V6i gid tri nao cda m thi (C,,) c6 hai diém phan Liét d8i xing véi nhau
qua diém A(0; 1).
2. Khio sat su bién thién va vé do thj cia ham s6 khi m = -3.
Cau 2.
1. Giai phuong trinh (1 — tanx)(1 + sin2x) = 1 + tanx (1)
2. Gidi phuong trinh: vx® +1-v2x* - 4x+4 =x* - 4x + 3
Cau 3.

. o X
1. Tinh tich phan J—m dx
2. Tinh thé tich cha khéi tron xoay, khi cho hinh phéng gi¢i han bdi céac
dudng sau quay xung quanh truc tung:
y=4x-x*vay=0
Cau 4. Trong khéng gian véi hé toa d§ Oxyz, cho tam gidec ABC véi A(1; 0; 0),
B(0; 0; 1), C(2; 1: 1).
1. Tinh dién tich cta tam gidc ABC.
2. Tim toa dé diém D sao cho ti gidc ABCD la mét hinh binh hanh.
3. Tinh thé tich khé&i chép S.ABCD véi S(0; 3; 4).
Céau 5.

2x~1
1. Gidi phuong trinh 5.2,*2 =10
2. Cho tif dién ABCD va diém M ndm bén trong ti dién. Cdc dudng thing
MA, MB, MC, MD c#t c4c mit déi 14n lugt tai cac diém A’, B, C', D",
a) Ching minh ring MA L MB + MC' 1
AA' BB CC

b) Xdc dinh vi tri cia diém M dé& MA W MB + MC + MD
MA' MB' MC MD'

dat gid tri nho

nhit.

¢ e

Giai
1. Gia st d6 thi (C,,) c6 hai diém phan biét M,(x,; y;), Ma(xs; y2) d61 xing véi
nhau qua diém A(0; 1). Suy ra My(—x%;; 2 — yy)- (didu kién x, = 0)
Vi M, va M; thuje (C,,) nén ta c6 hé phuong trinh:
{yl = X + mx! - mx, +2m ~1 (1)

2-y, =-x} +mx! + mx, +2m -1 (2)
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Cong (1) va (2) ta dugc:
2mx,° +4m — 2 = 2 o mx% = 2 - 2m (%)
Bai toan tuong duong vdi, tim gid tri cda m dé phuong trinh (%) cé
nghiém x, khac 0.
Phuong trinh (*) ¢6 nghiém khéc 0 khi va chi khi:

m =0 m = 0
2-2m 20 < <m=#1 o>0<cmcl
2-2m O<m«<]l
>0
m

Vay: 0 <m < 1.
2. Khi m = —3 phuong trinh cia ham sé trd thanh y = x* - 3x* + 3x - 7
1doe gia ty gian).
Cau 2.
1. Phuong trinh (1 — tanx)(1 + sin2x) = 1 + tanx

Pidu kién: x = g— + kn

Pat ¢t = tanx, phuong trinh di cho tro thanh:

(1—t)[1+12tt2) =l+teo Q- +2t+ D=1+t +t9)
+

otit+1)=0<t=0hosict = -1
ox:knhoécx:-% +kn(k e 2)

2. Gidi phuong trinh Vx? +1 — V2x®> —4x +4 = x’ - 4x + 3.

Ghi chi: D& gidi bai todn trén, ta dua vao tinh don diéu cia ham sé
nhu sau:
Gia st f(x) 132 ham s6 don diéu trén tip &, khi d6:
VX, X2 € &, f(x)) = flxy) © x5 =%

Nhan thiy x> + 1> 0 va 2x° — 4x + 4 > 0 v6i moi x € R.
Do d6 tap xdc dinh cia phuong trinh 1a R.

Patb=x*+1>0,a=2x"-4x+4>0thia-b=x*-4x+3.

Do d6 phuong trinh da cho tuong duong véi phuong trinh:
Jb-Ja=-a-bo Ja+a=4Jb +b

Xét ham s6: fit) = Jt +1t, voi t e (0; +)

Suyra fla)= va +avafib)= Vb +b

Ta c6: f’(t)=i+1>0,\1te(0;+co)

2Jt

Suy ra ham sé fit) déng bién trén khoang (0; +x)
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Do d6, ta cé:
Ja +a= Vb +bofla)=flb)esa=Db
oa-b=0ox*—4x+3=0.
Suy ra phuong trinh di cho ¢6 hai nghiém x; = 1 va x, = 3.
Cau 3.

1. Ta cé: j'm J_dx~ _[x(\/x+ ~Jx)dx = J-x\hu- dx — .[x‘/_d"
x+1+
1
. IXJ’;dX = ]‘xidm=2xg -2
0 3 5 0 5

1
¢ Tinh _fx\/x +1dx
0

Patt= Jx+1 o x =t - 1= dx = 2tdt.

Khix=0thit=1vakhix=1thit= V2
1 ) V2 ts tﬂ 2 116
ijx+1dx =2 I(tz-l)t.tdt =2 j(t‘ ~t2)dt =2(———j = -
] ; 5 3/ 15
Vay J dx z(zf n
\/x+1+f 15

2. Parabol y = 4x — x* ¢6 dinh I(2; 4), c#t truc hoanh tai hai diém la géc toa
do O va diém A(4: 0).

X=2+,/4-
y=4x - x’ o y(05y54)
X=2-\4-y yAr
Néu chon y lam bién thi: g !

Cung Ol ¢6 phuong trinh x =2 - Jj4 -y
Cung TA ¢6 phuong trinhx =2+ (J4-y
Thé tich cia vat thé tron xoay la:

vosfenisl iy o e e

]

= 8n _[,/4 ~ydy= 128" (dvtt)
0

Cau 4. A(1; 0; 0), B(0; 0; 1), C(2; 1; 1).
1. Tacé: AB = (-1;0; 1), AC =(1;1; 1). Suy ra [AB,AC ) =(-1; 2; -1)
J6
2

Dién tich tam gige ABC 13: Suanc = % |{AB,AC)| =

2. Néu ti giac ABCD 1a mdt hinh binh hanh thi ta ¢6 AD = BC. Goi D(x; y; 2).
Tacé: AD = (x ~ 1;y; z), BC =(2; 1; 0)
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fl

1]

x-1 x=3
Dodé: AD = BC = {y=1 < qy=1
z=0 z=0

Vay IX3; 1; 0)
3. Goi B 1a thé& tich khéi chép S.ABCD thi ta cé:

V = Vgape = %HKB,KC].A—S | %)

Ma AB =(-1;0;1), AC =(1;1;1), AS =(-1:3; 4)

nén [AB,AC]1=(-1;2;-1)va[AB,AC}.AS =3.

Thé vao (*) ta duge V = 1,

Cau 5.
2t
1. Giai phuang trinh 5*.2x2 =10
Piéu kién x = —2.
Vi hai vé& déu duong, nén lay légarit thap phan hai vé ta dugc:

x.1g5 + 2x +21- Jg2 =1 o x(x+ 21 - 1g2) + 2x + DIg2 - x-2=0
X +

o1 -1g2)x* +x+1g2-2=0
Phuong trinh nay ¢6 hai nghiém:
lg2-2

x =1, %=

1-1g2
2. a) Goi V, V,, V,, Vi, V, 14n lugt 12 thé tich cia cdc khéi tf dién ABCD,
MBCD, MACD. MABD, MABC.
Goi H, H, 14n lugt 14 hinh chiéu vuéng géc cha A va M trén mp(BCD), dé
A'A

thay cdc diém A’, H, H, thdng hang va AH // MH,, nén —Al——_l— =
V, MH, _AM _V, MA'

Taco: -1 =2l T h
A VAR AaA YV T aa
V, _MB V, MC V, MD
LAap lufin tu o —% = 2 = , —
apluan Wong it <o =3 v " oo’ vV DD
, MA MB MC MD _V, _V, V, V,
Do dé + + = 4 24—
AA BB oo DD VvV IVIVTVY
VitV sV eV, V A
B Y v
MA’ MB' MC MD
+ + + =
AA’ BB CC DD
MA MB MC MD

b) Goi k =
Vooik=Ta *MB T M T MD
MA' MB  MC MD'
Vaa= 22 po MC MDY
a= AP B " co " dp
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Suyraa+b+c+d=1
Ta c6 thé viét:

k = [ﬁ_1)+(§§_1] R (92_1) (o1
MA’ MB' MC MD'

1 1 1 1
= ~+=+=+—-4
a b ¢ d
Ce 5 N . . . 1 1 1 1 . .
Do 46, k dat gia tri nhé nhat khi va chi kh1a=—+g+—+a~ dat gia tri
a ¢
nhé nhat.
Ap dung b4t déng thie Cé-si ta cé:
.11 11 1
b d>4¥abed va ~+ 2+ 24+ 24—
a+b+c+ —+protg T
Suy ra: (a+b+c+d)(l+l+l+l]216c>l+l+1+1216.
a b ¢ d a b ¢ d
Tixdé:kz12véd&ngthfx’cxéyrakhivéchikhia:b:c=d=i.

. MA MB MC MD 3 .
= = = = — M1 a Ua tu ,
Khi 46 BB -cC DD ~ 3 = M la trong tam cia td dién ABCD

Vay: min k = 12, xdy ra khi M 1a trong tam cda t& dién ABCD.

PE 16

Céau 1. Cho ham s8 y = x* — 3(m + 1)x® + 2(m? + 4m + 1)x — 4m(m + 1), goi 46
thi cia ham =8 1a (C,,).
1. Chimg minh r3ng d4 thi cia ham s8 ludn di qua mdt diém ¢d dinh.
2. V6i gid tri nao cia m thi dd thi cda ham s8 cét truc hoanh tai ba diém
phan biét cé6 hoanh 46 1é6n hon 1?
3. Khdo s4t sy bién thién va vé d4 thi cia ham s khi m = —-1.
Cau 2. '
1. Gidi phuong trinh tanx + tan2x = sin3xcosx
2. Tim a va b d€ c4c cue tri ca ham s6

y= %azx3+ 2ax’ - 9x + b
déu la nhimg s6 duang va x; = -g la mét diém cuc dai.
CAu 8.
1. Tinh tich phéan ijl + sin 2xdx
g

2. Tinh thé tich cGa khéi tron xoay, khi cho hinh phing gidi han béi cdc
dugng sau quay xung quanh truc hoanh:

y= Vvsin'x+cos*x,y=0,x=0,x=m
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Chu 4. Trong khéng gian véi hé toa d6 Oxyz, cho bén diém A(l; 0: 0),
B(0; 1; 0), C(0; 0; 1), D(-2; 1; —1).

1. Ching minh rang A, B, C, D la bén dinh cia mét ti dién.
2. Tinh thé tich khaéi td dién ABCD.
3. Tinh db dai duong cao cia tif dién ABCD ha tir A.
Cau 5.
1. Giai phuang trinh x** = 2%

2. Cho hinh chép S.ABCD, G la trong tdm cia tam giac ABC. Mot mat
phang (P) bat ki cit SA, SB, SC, SG theo thd tu tai cac diém A’ B’, C', G’
(khde véi S). Chitng minh rang:

SA SB SC 3 SG

—_— — 4 - —
SA' SB  8C SG’

Gidi

Céau 1.
1. Phuong trinh cia ham sé cé thé viét:
(2x - Mm% + (-3x°> + 8x - 4M +x° -3 + 22X +y =0
Phuang trinh trén nghiém ddng véi moi m khi va chi khi:

Ix-4=0 x=2

-3x* +8x-4=0 o (x =2 hodc x——.g—co{

X' -3x*+2x+y =0

x =2
y=0
y = -x* +3x* - 2x
Vay dé thi (C,,) luén di qua diém c& dinh A(2; 0).
2. Phuong trinh hoanh 46 giao diém cia dé thi (C,,) véi truc hoanh:
¥ - 3m+ Dx?+ 2(m® + 4m + 1)Xx — 4m(m + 1) = 0

X =2
SU-2-x+m+D2m-x)=0 |x=m+1
X =2m

Theo yéu cdu cia bai toan, ta cin diédu kién:
m+1>1

2m >1 m >0

m+l+2 & m>%q> m>5

2m # 2 m =1
m=1

2m #m +1

3. Khi m = -1 phuong trinh ctia ham s& trd thanh y = x* — 4x «ddc gia ru giai)
Cau 2.
1. Giai phuong trinh tanx + tan2x = sin3xcosx (*)
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n r
X —+Kkn X*—+kn

Piéu kién o (k € Z)
2x=t£+kn x¢£+k£
2 4 2
Ta c6 (¥) & ﬂ = sin3xcosx <> sin3x = sin3xcos2xcos’x
COS X CO0S2x

< sin3x(1 - cos2xcos’x) = 0
[sin 3x=0

1-cos2xcos’x =0
-sin3x=0c:>3x=kncox=k§

1+ cos2x

o1 - cos2xcos’x = 0 & 1 — cos2x. T =0
& c0s22x + cos2x -2 =0
cos2x =1
Lo 2x=m2r > xXx=mn
cos2x = -2 (loai)

Vay phuong trinh ¢6 m{t ho nghiém x = kg— (ho mn 1a ho con cua k%)

(k, m € Z)
2. Tap xdc dinh: S =R

Goiy = flx) = §a2x3+2ax2—9x+b
Pao ham y' = f '(x) = 5a’x* + 4ax - 9

N&u x, = *g la diém cyc dai cia ham s§ thi ta c6:

f'(—éj =0 g5—32— &a—9=0c: (a:g-l- hoaca=—g)
9 81 9 25 5
«Néua=or thiflx) = 20743, 16202 o401

25 125 25
va f'(x) = @xz; §~2—'£x—9=0c:[x=§ hoacx:—é)

125 25 81 9

Lap bing xét diu, ta suy ra ham s& dat cuc dai tai diém x = -g va dat

cye ti&u tai difm x = 25
81
25 400
T 6: = f(—} - b
2o yer=Nen 243 ©

D€ y ring, déi véi ham sé bac ba ¢6 hai cyc tri thi ta luén ¢6 ycp > yer.
Do d6 ycp va yer déu duong khi va chi khi:
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400 400

0 -— +b>0
Yer>P 2 o3 Y0707 943
-Né’ua:—%thif‘(x):%xs-ls—xz—gx+b
va f’(x):ﬂxa—égx-g
5 5

f'x) =0 8—51)(3— §5§x—9=0<:>(x=1hoacx:—g)

Léap bang xét dau, ta suy ra ham sé dat cuc dai tai dim x = ——g- va dat

cuc tiéu tai diém x = 1
Ta cé yer = (1) = —% b
Do d6 yep va yor déu duong khi va chi khi:

y(‘T>0C>—§é§ +b>0C>b>-3—5§

Vay: a= 81 éb)—hé a——g vab> E
25 243 5 5

Chu 3.
1. Ta c6: V1 +sin2xdx =
0

sinZ x + cos? X + 2sin x cos x.dx

I
J' sinX + cosx)’dx = J]smx + cox|dx
0
Xét phuong trinh sinx + cosx = 0
. . n
Ta c6: sinx + cosx = 0 < sinx = —cosx © tanx = -1 & x = _Z + kn.

XG[O;TI]::>X=§—E

n

Do d6 Idl +8in 2xdx
0

4 n
I(sinx +cosx)dx| + I(sinx + cos x)dx
0 3n

3

x|
= |(—cosx +sin x)ig

. n
+ [(—cosx + sinx)|’

4

(V2 + D+ (V2 -1 =22

2. Tacé

V=n J'(sin‘ x +cos® x)dx = n J(m]dx =z [3x + sm4x]
s 4 4

[1] 0

V=

3n®
—— (dvtt).
7 ( )
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Cau 4. A(1; 0; 0), B(0O; 1; 0), C(0; 0; 1), D(~2; 1: —-1)
1. Tacé AB =(-1; 1;0), AC =(-1:0; 1), AD =(-3; 1; -1)
Suy ra: [AB,AC1=(1;1; 1), [AB,AC1. AD = -3 # 0.
Nhu thé AB, AC, AD khéong déng phing. Vay A, B, C, D la bén dinh
clia mot t dién.
2. Thé tich khéi ti dién ABCD:
V= % {AB,AG1.AD| = =

3V
ABCD
Tac6 BC = (0;-1; 1), BD =(-2;0; -1) = [BC,BD | = (1; -2; -2)

Dién tich tam gidac ABC: Supep = %

3. b6 dai duong cao cua tir dién ABCD ha tir Ala h = - (*)

Thé vao (*) ta duge h = 1
Ciau 5.
1. Xét phuong trinh x** = 2%,
Piéu kién x = 0.
i) x > 0: Lay logarit thap phan hai vé
2xlgx = x1g2 < 2lgx = 1g2 < lgx = %lg2<:>x= J2 (vix > 0)

il) x < 0: Ta phdi thém diéu kién x 14 sé nguyén.
bat u = -x ta duge phuong trinh:
(-u) ¥ =2V o u® =2

LAy logarit thap phin hai vé S

—2ulgu = —ulg2 < lgu = %ng

ou= V2 (loai)
Vay phuong trinh ¢é6 mét nghiém x = V2.
2. Goi V 12 thé tich khéi chép S.ABC va
V’ 1a thé tich khéi chép S.A'B'C'. A
Vi G la trong tAm tam gidc ABC nén:
Scas = Sgac = Scea

Al

\"%
Suy ra  Vscas = Vsane = Vsaoa = —

B

Ta cé6:
SA‘ SB' SG’' Vicas+ SB’' SC' SG’ Vgt E&& Veora
" SA'SB SG SB'SC'SG SC SA SG
N {SA' SB’ SB’ sC SC' SASG'V
SA SB SB 'sC SC 'SA/SG 3
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Ma V= %gﬂv
SA SB SC

Do 46 ta c6 hé thie:
SAS_]igJH Vo (SA’ SB’ il SB’ SC’ sc SA’}SG’ \Y
SA SB SC SA SB SB SC SC SA/SG 3
Riit gon ta duge

SA SB SC SG

=35 (dpem).
Sa "sE T80 Ssg (dPem

PE 17

Cau 1. Cho ham s6 y = (x - m}x — n)(x — p).
1. Gid si m < n < p, chirng minh ring ham sé luén dat cuc dai va cye tiéu.
2. Khéo sit sy bién thién va vé dé thi (C) cda ham s§ khim=n =1, p =4.
3. Tim tat cd cdc didm trén dé thi (C) ma qua dé vé dugec mét va chi mot
tiép tuyén vdi (C).
Cau 2,
1. Gidi phuong trinh tanx + cot2x = 2cotdx
2. V@i gia tri nao ctia m thi phuong trinh sau day c¢6 nghiém?
X+m=2Jx+2
Céau 3.
1. a) Cho fix) va g(x) 1a hai ham sé lién tuec trén doan [a; b].
Ching minh réng néu f(x) > g(x), vx € [a; b] thi ta c6

jf(x)dx > jg(x) dx

n : 3n
b) Ching minh ring 5 < I\/l + 8sin® xdx < R
0

2. Tinh dién tich cia hinh phing gi6i han béi hai parabol (P): y? = 4x va (Q):
x? = 4y.
Céu 4. Giai bai todn sau bing phuong phép toa dj.
Cho hinh hép chi¥ nhat ABCD.A'B'C'D'. Goi M va N la cac diém lan luot
chia cac doan thing A'C va C'D theo ti s6 k va m (k = m). Hay x4c dinh
cdc s6 k va m d€ dudng thing MN song song véi dudng théng BD'.
Cdu 5.
1. Gidi phuong trinh 5* + 12* = 13
2. Cho khéi tir dién OABC c6 OA, OB, OC vudng géc véi nhau ting déi mot.
Piém I bat ki nAm bén trong khéi tit dién. M6t miit phang (o) thay d8i luén
qua I, cdt c4c tia OA, OB, OC l4n lugt tai cdc diém M, N, P. Xdc dinh vi tri
cia M, N, P 4€ thé tich cia khai td dietn OMNP dat gia tri nhé nhat.
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Giai

Céu 1.
1. Phuong trinh cua ham sé cé thé viét

y:xs—(m+n+p)x2+(mn+np+pm)x—mnp
T4p x4c dinh: =R

Daohémy’=3x2-2(m+n+p)x+mn+np+pm
A'=(m+n+p)2—3(mn+np+pm)=%f(m—n)2+(n—p)2+(p—m)2]

Vim<n <pnén A’ >0, do dé6 phuong trinh y’ = 0 ¢é hai nghiém phin
biét. Suy ra ham sé luoén dat cuc dai va cuc tiéu.

2. Khim =n =1, p = 4 thi phuong trinh cda ham s6 tré thanh

y=x"—6x%+9x -4

tdde gt giniy

3.Tacoy =3x*—12x + 9

Trén (C) 14y diém A(a; a® - 6a% + 9a — 4) bat ki. Phuong trinh tiép tuyén

cia (C) tai A ¢6 dang:

y =(3a°~12a + 9)(x — a) + a" — Ba” + %9a - 4
©y=(3a’ - 12a + 9)x — 2a’ + 6a° - 4.

Phuong trinh hoanh d4 giao diém ciia (C) va tié€p tuyén tai A:

x* - 6x‘ +9x - 4 = (32— 12a + 9)x — 2a”° + 6a° - 4
S(x+2a-6)x-a)¥=0 o {x:a
Xx=-2a+6

* 2a+6=awa=2 khidé A dvitri Ay(2; -2), rd rang tiép tuyén cua
dé thi (C) tai Ay khong cit db thi tai di€m thy hai.

* 2a + 6 +a< ax2thitiép tuyén cua (C) tai diém A c¢6 hoanh dd a sé
cdt (C) tai di€m thyd hai A, ¢6 hoanh d6 a, = —2a + 6. Nhu vay ¢6 nghia
12 qua di€ém A trén (C) c6 hoanh dé a # 2, ta vé dugc vé6i (C) hai tiép
tuyén, mot tiép tuyén nhan A lam tiép diém va mot ti€p tuyén nhan
diém A, c6 hoanh d§ a; = ~2a + 6 1am tiép diém.

Tém lai trén dé thi (C) ¢6 duy nhat mot diém thoa man diéu kién dé bai

la Ay(2; -2). '

Cau 2.

1. Xét phuong trinh tanx + cot2x = 2cot4x (*)

n xt£+‘pﬂ
x¢§+pn 2

biéu kién: {2xzqn < <x¢qg p;qre)
l4x # rmn

n
X *r—
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1 _ 2
Ta ¢6 (¥} < tanx + 1 _ 2 o tanx + 1 _ tan” 2x
tan 2x tan4x tan 2x tan 2x

& tanxtan2x = —tan®2x < tan2x(tan2x + tanx) =

x =kZ (loai)
2

[tan 2x =0 2x = kn

2SS
tan2x = -tanx 2X = -X + mn m
X = mg

o x = m% (so voi didu kign thi m phai khong chia hét cho 3)

VAay phuong trinh ¢é6 mdt ho nghiém x = m% véi m € Z va m khong chia

hé&t cho 3.

2. Xét phuong trinh x + m = 2vx +2 (1)
Patt= Vx+2 (x>-2). Théthit>0vax=t> -2
Phuong trinh da cho tré thanh phuong trinh

-2t+m-2=0 (2)
Nhu vay, phuong trinh (1) ¢6 nghiém khi va chi khi phuong trinh (2) ¢é it
nhat mét nghiém t > 0. Piéu kién dé phuong trinh (2) c6 nghiém la:
A=1-m-2)=3-m>0=>m<3
Vé6i diéu kién d6, phuong trinh (2) ¢6 hai nghiém t,, t;. Theo dinh 1i Viét
tacd t)+t,=2>0
Thanh thir trong hai s6 t,, t, phai ¢6 it nhat mét sé dutong.
Vay ddp dn cia bai todn 1A m < 3,
Cau 3.
1. a) flx) 2 g(x) e filx) — g(x) 20, vx € [a; bl,

b
filx) - gx)>20,vx € (a;b] = I[f(x)— gx)ldx >0
b b ) b
Ma [if(x)-gx)ldx> 0 o [f(x)dx - [godx 20
a : Rb
& J'f(x)dx > jg{x)dx (dpcm).

b) Trén doan [0; %] ta c6:

0<sin’x<1=1< 1+8sin’x <3

)
o
Qu
(o 3
Sy
Q-
o\__‘mla
+
m
9
D
)ﬂ
CO
—
%
»
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2. Theo gia thiét (P): y* = 4x va (Q): x* = 4y
Phuang trinh hoanh dé giao diém cia (P) va (Q):

x* [x=0
— = - 64 0 y4
16 = 4x < x(x* ) =0 LX _ Q)
Suy ra (P) va (Q) cdt nhau tai hai A
dié"m 1é gé’c t,Oa d@ 0 Vé, diém A(4; 4) RN ERTT RO (P)
Tacs: y' =4x oy =+2Jx
x2=4yc>y:%x2. ~_
Dién tich cia hinh phéng: 0 . ’
4 x? 16
S = j(zf -2 dx = = (dvab).
] 4 3

Cau 4. Goi AB = a, AD = b, AA’ = c¢. Pat hinh hép chir nhiat ABCD.A'B'C'D' trong
hé toa 46 Oxyz sao cho A = O, B(a; 0; 0), D(0; b; 0), A'(0; 0; ¢).
Suy ra C(a; b; 0), C'(a; b; ¢), D'(0; b; ¢) y
T gia thiét ta cé:
L,

+ AM= — (A& - kAC) ,
1_k l\\ /I
v6i  AA’ =(0;0;¢), AC =(a; b;0) AR A
k kb B~ ¢
Suyraﬁ:(— a;_ : ¢ ) ! \’,’ )
1-k' 1-k 1-k A
1 " \ 7
+ AN = 1L(m_mm) véi A M \ND Y
—1m ,’/, \
AC' =(a;b:ec), AD =1(0; b: 0) B S N
. a c
Suy ra AN :[ © b; j C
Y 1-m 1-m X
Doclc’)l\_/IItI=A—N-m=[a+ka;b+kb;c _c}
1-m 1-k 1-k 1-m 1-k

Mt khdc ta ¢c6 BD' = (—a; b; ¢) va vi BD' va C'D la hai dudng thing chéo
nhau va N € C'D nén dudng thing MN khong thé tring véi dudng thing

BD'. Do d6 MN song song véi BD' khi va chi khi MN va BD' cing phuong:
Ta (i):[MN;BD’]:[bc[ 2 _LJ);&‘@_ 2 j;ab[z m, 2k )]

1-k 1-m 1-m 1-m 1-k
Do d6 MN va BD' cing phuong khi va chi khi:
2 1 _
1-k 1-m
Lo s = -1
[MN, BD]=0 o {1- 20 o7
1-m k =-3
2 - m 2k -0
1-m 1-k
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Vay khi k = -3, m = -1 thi duong thing MN va dudng thing BD’ song
song vdi nhau.

Chu 5.

86

1. Xét phuong trinh 5" + 12* = 13*

Nhén thay x = 2 13 mét nghiém cha phuong trinh di cho.
TacH: 5+ 12" = 13* = [E_j + {1-2—) =1
13 13
Hién nhién x = 2 cing l2 mét nghiém cia phuong trinh (*). Ta xét hai

ham s8: y = [EJ + [E] (C)vay =1 (D).

13 13
Dé thay A(2; 1) 1a mét giao diém cia (C) va (D).
Ham sé y = [1—53j + [%] 12 mét ham s8 nghich bién trén R, do d6 thi (C)

cia ham s& nay va duong thidng (D): y = 1 ¢6 nhiéu nhat mét giao diém. Do
vdy A(2; 1) 1a giao diém duy nhdt cia (C) va (D). Suy ra phuong trinh da cho
¢6 mdt nghidm duy nhit x = 2.

2. Chon hé Oxyz sao cho:

— Tryc hoanh qua O va A, chidu duong theo vects OA

— Tryc tung qua O va B, chiéu duong theo vects OB

- Tryc cao qua O va C, chiéu duong theo vects OC

Goi My, Ny, Py 14an lugt 1 hinh chiéu vudéng géc cia I trén Ox, Oy, Oz.

DPBat OM = a, OB = b, OP = ¢, OM,; = x4, ONy = y,, OP; = z,. Suy ra:
M(a; 0; 0), N(0; b; 0), C(0; 0; ¢), I(xy; yo; Zo)-

Phuong trinh ciia mat phdng («) titc mat phdng (MNP):
X y z

—t+=—+- =1
a b ¢

Do (o) di qua I nén ta ¢é hé thuc 1‘2+!b£+_22 =1
a ¢

4

Thé tich cha khdi td dien OMNP: V = %abc

Ap dung bat ding thde Co6-si, ta c6:

¥ Yo % 53 3/"_03’_010
a b ¢ abc ,
=12>3 ‘SHM . Suy ra abe > 27xy,2o.
abe

Do dé V 2 %xoyozo.

Viy minV = %xoyoz.o, xay ra khi:
X

X Yo % _1 hay a = 3x,, b = 3y,, ¢ = 3z,.
a b ¢ 3

Trong truong hgp nay I 14 trong tdm ciia tam gidc MNP.



PE 18

Cau 1. Cho ham s6 y = fix) = 2x* — 3(m + 3)x* + 18mx — 8, goi dé thi ciia ham
86 la (Cp).
1. Vi gid tri nao ciia m thi dé thi (C,) tiép xtc védi truc hoanh?
2. Chiing minh ring trén parabol (P): y = x” ¢6 hai didm khéng thude dé thi
cia ham s6 da cho du m 14y gia tri bat ki nao.
3. Khdo sat sy bién thién va vé dé thi cia ham s6 khi m = 1.
Céu 2.
1. Ching minh ring, phuong trinh sau diay vé nghiém:
tanx + cotx = sinX + cosx
2. Xsc dinh 86 m l6n nhat d& vdi moi x € R ta déu c6:

X(x + 2 (X + 4Xx +6)>m
Cau 3.

1

1. So sanh hai tich phdan I = I
0

1 5

stx dx.

4
X dxvalds=
x +1

+1
2 2
2. Goi (H) la hinh elip gidi han bai elip (E) ¢6 phuong trinh :_2+!£2_ =1
{a > 0, b > 0). Tinh thé tich clia khéi trdn xoay sinh ra khi cho (H) quay
xung quanh truc Ox.
Cau 4. Trong mit phing toa d§ Oxy, cho tam gidc ABC biét AB = (x, y) v&
AC = (x; y'). Ching minh ring dién tich ciia tam gidc ABC cho bdi céng

thiae S = % 1xy'—x’y|.

Ap dung: Trong mat phing toa dd Oxy, cho tam gidc ABC védi A(1; 4),
B(-1; 1), C(6; 0). Tinh dién tich ctia tam gidc ABC.
Cau 6.
1. Giai phuong trinh 10.25" + 10.4™ = 29.10"
2. Cho ba tia Ox, Oy, Oz d6i mdt vudng gée véi nhau. Trong géc tam dién Oxyz
14y diém M 6 dinh. Mt mat phéng (o) di dong qua M cit Ox, Oy, Oz tai A,
B, C. Goi khodng cach tiu M tai (OBC), (OAC), OAB) lan luot 12 a, b, ¢.
a) Ching minh ring tam gidc ABC c6 cdc géc trong déu nhon.
b) Tinh OA, OB, OC theo a, b, ¢ d€ thé tich khéi tir dién OABC c6 gis tri
nhé nh&t.
¢) Tinh OA, OB, OC theo a, b, ¢ d€ tdng OA + OB + OC nhd nhAit.
Gidi
Cau 1.
1. B4 thi (C,,) tiép xic v4i truc hoanh khi va chi khi hé sau ¢6 nghiém:
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{f(x) =0 {2){3 - 3(m +3)x* +18mx -8=0 (1)
<>
f'x)=0 6x’ - 6(m+3)x+18m =0 (2)

L§
Xx=3

(2)¢>x2-(m+3)x+3m=0c>{
X =m

Thé vao (1) ta dudc:
eV4ix=3m= %
27
eVoix=m m’-9m?*+8=0
m=1

om-1)m*-8m-8)=0
{m=4i2\/5

Vay véi m = %,m: 1, m =4+ 26 thi db thi (C,) ti€p xic véi truc hoanh.

2. Phuong trinh hoanh dé giao diém cua (C,,) va (P)

Ca

2x3 — 3(m + 3)x* + 18mx — 8 = x* © 3m(6x — x%) = -2x° + 10x> + 8 (¥)

Khi 6x — x> = 0 &>

0
6 thi phuong trinh (*) vd nghiém

Vay trén (P) c6 hai diém 1a O(0; 0) va A(6; 36) khang thuge (C,,) vai moi m.
3. Khi m = 1 thi phuong trinh cia ham s6 trg thanh y = 2x* — 12x* + 18x - 8
(doc gia ty gial)
u 2.
1. Xét phuong trinh: tanx + cotx = sinx + cosx

Biéukiénx¢kg,ke z

Do tanx va cotx cing diu nén:

|tanx + cotx| = |tanx| + |cotx| > 2,/]tan:4.|cot£] =2 (1)
sinx + cosx = V2 sin [x +£) = |sinx + cosx| < V2 (2)

Tiu (1) va (2) ta suy ra phuong trinh tanx + cotx = sinx + cosx vé nghiém.
2. Ta xét bat phuong trinh

x(x + 2)(x + 4Xx + 6)2m (1)

Bat phuong trinh da cho tuong duang vdi bat phuong trinh:
(x* + 6x)(x® + 6x + 8)>m (2)

Patt = x* + 6% + 9 = (x + 3) > 0, thi (2) tré thanh:
t-9t-D>met?-10t+9>m (3)

Do vay, ta sé tim m d& (3) dudc nghiém ding véi moi t > 0

Xét ham sé:
v=ft)=t°-10t+9 (t>0)
y=2t-10,y=0t=5



’

y — 0 +

9 +0

Duya vao bang bién thién, ta thidy bat phuong trinh (3) nghiém dung véi
moi t > 0 khi va chi khi m < -18.
Vay 56 ldn nhat cda m la m = -186.

Céu 3.

] x-l 1 XS
1.1= [——d ad= f———d
0x4+1xv ix®+1 *

Véi x € [0; 1], ta cé:

X ¢ +D-x°(x' + 1) ' -x® S
x'+1 xf+1 (x! +D(x*+1) (x* + x5 +1)
q 5
Do dé: 2 . d4ng thdc chi x3y ra khix =0 hoacx = 1

x+1 x*P+1
Theo két qua P& 17 — cau 3, ta suy ra

1 x-1 1 xS
[—d [— d
axt+1 x>0x5+1 X
Vay 1> J.
2. Elip (E) cdt truc hoanh tai hai diém A;(-a; 0), Ax(a; 0)

2 2

Ta co 3,—+i—2=1oy=19\/32—x2 (-a £x <a)
a a

2

Do truc Oy la truc ddi xidng cua (E), nén thé tich cia vat thé tron xoay
sinh ra la:
2rb?

a2

K 2 ! 2 2 4 2
V=2n ‘Jy dx !(a x)dx 3 rnab®.
Cau 4.

Ta c6 thé coi mat phéng (Oxy) la mit phing toa d6 cia khéng gian toa 43
Oxyz. Trong hé Oxyz, cac vects AB va AC dinh bdi AB = (x; y; 0) va
AC = (x'; y'; 0)

Ta c6 [1_&1—3, AC} =(0; 0; x:v’ - xXy)

Vay dién tich cua tam gidc ABCla S = %[ATB, EH = % Ixy — x'yl

Ap dung: Ta ¢6 AB = (-2; -3), AC = (5; —4). Ap dung két qua trén ta
duoc dién tich chia tam gidc ABC la:
23

2

S = % | (=2).(~4) - 5.(=3)]
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Cau 5.
1. Xét phuong trinh 10.25* + 10.4* = 29.10* (¥)

2x x
Ta ¢é (*) < 10.5% + 10.2%F = 29.2*.5" & 10. [’Z‘] -29{%} +10=0
DPatt = {g] (t > 0), ta dugc phuong trinh:

10t2—29t+10=0c>t=%h0£lct,=~:—

0t=§:>[-5—] :é©x=1

2 2 2

otzzm(éj =g ox=-1
5 2 5

VAay phuong trinh ¢6 hai nghiém x =1, x = -1.
2. a) Goi I 1a hinh chiéu vudng géc cha O trén AB.
Tam gidc OAB vuéng tai O nén I nim trén
doan thing AB, khéc véi A va B. Ta cé:
AB 1 O]
{AB 1 0C (vi OC L (OAB)

= AB 1 (OCI)
Ty hai tam gide IAC va IBC cang
vuéng tai I, ta d& suy ra hai géc A
vd B cia tam gidc ABC déu nhon.
Tuong tu goée C ciing nhon.
b) Ta ¢6

Voassc = Vmone + Vmoca + Vmoa X A
Hay %OA.OB.OC - é—OB.OC.a . %oc.OA.b . %OA.OB.C

Suy ra —a—+—b—- ¢
YT 5a OB oC
Mat khéc Voasc = —OAOBOC— abc OA OB OC
6 a b ¢
Vi &, b, ¢ khong d8i nén Voape nhd nhét khi va chi khi 9"_‘9‘?0_0 nhé
a C
b

hét, tic 1a 2> - 14n nhat.
° ¢ oaoBoc "*

Ap dung bat ding thie Cosi:
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1 )
Va —— ———| = — khi va chi khi:
ayma.x[ OB CJ o7 1 va chi khi
a b ¢ 1
OA OB OC 3
9abc
5

Khi dé minVOABC =

¢) Ta viat:

(o + o ) = [ 2O [0+ \%m]

Ap dung bat ding thic Bunhiacépski:

(\./£+\/E+\/E)2S[Oa—A+O—bB-+-Oc—c](OA+OB+OC) -

= (a + Vb +e) <(OA + OB + OC) (*

/...ﬂ_ /L /_c_,
Ding thic xay ra khi: OA _ YOB _VOC

JOA ~ JOB _ JoC
Ja b e Jasdbeie 1

Tae la: Y& _YP _ Ve _ - _
€2 0A OB OC OA+OB+OC da+Jbxve

(K&t qua nay duge suy tir (*) khi né trd thanh déng thic)

T do: OA = Va (vVa + Vb +e)
OB = Vb(va + Vb + V)
oC = ﬁ(J§+JB+JZ)

Khi d6: min(OA + OB + OC) = (va + Vb + vc)

2

PE 19

Céu 1. Cho ham s y = 2(4 — x)(x — 1)*

1. Khdo sat sy bi€n thién va vé dé thi (C) cia ham sé.

2. Mot dudng thing A di qua diém A(1,; 0) va c6 hé 86 géc bing m. Véi gid tri
nao cia m thi A cit (C) tai ba diém phén bidt A, M, N. Goi I 1a trung
diém cia doan thdng MN, tim qui tich cia diém 1.

Ciu 2.
1. Gidi phuong trinh: cosx + 2c0s2x + 4cosdx = 7.

2. Giai bat phuong trinh: Vx? +2x + x* >4 — 2x.
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Cau 3.

2
1. Tinh tich phan I = Imax(x2;-x +2)dx .
0

2. Goi (H) 12 hinh trdn giéi han bdi dudng tron (T) c6 phuong trinh x° +
(y — 3)* = 4. Tinh thé tich cta khé&i tron xoay sinh ra khi cho (H) quay
xung quanh truc Ox.
Cau 4. Trong khang gian vdi hé toa d6 Oxyz, cho A(1; 2; -4), B(1; -3; 1), C(2; 2; 3).
1. Hay viét phuong trinh ciia mat cdu (S) di qua ba diém A(1; 2; —4), B(1; -3; 1),
C(2; 2; 3) bi&t tAm cha n6 nAm trén mat phing (Oxy).
2. Viét phuong trinh ti&p dién cia (S) tai diém A.
Cau 5.
1. Giai phuong trinh 27* + 3.12* = 4.8%(1)
2. Cho tif dién ABCD véi AB=CD=a; AC=BD=b; AD=BC=c.
a) Chimg minh ring: Chiéu cao h ké tif méi dinh dén mit déi dién duge dinh
bai:

1 1 1 1 1
—I‘F:E[ag +b? -¢? +b2+c2—a2 +-c2 +az~b2j
b) Bén trong tit dién ABCD lay diém M bat ki. Chung minh rang tdng céc
khoang cdch tif M dén boén mit cia tif dién bing mét hing s4.
Giai
Cau 1.
1. Khao sat ham s8'y = 204 — x)(x — 1)* (déc gia tu giai)
2. * Phuong trinh cda ham s ¢6 thé vidt y = -2x* + 12x* - 18x + 8
Puong thing A di qua diém A(1; 0) va c6 hé s6 géc bAng m nén cé phuong
trinh y = m(x - 1)
Phuong trinh hoanh dé giao diém cia (C) va A:

-2x" + 12x* - 18x + 8 = m(x - 1) Ay L
Sx-1D@2x*-10x+m+8) =0 (1) \
x=1 §S A
B s sl
: - 27 3 N
AN=-2m+9

DPiéu kién dé& A cit (C) tai ba diém phan
biét la phuong trinh (1) c6 ba nghiém
phédn biét, hay phuong trinh (2) ¢6 hai
nghiém phin biét khdc 1, nghia la:

{—‘2m+9>0 m<g O/A 513 4\ ’x
2 2

=
gl=m=0 mx0 (C)

._.\

/ -3 (D)
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Vay néu m < % va m # O thl dudng théng A c#t dé thi (C) tai ba diém

phdn biét A, M, N.
* Hoanh d6 cia M va N la cdc nghiém cida phuong trinh

2x! - 10x + m+ 8 =0 (m<gvém¢0)

Vil la trung diém cia doan thdng MN nén ta cé:
Xy + Xy 3m

5
¥, = M7 _Y g ayr=m(x;—-1) = —
I 9 5 uy Ta yi I 2

Nhu vay diém I luén n3m trén dusng thing (D) ¢6 phuong trinh x = g

Gidihanylza—m ®m=3}-’L
2 3
9 2y, 9 27
eM< - > — < — Oy < —
2 3 2 4

em=0=>y20
Vay qui tich ctia diém I 13 mét phdn cda duong thidng (D) dinh bdi phuong

trinh: x = 5 véi y < 27 vay=#0.
2 4
Céu 2.
1. Xét phuong trinh cosx + 2cos2x + 4cosdx = 7 (1)

(1) @ (1 — cosx) + 2(1 — cos2x) + 4(1 — cos4x) =0 (2)
Nhan xét: 1 — cosx > 0,.2(1 — cos2x) =0, 4(1 — cos4x) 20, Vx € R

Do d6 phuong trinh (2) tuong duong vdi hé phuong trinh:

1-cosx=0 cosx =1 (a)
2(1 ~cos2x) =0 < dcos2x =1 (b)
4(1 ~cos4x) =0 cosdx =1 (c)

Ta c6 cosx = 1 & x = k2r
Nhian thay ring ho nghiém x = k2n nghié¢m dung hai phuong trinh (b) va (c).
Vay phuong trinh déa cho ¢6 mét ho nghiém 1a x = k2n, k € Z.

2. Xét bat phuong trinh

UX2+2%+2 +x2>4 - 2 (1)

TAp xdc dinh cia phuong trinh D = R

B4t phuong trinh (1) tuong duong véi bat phuong trinh
(P +2x+ 2+ VX2 +2x+2 -620  (2)

Pat t= Vx*+2x+2 = Jx+1)*+1 21

Ta dudc bt phuong trinh t> +t - 620
Suyrat <-3 hodct =2
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K&t hop véi diéu kién t > 1, ta duge t > 2
Tac6t>2 o Vx> +2x+2 22 x>+ 2x + 2> 4

<-1-VJ3

c3x2+2x—220<:>x V3
x2—1+s/§

Vay x <-1- J3 hoicx >-1+ V3.

Chu 3.

2
1. Xét tich phan I = Jmax(xz;—x +2)dx
0

-x+2 khiO<x<l
Trén doan [0; 2] ta cé max(xQ; ~X+2)= { )

X khi 1<x<2
2 1 2 x‘2

Do d6 Imax(xz;—x +2)dx = J(—x + 2)dx + Ix2dx = [——2-— + 2xJ
0 1

0

1 x32 23
+ = —,

o 3t 6

2. Dé thdy (H) 12 hinh tron c¢6 tdm 1(0; 3) va ban kinh R = 2
Taco: X +(y -3 =4cy=3+ Jd-x* (2<x<2)
Phuong trinh cia cung ACB:y =3 + V4 -x°
Phuong trinh cia cung ADB:y =3 — V4 - x*
Do Oy 12 truc 46i xing cia (T), nén thé tich cia vat thé tron xoay la:

v=2s (o VawT) - (a- a7 Jax v

"5

h
2 C
V = 24n JJ4 - x2dx /-
0 3|1
'D/

A
DAt x = 2sint {t € I:—%; -;-D . Suy ra dx = 2costdt

1
-2 O 2 X

v

Khix:Othit:O,khix=2thit=—n2—

2 2 3 3
I\M - x*dx I\/4 ~ 4sin’t 2costdt = 4 _I'cos2 tdt = 2 I(l + cos2t)dt
0 0 _ 0 0

=7

2 .
jJ4 _x*dx = Z[t + mft)‘
V]

Q wla

Vay V = 24n® (dvtt).
Cau 4. A(1; 2; -4), B(1; -3; 1), C(2; 2; 3)
1. Goi I(-a; —b; —¢) 1a tAm ciia mit cau (S) théa man dé bai.
Theo gia thiét I € mp(Oxy) nén ¢ = 0, do d6 1(-a; —b; 0)
Suy ra phuong trinh ciia (S) c6 dang: x* +y* +2° + 2ax + 2by +d = 0

Vi (S) di qua ba diém A(1; 2; —-4), B(1; -3; 1), C(2; 2; 3) nén ta c6 hé
phuong trinh:
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21+2a+4b+d =0 a=2
11+2a-6b+d=0 < {b=-1
17+4a+4b+d =0 d=-21
Vay phuong trinh cta mat cdu la: x* + y2 + 22 + 4x - 2y — 21 = 0.

2. Mat cau (S) ¢6 tam 1(-2; 1; 0). Goi (P) 12 tiép dién cia (S) tai A, thi (P) ¢
vectd phap tuyén n = IA = (3; 1; —4). Phuong trinh cia tiép dién (P):
3x-D+ Wy-2)-4{z+4)=0=23x+y—4x—-21=0.

Cau 5.
1. Xét phuong trinh 27* + 3.12* = 4.8% (1)

3x x
(1) = 3™+ 3273 242" & [gj + 3{%) -4=0

bat t = [g] (t > 0), ta dugc phuong trinh:

t=1

+3t-4=0t-Dt’+t+4)=0c |, _
t*+t+4 =0 (vé nghiém)

Nhuviyt=1<«< [%] =1ox=0

Vay phuong trinh ¢6 mét nghiém duy nhét x = 0.
2. Gia thiét cho tit dién ABCD véi AB=CD =a; AC=BD=b; AD=BC =c¢
a) Qua B ta dung dudng thing song song véi CD: Qua C dung dudng thing
song song vdi BD; Qua D dung dudng thing song song véi BC. Céc dudng
thing trén cit nhau tai M, N, P (nhu hinh vé)
Ta c6 AB = BM = BN = a suy ra AM | AN, tuong tu AN L AP va AP 1 AM
Nhu vay AM, AN, AP vudng géc v6i nhau tung d6i mot.

A

C

x’ =2’ +c* -b?)
Né&u dat AM = x, AN =y, AP = z thi ta ¢6: {y* = 2(a® + b* - ¢?)

22 = 2(b? + ¢ —a?)
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b)

Nhan thay réng khodng cdch h tir A d€n mp(BCD) bing véi khodng cach
tit A dén mp(MNP).
1 1 1

Ta d& dang ching minh dugc g = = + —y—z— + ziz

Suy ra L:% 1 + L + ! ,)(*)

h?  2la’+b®-c* b +c?-a’® cP+a’-b?
Két qua nay khong thay déi khi ta hodn vi a, b, ¢ nén khodng céch tir cac
dinh cda tu dién ABCD dén mat d6i ciia né bing nhau.
Viy chiéu cao h cia tif dién ABCD dinh bdi hé thde (*).
Goi h,, hs, hy, h, 1a khodng cdch tit M dén cde mat (BCD), (ACD), (ADB),
(ABC) va V,, V,, Vy, V, l4n lugt 1a thé tich cdc khdi t¢ diéen MBCD,
MACD, MABD, MABC. '
T gid thi€t suy ra tif dien ABCD cé cdc mit bing nhau, goi S 1a dién tich
cha chdng.
Tacd Vagep = Vy + Vo + V3 + V,

*Hay %Sh: %Shpl» lSh2+%Sh3+ %Sh4oh=hl+h2+h3+h4

3
Vay: Téng khodng cédch ti M dén bén mat cia khéi tif dién bing h 1A mot
hing s6.

PE 20

Cau 1.

1
2.

Khio sat su bién thién va vé d6 thi (C) cia ham sy = x° — 3x + 2.
Bién luidn theo m sé nghiém caa phuong trinh:

2
x3—3x+2=2[m +1](m¢0)
m

Chu 2.

1.
2,

Gidi phuong trinh sin’x + cos®x = cos2x.
Choham sdy =x* - 2[x - 1| + 2m - 3 Xdc dinh m d€ gi4 tri nhé nhat
ctia ham sé 16n hon 1.

Cau 3.
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Cau 4. Trong khéng gian vdi hé toa do Oxyz, cho bén diém A, B, C, D véi

1.
2.

A(6; —2; 3), B(0; 1: 6), C(2: 0; -1), D(4; 1, 0).

Ching minh réng A, B, C, D 1a ban dinh cia mot t1f dién.

Viét phuong trinh cia mat cdu (S) ngoai tié€p ti dién ABCD. Xac dinh toa
dd tam va ban kinh cda mit cau dé.

Cau 5.

1.
2.

3x
Gidi phuong 22 + 1= 3"
Cho t¥ dién ABCD véi AB=CD =a; AC=BD =b; AD =BC =c.

a) Tinh thé tich V clia khéi tit dién ABCD theo a, b, ¢.
b) Tinh khoang cdch giita cdc cap canh déi cia tit dién ABCD.

Giai

Cau 1.

1.

2.

Khao sat ham s y = x* — 3x + 2 (doc gia tu giai)
2

Pat k = 2["‘ b 1], phuong trinh da
m A
cho trd thanh x* — 3x + 2 = k (%)
Phuong trinh (*) la phuong trinh
hoanh dé giao di€m ctia dé thi (C) va
dudng thing A:y = k
Vé6i m = 0, ta c6: >
2 -2 X
m +1 :m+i( >2= |kl 24
m m

Ping thitc x3y ra khi m = £1

¢ Khim > 0 va m = 1 thi k > 4: phuong trinh ¢6 mét nghiém lén hon 2. .

o Khi m = 1 thi k = 4: phuong trinh ¢6 2 nghiém (nghiém kép x,, = -1 va
nghiém xy = 2).

¢ Khi m < O thi k < —4: phuong trinh ¢6 mgt nghiém.

Cau 2.
1. Xét phuong trinh sin’x + cos’x = cos2x (1)

(1} e (sinx + cosx} 1 — sinxcosx) = cos’x — sin’x
<> (sinX + cosx){sinx — cosx — sinxcosx + 1) =0
sinx + cosX = 0 (2)

Sinx - cosx ~sinxcosx +1 =0 (3)

¥ (2) © sinX = ~coSxX <> tanx = -1 < x = —g- + kn (dé thiy cosx = O)

, n
* P& giai (3) ta dat t = sinx — cosx = ﬁsin[x”zJ (didu kién -2 <t < J2)
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. . 1-t2
Ta ¢6 t? = 1 — 2sinXcosX <> SIDXCOSX =

Phuong trinh (3) trd thanh:

1-t2

t— +1=0t2+2t+1=0t=-1

T 4 J2
3 = - i X——\| = - i X——| = - =~
T dé t 1o \/ﬁsm[ 4) lasxn[ 4] 5

Vay phuong trinh c6 ba ho nghiém:
x:—g + kr, x = m2n, x = 3?11 +m2r (k, m e 7).

2.y:x2—-2fx—11 +2m -3
Theo y&u cAu ctia bai todn, ta cAn xdc dinh 4&
y>1ay-1>0, v4i moi x
MAy—1=xz—2|x—1| +2m — 4
Dodéy-1>0x*-2lx-1/ +2m-4>0

=x*-2|x-1]>-2m+4 *)
Goi (C) la d6 thi cGa ham sé
y=x*-2/x — 1] va (D) 1a dudng

thing y = —2m + 4.

Dua vao dé thi ta thay, bat phuong
trinh (*) nghiém ding vé moi x
khi va chi khi:

—2m+4<—3c>m>~;—

Vay ddp so cta bail todn 1a m > -g

Cau 3.
L_‘ _ .
1. Xét tich phan J'\/tanx(l + 2\/t.anx)(8 - BVtanx)dx
[

Trén doan [O; ﬂ cac 58 Jtanx, (1 + ZJtanx) , (8 - 3\/tanx) déu khéng am
nén 4p dung bat ding thic Cési ta cé:

Jtanx (1 +2Jtanx).(8—3\/tanx)s[‘m" +1+2”t2’“ +8'3”mn"} < 27
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n

Do dé ] (1 + 2Jtanx)(s 3Vtanx)dx < fzmx = ?

2. Fo = |x| ~ In(1+]), fix) = ;

+ 1:4 _
Tap xac dinh cia hai hAam s D = R
Ta sé& chiing minh F ‘(%) = f(x) v6i moi x € R.

¢ Khi x € (0; +»): Phuong trinh cia F(x) va fix) trd thanh

F(x) = x - In(1 + ) va fix) = —

+X

Tacse F)=1- - * _fw.

l1+x 1l+x
¢ Khi x € (—; 0): Phuong trinh etia F(x) va fix) trd thanh

Fx) = —x - In(1 - x) va f(x) = X
1
Taco Fx)=-1+ = = f(x).
-x 1-x
e Xét tai diémx = 0
Khi x > 0: F(x) - F(0) _ X - In{1 + x) 1. In(1 + %)
x-0 X X
lim—————F(x) - KO = lim(l _In@1+ x)] =0
x>0 x-0 x—=0 X
Khi x < 0- F(x) - F(0) _oX- In(1 — x) 14 In(1 - %)
x-0 X -X
lim ")~ FO lim(—l - ")] =0
x 0 x-0 G -x

Do d6 F'(0) = 0 = f(0)
Tir cdc két qué trén ta suy ra F'(x) = f(x) véi moi x € R
Vay F(x) 1a mét nguyén ham cua f{x).
Cau 4. A(6; -2; 3), B(0; 1; 6), C(2; 0; -1), D(4; 1, 0)
1. Tacé AB = (-8; 3; 3;), AC = (—4; 2; —4), AD = (-2; 3; -3)
Suy ra [ﬁ, .ATC‘] = (-18; -36; 0), do d6 [AB, AC|.AD =-72 # 0

Nhu theé AB, AC, AD khéng ddng phdng. Viay A, B, C, D 1a bén dinh
cia mot tit dién,

2. Phuong trinh cda (S) cdn tim c6 dang: x> + y? + 2° + 2ax + 2by + 2cz2 +d = 0
Vi (S) di qua bén di€m A(6; -2; 3), B(0; 1; 8), C(2; 0; —1), D(4; 1; 0) nén ta
¢d hé phuong trinh:
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49 +12a-4b+6e+d =0 a=-2

37+2b+12c+d =0 b=1
o

5+4a-2c+d =0 c=-3

{17+8a+2b+d =0 =-3

Vay phuong trinh ciia mat cdu (S)la: x* +y2 +z° ~4x + 2y - 62 -3 = 0
Mat cdu (S) c6 tam I(2; —1; 3) va ¢6 ban kinh la R = J17.
Ciu 5.

3x
1. Xét phuong trinh 22 +1 = 3"

Nhén thiy x = 2 12 mdt nghiém cia phudng trinh da cho. Ta cé:
Ax x X
2?2 + 1= 22 +(lj =1 (%
3 3
Phuong trinh (*) 12 phuong trinh hoanh d¢ giao diém cia dé thj hai ham

80y = [&1 +(%j (C)vay=1(D).

3 )
Dé thay A(2; 1) 1a mot giao diém cuaa (C) va (D).
X \X
Do 0 < 1 <1vaocx & <1l nénys= &W +(1J la ham sé nghich
3 3 3, 3

bién trén R.
Suy ra dé thi (C) va dudng thdng (D): y = 1 ¢6 nhiéu nhat mét giao diém.
Do vay A(2; 1) 12 giao diém duy nhat cia (C) va (D).
Vay phuong trinh di cho cé mot nghiém duy nhat x = 2.
2. Gia thiét cho t dién ABCD v6i AB=CD =a; AC=BD =b; AD=BC =¢
a) Thé tich V cta khéi td dién ABCD
Lap luin tuong tu nhu Dé 19 — cau 5:

Nhan thay rdng Sgep = %SMNP- Do dé6 V = %VAMNP

Ma Vi = %AM.AN.AP - %xyz

= %.2 J2(a? + b* - ?)(b? + ¢ —a?)(c? + a’ - b?)

Vamne = %\/2(32 +b? = 2)b? + ¢’ —a?)c? +a® - b?)
Vay thé tich cia khéi td didn ABCD la:
V= 1—12\/2(212 +b? )% +¢® -a®)c? +a’ - b?)

b) Goi I, J 1an lugt la trung diém cioa AB va CD.
Hai tam gidc ACD va BCD bing nhau, nén AJ = BJ.
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Suy ra tam gidc ABJ can tai J, do d6 IJ 1L AB. A
Chitng minh tuong ty IJ L CD. Nhu
thé 1J la dudng vuong géc chung caa

AB va CD.

Tu tam gidc ABJ:

2 _ 2AC* + 2AD -CD* _ 2b° + 2¢* -’

AJ
4 4
Ti tam gide AlJ vuéng tai I:
2 2 2 2
1J2:AJ2—A_[2= 2b° +2¢” -a _9_
4 4
_ 2Ab® +c® -a®)
- 4
2 2y
Suy ra IJ = \f2(b +¢ -a*)
2
2 2 .2,
Vay khoang cach gita AB va CD la d(AB, CD) = Y2 < -2 )
2, 2 12 fora? 2
Tuong ty: d(AC, BD) = Y22 = ) 44, Bo) = Y@ *;’ <)

PE 2

Ciu 1. Cho ham s8 y = fix) = x° + 3x* + mx + 2. Goi d4 thi cda ham s6 la (C,).

1.
2.

Khado sat sy bién thién va vé d6 thi cia ham s6 khi m = 0.

Véi gia tri nao cia m thi dé thi (Cy) cdt dudng théng (D) y = 2 tai ba
diém phan biét 1(0; 2), M, N. Tim m &€ cdc tiép tuyén cua (C,,) tai M va
N vuéng géc véi nhau.

Cau 2,

1.

Giai cac phuong trinh:

a) sinX + sin2x + sin3x = cosx + cos2X + cos3x

b)

1 . 1 2
sin2x cos2x sindx

2) Cho ham s6 y = x> — 2x + 12x + m|. Xdc dinh m d€ gi4 tri nhé nhat cia

ham 83 1dn hon 3.

Céau 3.

1.

x

2
Tinh tich phédn fe”"”sinxcosxdx.
0

2. Tim tat cad cdc mat déi ximg ciia hinh t& dién déu ABCD.
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Cau 4. Trong khong gian vdi hé toa dd Oxyz, cho cho tam gidc ABC vdi
A(5; -1; 2), B(2; 2; 2), C(2; -1; 5).

1. Ching minh ring ABC 13 mét tam gidc déu.

2. Tinh thé tich ctia phan khéng gian gidi han bdi mat phéng (ABC) va cac
mat phing toa do.

3. Viét phuong trinh truc cua dugng tron ngoai tiép tam gidc ABC.

Cau 5.

1. Giai phuong trinh 4* + 2 = 2* + 2! 7%

2. Cho hinh chép it gide S.ABCD c¢é6 ddy ABCD la mét tii gide 161, Mot mat
phéng (a) cit cdc canh SA, SB, SC, SD lan lugt tai cac diém K, L, M, N
(khéc véi S). Ching minh ring:

SA SC SB SD

a) —— + — = -— + —— néu ABCD la mdét hinh binh hanh.
SK SM SL SN
SD SB SC SA
b) Sagc- §\T~ + 8, p¢ .SI = SAHD"Sﬂ + Sncn-ﬁ
Gidi

Cau 1. ,
1. Khi m = 0 phuong trinh ciia ham s8 tro thanh y = x* + 3x° + 2 (dc gia tu giai)
2. * Phuong trinh hoanh d6 giao diém cia dé thi (C,,) va duong thdng (D):
e rmx+2=2xx*+3x+m) =0 (1)

x=0
= A
gx)=x*+3x+m=0 (2
Biét thife ctia (2): A =9 - 4m
Nhian thay ring diém 1(0; 2) 1a mét giao diém cia (C,,) va (D).
Diéu kién d& (C,) va (D) cit nhau tai ba diém phan biét I, M, N la
phuong trinh (1) ¢6 ba nghiém phédn biét, hay phuong trinh (2) ¢6 hai
nghiém phan biét khéc 0, nghia la:
{A:9—4m>0 m<g
© 4

g(O):n?#-O m=0 .

Viy m < % va m = 0.

*Tacé f'(x) = 8x +6x + m
Gol X, X3 12 hoanh 44 cia M va N. Cic tiép tuyén cua (C,) tai M va N cé
hé s& goc la:

Ky =f£/(x)) =3x +6x +m; ko =f'(x,) =3x% + 6%, + m

kik, = (3% + 6x; + m}3x; + 6xy + m)

ki ky = 9% x4+ 18xX9(%; + Xu) + 3m(x} + x2)

+ Bm(x; + %u) + 36%%, + m>  (*)
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Trong d6 x, + X; = -3 va yX; = In
Hai ti€p tuyén cia (C,,) tai M va N vuéng géc vdi nhau khi va chi khi:
kik; = -1 < 4m* - 9m = -1

9-J65
m=

8
9- J65
8

S 4m’-9m+1=0 o {nhén).

m—=

Céu 2.
1. a) sinxX + sin2x + sin3x = cosx + cos2x + cos3x (1)
(1) & (sin3x + sinX) + Sin2x = (cos3X + COSX) + COS2X
< 2sin2XcosX + sin2x = 2c082XCOSX + COS2X
< sin2x{(2cosx + 1) = cos2x(2cosx + 1)

1
& (2c0sx + 1)(sin2x — cos2x) =0 cosX = "5

sin2x = cos2x

1 2n T
e COSX = —— & COSX =COS— &S>X=+— +k2n
2 3 3

esin2x = cos2x < tan2x = 1 & 2x = % + kn

oS x= eml (dé thay cos2x # 0)

8 2
. N . . 2n n n
Viay phuong trinh ¢é hai ho nghiém: x = -_i-? + k2, x = 8 + mE (k, m € Z)

1 N 1 2
sin2x cos2x  sindx

b) (2}

Piéu kién: sindx » 0 o dx s kn o x # k% (chi y: sin4x = 2s1n2xcos2x)

Ta ¢6. (2) & 2(cos2x + sin2x) = 2 & ‘fisin{Zx + 2] =1

. n) J2
< sinf2x+ — [= —
4 2
ox+ = =2 L xon x = kn
. b . T 4
= sm[2x+—j=sm— & o n
4 4 n X=—+Kkn

2x+—=n-" 4+ ko2n
4 4

So v61 diéu kién, ta thdy phudng trinh v6 nghiém.

2. Cho ham s8 y = x2 — 2x + |2x + m|. Xdc dinh m dé gi4 tri nhé nhat cia
ham s& 16n hon 3
Theo yéu cdu cia bai toan, ta cdn xdc dinh m dé
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y>3eoy-3>0,v6imoix
Ma y-3=x*~2x+ |2x+ml| -3
Dodéy-3>0x>—2x+ [2x+m| -3>0= [2x+ml > x>+ 2x+ 3 (%
Goi(P:y=-x*+2x+3va(Dry= |2x + m|

2x +m khi x>—%

Tac6y=|2x+m|<:>y=<0 khix:—%

—2x—mkhix<—%

Dé thi (D) gbm hai nda dudng thing:

y=2x+mkhixz—%véy=—2x—mkhixs—-r22

Pudng thing y = 2x + m ti€p xic (P) khi va
chi khi hé phuong trinh sau ¢6 nghiém:

x*+2x+83=2x+m \“y
2x+2=2 m
2 \
O{m- X +3:>m=3 .

x=0
Suy ra dudng thidng y = 2x + 3 tiép

xiie véi (P) tai di€m A(0; 3) ;
Tuong ty, ta xét diéu kién d€ dudng /
thdng y = —2x - m ti€p xuic vdi (P): 3
{—x2+2x+3=—2x—m /2_10
2x+2=-2 /
Q{m=x2—4x—3:m=_7 (P)
x=2

Suy ra dudng thdng y = —2x + 7 ti€p xiic véi (P) tai diém B(2; 3).
Dua vao dé thi, ta thdy bat phuong trinh (*) nghiém ding v4i moi x khi
va chi khi (D) n&m phia trén (P), tiic 1a:

m 7
_—)_
9 9 m < -7
m 3 m >3
—_ <__
2 2
Vay m < -7 hoi¢ m > 3.

Céu 3.

n

2
2 .
1. je“" *ginxcosxdx
0
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Pat t = cos®x. Suy ra dt = —-2sinxcosxdx

Khix:Othit:lvékhix:%thit:O

2 1
Ta duge fe“’""smxcosxdx = lje‘dt _1 (e - 1).
Q 20 2

. Gia st (P) 12 mat d6i xing cia td dién déu A

ABCD, nhu thé phép déi xing Pp bién ti dién
thanh chinh né, do dé6 bién médi dinh thanh
mét trong cdc dinh cda ti dién. Véi dinh A ta
¢6 céc trudng hgp sau: B D
o Néu Dp(A) = A thi trong ba dinh con lai phai
c6 mdt diém bat dong, néu diém d6 la B thi
(P) qua AB, hai diém C va D dé&i xdng vdi C
nhau qua phép d6i xding DPp nén (P) 12 mat
trung truc cia CD.
¢ Néu Dp(A) = B thi (P) 12 mat trung truc cia AB ((P) qua CD).
» Néu Dp(A) = C thi (P) la mat trung truc caa AC ((P) qua BD).
e Néu Pp(A) = D thi (P) 14 mat trung truc cia AD ((P) qua BC).
Néu thay A bing B, C hosic D thi ta c6 két qua tuong tu.
Tém lai, t dién déu ABCD c6 6 mat déi ximg, dé 12 6 mit trung truc cua
6 canh.

Cau 4. Theo gia thiét A(5: -1: 2), B(2; 2; 2), C(2; -1, 5).

1)

2)

3)

Ta dé tinh duge AB = BC = CA = 32

Vay tam gidc ABC déu.

Tacé AB =(-38;3;0), AC =(-3;0;8)

Suy ra [AB‘,AC] = (9; 9; 9), ciing phuong véi d = (1: 1; 1)

Vecto u ciing 12 vectd cia mét phéng (ABC). Phuong trinh cia mp(ABC):
1lx—-5+1(y+1D+1(z-2)=0c>x+y+z-6=0.

Suy ra giao di€m cia mp(ABC) vdi cde truc toa do 1a M(6; 0; 0), N(0; 6; 0),

P(3; 0; 6) .

Thé tich clia phAn khong gian gi6i han mp(ABC) va c4c mat phéng toa do l1a:

V= %OM.ON.OP - %6.6.6 - 36.

Do ABC la tam gidc déu, nén néu goi I 1a tdm cia tam gidac ABC thi
1(3; 0; 3)
Goi A 1a truc cda dudng tron ngoai tiép tam gidc ABC thi A di qua I va
nhéin 4 lam vectd chi phuong. Phuong trinh cda true A la:

x=3+t¢t

y=t

z2=3+t
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Cau 5.

1. Xét phuong trinh 4* + 2 = 2 4+ 2!~
2
o

£ 4+2=2924+21"*2% 4 2=2"4
bat t = 2* (t > 0), ta dugc phuong trinh:
242 -t-— %— =0t -t?+2-2=20(t-1Xt2+2)=0t=1

Nhuviyt=12"=1ox=0
Vay phuong trinh ¢c6 mét nghiém duy nhat x = 0.
2.a)Goi 0 =ACnBD, I = MK LN
Dé& thay ba diém S, I, O thdng hang
Goti V 14 thé tich ciia khéi chép S.ABCD
Vi ABCD 14 mét hinh binh hanh nén:
Sasc = Sapc = Sarp = Ssep

v
Do d6 Vganc = Ss.anc = Ss.app = Ssnep = 5
Ta ¢6 Vakimn = Vaxim + Vs
= Vsxin - Vsimn (1)
S4{SI.SM SKSMSNYV
Vg \Y = — | 2
* Vsxim ¥ VsKMN [SA SB'SC ' SA'SC SD] @
SK SL SN SL SM SNV
v Vormy = (SR SL SN SL SM SN 3
SKIN + VsLMN (SA SB'SD ~ SB'SC SD] @

Do dé:
SK SL SM SK SM SN SK SL SN SL SM SN

(Do oo 2 2R 2T o o SR s 2 P 2T

SA'SB'SC SA SC'SD ~ SASBSD SBSCSD
Nhan hai vé véi S—AS—BEC—Q
SK 'SL'SM'SN
SA  SC _SB SD
Ta duge: — + —— = — + —
aduge: o *SM - sL ' sN P
b) Goi V, V, 1a thé tich c4c khdi chép S.ABCD va S. KLMN

Ta c6: Vgxim + VSKMN = Vgrim + Vsimn

M2 Vern 4 V SK SL SM ,SKSNSM ,
SKLM ™ YSKMN = SASB'SC SA¥* TBASD SC | SAPC
SK SL SM SL SM SN
Vsxim + Vsimn = S.BCD

SA'SBSD **™ "SBSC'SD’
Nhu vay ta c6 hé thic:

SK SL SM SK SN SM

ﬁﬁga sABC + SA SD SC S.ADC

_ SK SL SN v SL SM SN

S G amme - VSADB Y o7 - VSBCD

SA SB SD SB SC SD
Suy ra:
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SD SB SC SA
SN sAkC + ‘S—L-VS.ADC = _S—‘M‘-VS.ABD + 8K

5 1 1
Ma: Vgape = ESABC-h i Vsapc = ESADC-h

Vsep *)

1 1
Vsasp = 3 Sapp-h;  Vsgep = 3 Sgcp-h

Nén tir (*) ta dugc:
SD SB SC SA
s Soae *gp Sme = g Saan * g S )
Vay hé thic duge chirng minh.,
Luu y: Trong cau 2, ddy ABCD la td gidc 16i. Néu ABCD la hinh binh
hanh thi ta cé:

1
SABC = SADC = SADB = SBCD = E SABCD

Hé thie (**) tré thanh:
SN SL. SM SK
D6 1a hé thic ma ta da chiing minh trong ciu 1.

PE 22

Cau l.
1. Khao sdt su bién thién va vé dd thi (C) cia ham s8 y = 2x* — x*

2, Chéng minh rAng v6i moi a = 0 hé phuong trinh sau ¢6 mdt nghiém duy nhat
2

ot =y + 2
y

2
2y2 =X+ a
X
Cau 2.
1. Gidi phuong trinh sinx + cosx = ﬂ.
1 - sin2x
2. Xdc dinh m d€ phuong trinh sau ¢6 nghiém:

241 -Vax? ~dmx+m? +2 = 3x* — 4mx + m? + 1

Céu 3.

% sin2x
1. Tinh tich phan f———————-—dx.
P 32 - cos’x

2. Cho mat phdng (P) va hai diém phan biét A, B khong n3m trén mit
phing (P). Diém M thay d8i trén mat phéng (P), xdc dinh vi tri cia M dé
MA + MB dat gid tri nho nhét.
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Céu 4.
Trong khdng gian vdi hé toa A6 Oxyz, cho diém M(2; 3; 4). Goi A. B, C
lan luot la hinh chiéu vuéng géc cia M trén cdc true Ox, Oy, Oz.
1. Viét phuong trinh ctia mat cdu (S) ngoai tiép tit dién OABC. Xdc dinh toa
d6 LtAm va ban kinh cia mét céu (S).
2. Tim tAm va ban kinh cia dubng tron ngoai tiép tam giac ABC.
Cau 5.

x I NN

1. Giai phuong trinh 3.2 -82 ? 44 =0.

2. Cho khaéi tu dién OABC véi QA, OB, OC vuéng géc vdi nhau ting d6i mot,
biét OA = OB = 2a va OC = 4a. M6t diém M thay ddi trén canh OA, dat
OM = x (0 < x < 2a). Qua M dung mat phang (a) song song véi AB va OC,
mat phidng nay cdt cac canh OB, BC, AC lan lugt tai cdac diém N, P, Q.

a) T giac MNPQ la hinh gi? Tinh dién tich cua né theo a va x.

b) Tinh thé tich V cda khéi chép O.MNPQ theo a va x.

c) Xdéc dinh vi tri c0a M dé V dat gid tri |6n nhdt.

Gidi
y A
Cau 1. (C)
1. Khio sat ham s6 y = 2x* — x* (djc gia tu giai) & D)
2. Diéukién x # 0 va y = 0. Ta c6:
2
2x* =y + 2 2 2 2 11
y Q{2)();=yz+az (D) o} a5 .
2 2 _ T >
2y* = x+ a 2xy" =x" +a’ (2) B I i X X
X T57
Suyrax>0vay>0
Lay (1) trir (2) ta dugc:

2yx -y =y - o (x-yx+y+2xy) =0 (3)
Max>0vay>0o>x+y+2xy>0,néntr(3)tasuyrax=y.
Nhu viy (1) va (2) eing dua dén mét phuong trinh:

2x® = x* + a’ = 2x* — x* = 2% (4.
b6 la phuong trinh hoanh db giao diém ciia d6 thi (C) va dudng thdng
Dyy= aZ
Do a = 0 nén a® > 0. Dua vao d6 thi ta thdy (C) va (D) ¢6 mot giao diém
duy nhat. Suy ra phuong trinh (4) ¢6 mét nghiém duy nhat x, > %
Vi x = y nén hé phuang trinh dé cho ¢6 mét nghiém duy nhat.

Cau 2.

1. sinX + cosSX = _cos2x (1)

1 -sin2x -

108



Diéukién:sin2x¢1o2x¢%+k2nc>x: g + kn

cos’x - sin’x ] COSX + 5inX
—— <> sinx + cosx = -
(cosx - sinx) COSX - Sinx

-

<> (sinX + cosx)(cosx — sinx — 1) =0 < [

(1) < sinx + cosx =

sinx +cosx = 0

cosx —-sinx =1

-sinx+cosx:Owsinx:—cosxatgx=—1®x=~§ + kn

® COSX — SInX = 1 <& \/Ecos[)uzq =1c>cos(x+£J = -‘[2—

4) 4 2
( n n
<> COS| X+ — | = C08 —
4) 4

T n
S X+ — =4_rz +m2nc>x:m2nhoacx=—-2— + m2n

Vay phuong trinh ¢6 ba ho nghiém: x = ——2 +km, x =m2n; x = —% + m2m

2. Xét phuong trinh Vx® +1 - V4x? -dmx+m? +2 =3x’ — 4mx + m® + 1
PEéyring 4x’ —4mx +m* + 220, Vx e R (viA = 4m* - 4(m* + 2)= -8 < 0)
Do dé tap xdc dinh cda phuong trinh D = R
Datb=x2+1>O,a=4x2—4mx+m2+2>Othia—b:3x2—4mx+m2+1
Do d6 phuong trinh da cho tuomg duong vdi phuong trinh:

Jb-Va za-bo Jara=Jb+b
Xét ham s8: fit) = Vt +t, v € (0; +x)
Suy ra fla) = Ja +ava fib) = Jb +b

Ta cé: f'(t) = s +1>0, Vvt e (0; +,)

2Vt

Suy ra ham s6 f(t) dong bién trén khodng (0; +oc)
Do 86, ta co:

Ja +a= Vb +boflay=flbye>a=b

©a-b=03*-4mx+m’+1=0

Phuong trinh nay ¢é nghiém khi va chi khi

A=4m? - 3m?+1)=m?’-83>0 = m < -3 hocm> V3
Vay m < -3 hodem 2 /3.

Cau 3.

hd r
2 2

. sin2x sin2x
1. Ta ¢6 j—zdx = J'—QAix
02 - cos’x gl +sin’x

Patt = 1 + sin®x. Suy ra dt = sin2xdx
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Khix:Othit:lvékhix:%thitzz

Ta dugc }—%d f—dt = lntJ = In2.

2. Chia hai truong hop:

PN A = i

B C
Hinh 1 Hinh 2

() Truong hop 1: Hai diém A va B n2Am khdc phia d&i véi mat phidng (P).
(Hinh 1)
Goi giao di€m cia doan thing AB véi mp(P) 1a I
Ta c6 MA + MB > AB. Ddng thic xdy ra khi va chi khi:
{M thudc doan thing AB
SM=1
Me(P)
Vay, khi M trung vdi diém [ thi min(MA + MB) = AB
(i1) Truong hop 2: Hai diém A va B niim cing phia déi v6i mat phéng (P).
(Hinh 2)
Pua vé trudng hap 1 bing cach, thuc hién phép déi xing Pp qua mat
phéng (P).
Goi Dp(A) = C thi MA = MC. Goi J 1a giao diém cia doan thAdng BC véi mp(P)
Ta c6 MA + MB = MC + MB 2 BC. Ddng thitc x3y ra khi va chi khi:
{M thudc doan thdng BC o Mod
M e (P)

Viy. khi M trung véi diém J thi min(MA + MB) = BC, véi C la diém déi
xXing cia A qua mat phing (P).
Cau 4.

1. Vi A, B, C 1a hinh chi&u vudng géc cia di€ém M(2; 3; 4) trén céc truc Ox,
Oy, Oz nén ta cé A(2; 0; 0), B(0; 3; 0), C(0; 0; 4)
Phuong trinh cia mat cdu (S) ¢6 dang:

x> +y?+2°+2ax +2by + 2cz +d = 0

Do mat cau di qua gée toa @6 O va ba diém A(2; 0; 0), B(0; 3; 0), C(0; 0; 4)
nén ta c¢6 hé phuong trinh:
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d=0

d=0
4+4a=0 a=-1
< 3
9+86b=0 b:_E
16 +8c =0
c=-2

Vay phucng trinh ciia mat clu la: x> + y* + 22 - 2x ~ 8y ~ 42 =0 (¥)
Mat cdu (S) cé6 tam 1(1; %; 2} va ¢6 ban kinh

3Y’ J29
R= j(-17+ ——] +(=2 = Y22
N
2. Goi (T') 12 dudng tron ngoai ti€p cia tam giac ABC, tam J cda (T) la hinh
chi€u vuéng gbéc cia I trén mit phiang (ABC).
Phuong trinh ciia mat phdng (ABC):
LA AL le>6x+4y+32-12=0
2 3 4
Mat phidng (ABC) c6 vects phap tuyén n = (6; 4; 3).
Phuong trinh cia dudng théng A qua di€m I va vuéng géc vdi mp(ABC):
x=1+6t

3
= —+ 4t
Y72

z=2+3t
Pi€m J 1a giao diém cia A vad mp(ABC), nén toa dd cha J tng vdi t
nghiém ding phuong trinh:
6

6(1+6t)+4[g+4t) +3(2+3t)—12:0@61t+6=0@t=—a

Suy ra J(g—é; —lﬁ; ﬁ]
61 122 61

Khodng cich tir 1 46€n mat phdng (ABC):

k.1+4.2+3.2—1%
d = d(l, (ABO)) = .

Jot iy el

Cau 5. )
1. 3.2¥%-!' 827 4 4=0 (1)
(1) & 3.2%7 - 3.2“_2_l +4=0
Datt = 2112:! (t > 0)
Phuong trinh da cho trd thanh:

t=2
3t2—8t+4=0c>[ 2
"3
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t=2 22 =2 o 2*=1c>x=9

2 fo g Jx -1 2] ,
t=2 2 =2 o =1 2] o x = (3 - 2log,3)*
"t 3 3 2 °g2(3 X 0g23)

Viy phuong trinh da cho ¢6 hai nghiém x = 9, x = (3 - 2log,3)".
2. a) Ta c6:
(a)//AB, AB = (OAB) ~ (CAB)
(a) " (OAB) = MN, (a) n(CAB) = PQ

Véi (a) // OC, lap luan tuong ty ta duge MQ / NP // OC
Do d6 tit gide MNPQ 1a mét hinh binh hanh

Mat khae OC L (OAB) va MQ // OC = MQ L (OAB)
Suy ra MQ 1L MN C
Nhu vay tit gide MNPQ la mét hinh chit nhat
Tam gidc OAB vuéng can tai O, ma

MN // AB nén AOMN vudng can tai

0. Do d6 MN = xV2 .

Trong AOAC: MQ // OC = oc - 20

} = MN / PQ // AB

OC.AM 4a(2a-x)
A0  2a ~
Ta duge Synpq = MN.MQ = 2V2 x(2a - x). A
b) Goi I la trung diém cda AB va H 1a giaoc diém cia Ol véi MN
Ta c6 OH L MN va OH L. MQ = OH L (MNPQ)
xV2
2

> MQ = = 2(2a - x)

Do d6 V= % -SMNPQ-OH = % 2 \/§ x{2a — x).
N 2,
Vay V=§x(23—x).(0<x<2a)k

¢) Taviet V= %x.x.(zla - 2x)

Ap dung bat ding thiac Co—si:
X+ X+ (4a - 2)()]3 _ 64a’

3 Y

X.X.(4a - 2x) < [

64a°

81

Suy ra V <

Ping thic xdy ra khi va chi khi: x = 4a - 2x & x = 4a

3
643" 1 hix= OM = ‘%a.

Vay maxV =
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PE 23

Cau 1. Cho ham sé y = x*(m — x) - m, goi d4 thi cda ham sé 1 (C,).

1. Xac dinh cdc gia tri cia m 48 (C,,) cit dudng thdng (D) y = x + 2 tai ba
diém phan biét I, M, N, trong d6 I 1a mét diém cé dinh. Tim m dé | 1a
trung diém cia doan thdng MN.

2. V@i gi4 tri nao cha m thi ham s8 nghich bién trén khodng (-=; 0)?

3. Khao sit su bién thién va vé dd thi cia ham s6 khi m = 3.

Cau 2.
1. Gidi phuong trinh M = cos2x.
2cosx - sinx
2. X4c dinh m dé bat phuong trinh sau duge nghiém dung véi moi x:
X*-2x+2lx-1l +m>0
Céu 3.
1. Tinh cdc tich phéan:

L "

2 3 2
08 X .
a) Jc,—zdx b) fsmaxcos"xdx.
Jsin’x 3
6

2. Cho miat phing (P) va hai diém phan biét A, B khdng ndm trén mit
phing (P). Piém M thay d8i trén m#t phing (P), zdc dinh vi tri cia M dé
IMA — MB/| dat gi4 tri 16n nhAt.

Cau 4. Trong khéng gian v6i hé toa do Oxyz, cho mit cdu (S) ¢6 phuong trinh:
x*+y*+z° - 2x -4y - 62 = 0.

Mat cdu (S) cdt truc Ox, Oy, Oz ldn lugt tai cdc diém A, B, C (khéc géc
toa d6 O).

1. Tinh thé tich cda khéi ti dién OABC.
2. Tinh dién tich caa tam gidc ABC.
Cfu 5. _

1. Gidi phuong trinh (Jz R J§) + (\/2 - J§) = 2’; (1).

2. Cho khéi chép tir gide déu S.ABCD c6 canh ddy bing a va chiéu cao bing
2a. Ké duong cao SH cia khéi chép. Mot di€ém M thay ddi trén SH, dat
HM = x (0 < x < 2a). Qua M ding mat phéng (o) vubng géc véi SH, () cit
cdc canh bén SA, SB, SC, SD lan luot tai cde diém 1, J, P, Q.

a) Tinh thé tich V cua khdi chép H.1JPQ theo &, h va x.
b) Xde dinh vi tri cia M d€ V dat gi4 tri 16n nhat.
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Gidi
Cau 1.
1. * Phuong trinh hoanh d% giao diém caa (C,,) va (D
Ym-x)-m=x+2-mx’+x+m+2=0 (1)
SX+DX-(m+)x+m+2]=0

- {x =-1
gx)=x*-(m+lix+m+2=0 (2)
Suy ra I(-1; 1) la mét giao di€m cua (C,,) va (D)
Biét thiuc cda (2): A =m’ - 2m - 7
DPiéu kién dé (C,) va (D) cdt nhau tai ba 4iém phan biét [, M, N la
phugng trinh (1) ¢6 ba nghiém phin biét, hay phuong trinh (2) c6 hai
nghigdm phan biét khdc —1, nghia la:
{A:m2—2m—7>0 m < 1-2v2 hodic m > 1+2J2
g(-1)=2m +4 = 0 I {m¢ -2

* Goi J 13 trung diém cia doan thidng MN, ta c6:

Xy = e = e
2 2
Do véy I la trung diém cia MN khi va chi khi:
Xy = X & E)—ét—l = -1 < m = -3 (théa man diéu kién).

3 2
+ mx —m

2. Phuong trinh cia ham s6 viét lai y = —x
Pao ham y' = —3x* + 2mx
y':Oca—3x2+2mx=O
. . 2
Phuong trinh trén cé hai nghiém x; = 0: x» = ?m

Piéu kién d€ ham sa nghich bién trén khoang (-x; 0) la:

y <0,V e (~;0) % =0<x; = -232<:>m20.

3. Khi m = 3 phuong trinh ciia ham sé trg thanh y = —x* + 3x* - 3 (déc gia
tu giai).
Cau 2.

3 3
1. Xét phuong trinh Sin X+ cos X

- = cos2x (*)
2cosx — sinx

DPidu kién 2cosx — sinx # 0 < tanx # 2.

1) Trudc hét ta xét truong hop x = 125 + kn(k ¢ 2)

Tac6x=%+knox:t% +n2r(n e 7)
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Lan lugt thé x = + n2n va x = —g + n2n vao (*) ta dé thdy phuong

SR

trinh duoe nghiém dung.

Vay x = % + kn 1a mét ho nghiém cda phuong trinh (*).

ii) Khi x = % + kn, ta dat t = tgx, ta co:

2 3 3 2
) o cos”x(tg"x + 1) — cosTy & t2+1 _1- t2
2 - tgx (1+t)}2-¢t) 1+t

ot 1 =(1~tN2-1t)

c>2t2+t—1=0c:>(t:—lhaact=%}

m 1 :

C>(x=—z + mn hoacx:arctgé- + mn)
Vidy phuong trinh ¢6 ba ho nghiém: x = % + km, x = ~§ + mn;

X = arctg% + mn) (k, m € Z).

2. Xét bat phuong trinh x* — 2x + 2|x - 1| + m >0
Viét bat phuong trinh da cho dusi dang:
x-12+2|x-1l +m-120
batt = lx - 1| 2 0, ta dugc bat phuong trinh
t2+2t+m-1202>0) (¥
Goi fit)=t’+2t+m-1
Biét thie A’ =2 - m
e Néum > 2 thi A’ £ 0, khi dé6 bt phuong trinh (*) nghiém ding véi moi
t € R, nén ciing ding véi moi t = 0.
e N&u m < 2 thi A’ > 0, khi dé phuong trinh f{t) = 0 ¢é hai nghiém phan
bigt t,, t, (t, < to)

t I —x -tl t.g +X0

f(t) | + 0 - 0 +
Do 46 f(t) =2 0, Vt € (0; +=) khi va chi khi:

h<tp<0m L om7E20 oy

te2e S=-2<0 m=

Két hgp vai diéu kién m < 2, taduge 1 <m < 2
Tém lai n€u m > 1 thi b4t phuang trinh da cho nghiém ding véi moi x.
Cau 3.

2 3
0S5 X
1.a) de
Jsin“x

6
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Pat t = sinx. Suy ra dt = cosxdx
Khix:zthitzévékhix=gthit=1

L

e

3 2  ai? Lq 2
Ta dugc rc?s;‘dx = Jrl _51:1 X cosxdx = jl—,tdt
sin” X J sin‘x 7ot

({4 2
Y1 (1 W
= >-1dt=1-—-t
,(t‘ )d Lt

2

CAE Y.

1
1 - .
3 2

2
b) J‘sinﬁxcosaxdx
0
Dat t = sinx. Suy ra dt = cosxdx

Khix:Othit:Ovhkhix:%thit:l

N a

2
Ta duge }sin3xcossxdx = fsin"’x(l—sinQX)cosxdx
] 0

1 ) k] & \|1
= jta(l—t’)dt = I(ta—tﬁ)dt = (L—L] -1
; ; \4 60 12
2. Chia hai trudng hgp:
A C
: B
B
d
H M/—)/
W A< -
P M
A
(i) Truong hgp 1: Hai diém A va B nam cung phia déi vdi m#t phing (P).

(Hinh 1)

Gia sit dudng thing AB cit mp(P), goi giao diém la [. Ta c6 |MA - MB| < AB,
Déng thuc xay ra khi ba diém M, A, B thing hang va M nadm ngoai doan
thing AB, nhung M nim trén mp(P), nén khi d6 M la giao diém cila
dudng thing AB va mp(P), titc M trung véi diém I

Vay khi M trung véi diém I thi max|MA - MB| = AB

Néu d(A, (P)) = d(B, (P)) thi AB // (P), bai toin khéng c6 nghiém hinh.
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(i) Truong hop 2: Hai di€m A va B nam khdc phia d6i vdi mat phing (P).
(Hinh 2)

Thue hién phép d6i xing Dp qua mat phing (P). Goi Ds(A) = C thi MA =

MC. Goi J 1a giao diém cia dudng thdng BC véi mp(P). (néu cb)

Ta c6 |MA - MB| = |MC - MB| < BC. Theo trudng hgp 1, khi M trang

v6i diém J thi max|MA - MB| = BC.

N&u d(A. (P) = &(B, (P)) thi BC // (P). bai todn khéng ¢4 nghiém hinh.
Caud. Xétmatcdu(S)y x° +y* +2°-2x —4y - 62 =0

Phuong trinh hoanh dé giao diém cta (S) va truc Ox: x* - 2x = 0

Phuong trinh nay ¢6 hai nghiém: x = 0, x = 2. Suy ra A(2; 0; 0).

Lap luédn tuong tu ta duge B(0; 4; 0), C(0; 0; 6).

1. Thé tich khéi ti dién OABC la:

V=_10A0BOC= L246-8
6 6
2. Tacé AB = (-2; 4; 0), AC = (-2; 0; 6). Do d6 [AB‘. AC’] = (24; 12; 8)
Dién tich AABC la:
R R arv:i lJﬁ—Q _
Sunc = 3 \[AB ACM = V241284 =14
Cau 5.
1. (q?+ Jﬁ) +(\/2—J§] = 2 (1)
Nhéan thdy x = 2 1a mét nghiém cia phuong trinh da cho. Ta cé:

p . .
(I)QL 2;‘/§j +( 2‘*/5] =1 (©

2

Phuong trinh (2) la phuong trinh hoanh dé giao diém cta dé thi hai ham sa:

y = f(x) = [L"@] + [__._M] (C)vay=g(x)=1(D)
.2

2
Dé thay A(2; 1) 1a mét giao di€m cia (C) va (D)
2+43 2-J3

Mat khac, do 0 < < 1vao< < 1 nén f(x) 124 ham s6
nghich bién trén E.
Suy ra d8 thi (C) va dudng thdng (D): y = 1 ¢6 nhidu nhit mét giao diém.
Do vay A(2; 1) la giao diém duy nhAt cta (C) va (D).
VAy phuong trinh di cho c6 mdt nghiém duy nhat x = 2.
2. a) Dé thay 1JPQ la hinh vuéng déng dang véi hinh vuéng ABCD véi ti sd
SM 2a-x

déng d k=22
BdangX=SH " oa
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) 2a - x\’ —x} 2a — x)*
Do 46 S(IJPQ) = [ a X] 'S(ABCD) = [23 X] ‘az = ‘(_ﬁ
2a 2a 4

Thé tich khéi chép H.IJPQ la:

1 1 (2a-x)? x(2a - x)?
V=4S HM = =. X = —
3 R 3 4 12
. x(2a - x)?
V vV = 222
ay 12

x(2a -x)*  2x.(2a-x).(2a~x)
12 - 24
Ap dung bat déng thic Cési:

b) Ta c6 thé viét V =

2x.(2a - x).(2a - x) [2" +{(2a - x) + (2a - X)T _ /43]3 64a°
) 3

3

Suy ra V g 8a’
81

.
Do 46 V dat gis tri 1on nhat bing %“T khi va chi khi:

2x=2&—xc:x=233

Viay khi HM = %33 thi thé tich

khsi chép HL.IJPQ c6 gis tri lén

3
nhatla V., = 2
81

PE 24

Cfiu 1. Cho ham s6 y = fix) = 2x° — 3(a + 1)x* + 6ax, trong dé a 13 mot tham sé&.
1. Tuy theo a, hiay xét su bi&n thién cia ham sé.
2. Xdc dinh a &8 Iyl <1khi [x] <1
3. Khdo sét sy bién thién va vé dé thi cia ham s6 khi a = 0.
Cau 2. '
1. Gidi phuong trinh 3sinx — V4sin’x -1 = 2.
2. Tim cdc gia tri cda m dé vdi moi x ta déu cé:
e xme2
X*-x+1
Cau 3.

n

a
1. Tinh tich phan jtan5 xdx
a
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2. Cho hai diém A va B ¢4 dinh khéng n¥m trén A
hai mat phing song song («) va (B) sao cho doan
thing AB cdt ca (o) va (B) (nhu hinh v&). Hai D
diém M va N thay d6i 14n lugt trén (a) va (B) sao
cho MN vudng géce vdi (o), (B). Xdc dinh vi tri cha
M-va N d€ tdng khoang cach AM + MN + NB D
dat gid tri nhé nhat. 5

®
Ciu 4. Trong khéng gian véi hé toa 46 Oxyz

1. Hay viét phuong trinh ciia mit cdu (S) c6 tAm I(3; —4; 2), bi&t ring (S) cat
truc Oz tai hai diém A va B sao cho doan thidng AB cé d6 dai bing 6.

2. Viét phuong trinh cdc ti€p diédn cia (S) tai A va B.

Cau 5.

1. Gidi phuong trinh (V3 +2J2 > + (V3-2J2 » = 6.

2. Cho hinh chép ti gidac déu S.ABCD c6 canh ddy bing a va canh bén bing

2a. Mot diém M thay déi trén canh SC (khac véi S va C), dat % = k.

Dung mét phdng (a) qua AM va song song vdi BD, mat phdng nay cit SB
tai P va cit SD tai Q.

a) Chimg minh ring t gidc APMQ c6 hai dudng chéo vuéng géc v6i nhau.
b) V6i k = % hay tinh thé tich khéi chép S.APMQ.

c) Xdc dinh gid tri cia k d€ mat phéng (@) chia khéi chép S.ABCD thanh hai

phan ¢6 thé tich bing nhau.
Gidi
‘Céu 1.

1. Xét ham s6 y = 2x* — 3(a + 1)x* + 6ax
Tap xac dinh: ==
Pao ham y’ = 6{x* — (a + 1)x + a]

y=0o86x-(a+Dx+al=0ox=1hoacx=a

Gi6i han: limy = +xva limy = —x

Ma=1y=6(x—1¥>0,vxe 3

X —x 1 +¢

r

y + 0 +

y /'}'1
2
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(i) a > 1:

X —ac 1 a +x

‘

y + 0 - 0 +
y _OC________________-)38—1\‘332—83/__‘,+1‘

(ii1) a < 1:

X —2 a 1 +x

y' + 0 - 0 +
2 a
y _ao/..—r Ja® - a —_— 33_1/’»+x

2. Tacé |fiy) <1khi Ixl<1=-1<An<1

2
-1<fl)c1eo-1<3a-1<1e=0<ac< E.Khidéxdyratrudnghqp

(3ii), do vAy ham s6 c6 bang bién thién trén doan {~1; 1] nhu sau:

X - 1 1
y' + 0 -

y / 332_83
-%9a -5 \b 3a-1

Theo yéu cAu cia bai todn, ta phai ¢é:

f-1) > -1 o-Qa—SZ—lc:as—-g— > ag [0;%}

Vay khéng cé gia tri nio ctia a théa man dé bai.
3. Khi m = 0 phuong trinh ciia hAm s6 trd thanh y = 2x% - 3x*
(ddc gia tuy gidi)
Cau 2.
1. Xét phuong trinh 3sinx — V4sin®x -1 = 2 (*)
(. 2
(*) = \,/4sin2x—-i = 3sinX - 2 & rmng M
. 4sin’x - 1 = (3sinx - 2)* (2)

(2) & 4sin’x — 1 = 9sin®x - 12sinx + 4 < 5sin’x — 12sinx + 5 = 0

. 6+ V11 .
sinx = (loai)
o 5_
l ‘ - \/11 - » a - X Y
Lsmx = (khéng thoa man dieu kién (1))

Vay phuong trinh da cho vé nghiém.
2 —

2. Xét bt phuong trinh -3 < ¥ T2 o ()
X" -x+1
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Vi x* ~ x + 1> 0 véi moi x, nén:
Me-3x*—x+<x®+mx~-2<2x*—x+ 1)
4 +(m-Px+120 (2)
{xz—(m+2)x+420 3
s (2) diing vdi moi x khi va chi khi:
AA=m-3°-16<s0om’-6m-7<0c=-1<m<7(a)
¢ (3) diing véi moi x khi va chi khi:
Ay=(m+2)°-16<0m?+4m- 1250 -6 <m <2 (b)
T (a) va (b) suy ra: -1 <m < 2.
Cau 3.

i
1. J'tan"’ xdx
n

dt

Dat t = tanx. Suy ra dt = (1 + tan“x)dx = (1 + t)dx = dx = 2 +1

Khix:Othit:Ovékhix:Ethit:l

1 1 5 1
Ta duge J'tan'r’xdx jzt dt = J(tﬂ—h‘ 2t ]dt
0 ot +1 0 t°+1
1

1 i 1
ftidt - fede « 1 jf—t dt
5 F 25t7 +1
L
2

) 1
= i‘ —q + lln(t2+ 1)1
4|y 2 2 4

2. LAy diém H e (o) va goi K 1a hinh chigu vuéng géc cia H trén mat phing
(), d& thay MN = HK .
Thuye hién phép tinh ti€n T theo vectd i = HK
Goi C = T(A) ta duge MN = AC = i . Suy ra MN = AC va AM = CN. Do d6:
AM + MN + NB = AC + CN + NB (%)
Vi AC khéng d8i nén tir (*) ta suy
ra, AM + MN + NB dat gid tri nhd
nhat khi va chi khi CN + NB dat
gid tri nhé nhat. Theo két qua Dé
22 — cau 3, thi CN + NB gdat gid tri
nhé nhat khi N trang véi diém I vé6i
I la giao diém cia doan thidng BC
va mat phdng (B). Khi d6 M trung
v6i diém J véi J 1a anh cia I qua
phép tinh tién theo vecto KH.

0
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Tém lai: Néu goi C = T(A), 1 1a giao diém cta doan thdng BC vdi mat phéng
(B), J 12 anh cua I qua phép tinh tién theo vects KH thi AM + MN + NB dat
giatrinhé nhat 1A AC+ CBkhiM=JvaN=1
Cau 4.
1. Goi H 1a hinh chiéu vuéng géc cia I(3; —4; 2) trén truc Oz ta duge H(0: 0; 2)
valH = 32 +(-4* =5
Dé thay H la trung diém cta AB nén HA = 3.
Suy ra ban kinh cia (S): R = IH? + HA? = V25+9 = J34
Vay phuong trinh ctia mat ciu (S) 1 (x — 3 + (y + 4)* + (z — 2)* = 34
2. Cao 4 ciia A va B nghiém dung phuong trinh
-3 +4*+(z-21=34=(2-2?=9z=5hoacz=-1.
Suy ra A(0; 0: 5) va B(0; 0; —1).
* Goi (P) 1a ti€p dién cua (S) tai A, n, la vecto phap tuyén cia (P):
n,= [A =(-3;4;3)
Phuong trinh cta tiép dién (P):
“3(x-0)+4y-0)+3z~5)=0=-3x+4y+32-15=0
* Goi (Q) 14 1iép dién cha (S) tai B, (Q) ¢6 vecto phap tuyén la
ng= 1B =(-3; 4; -3)
Phuong trinh cia tiép dién (Q):
Bx-0)+4y-0-3z+1)=0=23x-4y+32+3=0
Cau 5. '
1. Xét phuong trinh (V3 +2v2 ) + (V3-2J2 ¥ = 6

DEyrhing v3+2V2 . J3-2J2 =1 (J3-2J2 ) =

1
(V3 + 2J2)*

Dt t = (V3 + 292 )* (t > 0), ta duge phuong trinh
t+ % =6t’-6t+1=0ct=3+2J2

et=3+2V2 o (V3+2V27=3+2V2 &x=2
et=3-2V2 ©(3+2/27=3-22 o>x=-2

Vay phuong trinh da cho c6 hai nghiém x = 2.
2. a) Ké duang cao SH cia khéi chép S.ABCD thi H 14 giao diém cua AC va
BD. Goi I la giao diém cua AM va PQ, dé thiay ] « SH.
Do (o} // BD nén (a) cit (SBD) theo giao tuyén PQ / BD.
‘BD 1L AC

{

‘BD 1 SH
Ma PQ // BD nén PQ 1 (SAC), suy ra PQ 1 AM.
Vay t gidac APMQ cé hai dudng chéo vuong gée.

Ta cé: => BD 1L (SAC)
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Ngoai ra do H 13 trung diém cta BD nén 1
cing la trung diém cta PQ, nghia 1a hai
diém P va Q d51 xitng vdi nhau qua AM.

b) Néu k = —é— thi M 13 trung diém cda

SC, do dé I 1a trong taAm ciia ASAC.
Trong ASBD: PQ // BD '
SP 8SQ _SI 2

SB SD SH 3
Goi V, la thé tich khéi chép S.APMQ va
V 1a thé tich khéi chép S.ABCD ta c6:
SP SM 21V

V, = 2V =2 ——V, =2.——
t § ABM SBSC | SABC 339

Mat khae V = — .Siapepy SH, trong dé:

SIAY IS

® Siapeny = a

) z
» SH = VSC?-HC? = ,/(2a) —L%—%J = aJ14

3 3
Dods V= L a2 V14 _ 3Vl oy _avld
3 2 6 18
¢) Goi K 1a hinh chiéu vudng géc cha M trén AC.

MK CM
T ASHC: MK // SH ——=—=1-k (1
TOong SH = SI - C3 )

Trong AAMK: IH // MK
3MK AK _ AH + HK 1+ HK=1+k 2
IH AH  AH HC
Tu (1) va (2) cho: —I—I——I—zﬂ:>.§£_=1_1_k _ 2%
SH 1+k SH 1+k 1+k
SN SP SI. 2k

SB  SD SH 1+k

Trong ASBD: PN // BD =

SP SM 2k .V 2k
T V, = 2V, =220y k-
aco V, S ARM SB'SC S.ABC 1-+k o 1+k
Theo yéu cau dé bai ta can cé:
2K 1 "k J1x V17
i 1-.;2@41{‘-11-1:0@ 3_
T k - 1__ 17 (10g
1+V17
Viy néu k = ar i thl mat phang («) chia khéi chép S ABCD thanh hai

phan c¢6 thé tich bing nhau.
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pE 25

Ciau 1. Cho ham s y = f(x) = x* + mx® - 1, goi do thi cia ham s& 12 (Cy).
1. Tim cdc gia tri cia m d€ ham s6 ¢é cye dai va cuc tiéu.
2. Chimg minh ring véi moi m, phuong trinh fix) = 0 ¢6 it nhat mdt nghiém duong.
3. Xdc dinh m dé phuong trinh f(x) = 0 c6 mét nghiém duy nhat.
Cau 2.
1. Giai phuong trinh tan2x + cotx = 8cos’x.
2. Giai phuong trinh: e*™' — e ! =x* y x — 2
Céu 3.

4

4
1. Tinh tich phan Itan“ xdx .
I

2. Tim t4t ca cdc truc ddi xing clia td dién déu ABCD.
Cau 4.
1. Trong khéng gian vdi hé toa d Oxyz, cho diém G(1: 2; 3). Goi () la mat
phéng qua G.cdt céc truc toa dp tai cdc diém A, B, C sao cho AABC nhan
G lam trong tim. Viét phuong trinh cia mat phing (o).
2. Trong khéng gian vdi hé toa 46 Oxyz, cho didm H(2; 1; 1). Goi (B) la mat
phing qua H cdt cac true toa do Ox, Oy. Oz theo thi tu tai cac diém A, B,
C sao cho tam gide ABC nhan H lam tnfc tdm. Viét phuong trinh cda méat
phéng (B).
(hai cédu trén déc 1ap véi nhau)
Céau 5.
1. Giai phuong trinh 2® * - 32" 4+ 1 =0
2. Cho ba tia Ox, Oy, Oz cé ba géc tai O déu bing 60°. Trén Ox, Oy, Oz ldy
lan lugt cdc diém A, B, C v6i OA = a, OB =b, OC =c.
a) Ching minh ring diéu kién can va 44 d& tam pidc ABC vudng goc tai A la
2a’—(b+ca+bc=0
b) Cho biét a, tdng b + ¢ = p va géc BAC vudng. Tinh thé tich khdi t dién
OABC theo a va p.
Gigi
Céau 1.
1. y=x*+mx*-1
y' = 3x* + 2mx = x(3X + 2m).
Phuong trinh y’' = 0 ¢é hai nghiém x, = 0, x; = - Z?m
Didu kién d& ham s¢ dat cuc dai va cye tiéu 1a phuong trinh v’ = 0 ¢6 hai
nghiém phan biét va y’ d8i ddu khi x di qua hai nghiém dé, nghia la:

x1a=x2<30:=—~232 om=z0
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Viy khi m # 0 thi ham 38 ¢6 cuc dai va cuc tiéu.
2. Ham s6 f{x) = x° + mx® — 1 c6 tap xdc dinh: D = &
Ta cé i) = -1 < 0.
lim fix) = lim (x* + mx* - 1) = +x

Do d6 tén tai sé x, > 0 (x, dd 16m) sao cho f(xg) > 0.
Suy ra f10).f(x,) < 0. Mat khéc fix) 12 hAm s6 da thtic nén né lién tuc trén
doan [0; x,], nhu vay tén tai 56 ¢ € (0; x,) sap cho fic) = 0.
Vay véi moi m, phuong trinh fix) = 0 ¢6 it nhdt mét nghiém duong.

3. Ta chia ra ba truong hop:

(i) m = 0: phuong trinh fix) = 0 tré thanh x* — 1 = 0, phuong trinh nay c6
mét nghiém duy nhat x = 1

(1) m < O
X —x 0 3 2_1‘11 +aC
3
' + 0 — 0 +

Dua vao bang ta thay trong trudng hop nay, phuong trinh f{x) = 0 cé mét
nghiédm duy nhét.

(ii1) m > O:
X - 2m 0 +x
3
y’ + 0 — 0 +
y M +
— / \) -1 /
Trong d6 M = f(_gr_n_] = ﬁ—m3 - 1.
3 27

Trong trudng hop ndy, phuong trinh fix) = 0 ¢6 nghiém duy nh4t khi:

3¥2

M<0o im:’—1<0c>m<—(rn>0)
27 -2

3
Tém lai khi m < %@ thi phuong trinh flx) = 0 ¢6 mét nghiém duy nhat.
Ciéu 2.
1. Xét phuong trinh tan2x + cotx = 8cos’x (¥)
x # kn x # kn
Diéu kién - (k € Z)
2x:¢%+kn x#§+k%

Véi diéu kién d6:
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SIn2x  cosx 2 28inxcosx cosx
+ = 8cos“x < +

cos2x sinX cos2x sinx

(*) <=

= 8cosx

cosx =0
< | 25inx . 1

- = Bcosx
cos2x sinx

n
-cosx=0<:>x=§+rnn

2s5inx 1
+

cos2x  sinx

= Beosx < 2sin’x + cos2x = 8sinxcosxcos2x

o 2sinx + (1 - 2sin®x) = 8sinxcosxcos2x ¢ 8sinxcosxcos2x = 1

< 4s51in2xc082X = 1 < 2sin4x = 1 < sindx = -1~

4x = L v n2n X=— 4+nZ

o 6 o §4 2
dx =n-Z+n2n x=224,nt

6 24 2

Vay phuong trinh ¢6 ba ho nghiém:

n n T 5w hi¢
X= — +MM,X= — +0—,X= —+n— (M, ne7)
2 24 2 24 2
2. Xét phuong trinh "' — e " '=x® + x — 2

Tap xac dinh cia phuong trinh D = R,

Pit a=2x"+x-1,b=x"+1,suyraa-b=x*+x-2
Phuong trinh d3 cho tré thanh:
e®—e'za-boe*+a=e’+b

Xéthamso fx)=e*+x,x e R

Suyra flay=e*+avafib)=e’+b
Tacé f(x)=e"+1>0,vxeR

Do vay ham sé fix) = e* + x ddng bién trén R.

Suyra: e*+a=e"+boflay=fib)e>a=boa-b=0
oxl+x-2=0ox=1hodcx=-2
Vay phuong trinh ¢6 hai nghiémx =1, x = -2.
Cau 3.

n

n
1. J'tzmﬁ xdx
0

Bat t = tanx.
dt

Suy ra: dx = ——
Y 1+¢t?

126



Khix:Othit:Ovﬂkhix:%thit:l

n

1 t6 1 .
[—Fat= J&' -t +1-
l)l+t 0

1

1+t,2)dt

]'tan“ xdx
0

l4 12 1 1 1
Jt dt — Ojt dt + Ojdt - Jﬁdt

q‘—ii)+t{- JAd]Ir—}-—l-f-l—E
5 3l 0 0 5 3 4

4
Vay: _[tanﬁxdx = Bz
0

A

15 4
2. Gia s( a 1a truc d8i xing cia td dién

déu ABCD. Nhu thé& phép 461 xing D,

bién ABCD thanh chinh né.

Nhan xét ring, truc d8i ximg a khong

chia canh nioc va cing khong n¥m

trén mit nao eda tif dién (*)

Phép déi xiing P, sé bién méi dinh

thanh mét trong cac dinh cia td dién.

Ta xét dnh D, (A) cda dinh A:

e N&éu D,(A) = A thi trong ba dinh con lai phai ¢6 mét diém bat dong, gia su
P,B) = B, khi d6 a la dudng thing AB (trdi vdi diéu kién (*)). Néu
P,(C) = C hodc D(D) = D thi ciing c¢6 k&t qua tuong tu.

e N&u D,(A) = B thi a l1a trung truc cia doan thdng AB, trudng hop nay ta
phadi ¢6 B,(C) = D va B,(D) = C nén a ciing 1a trung tryc cta CD. Suy ra
a la dudng thing di qua trung diém ctia AB va CD.

Thay d8i dinh A ta tim dudc tdt cd ba truc d6i xing cia td dién déu

ABCD, dé6 1a ba dudng thing di qua trung diém ctia cdc cip canh déi cia

ta dién.
Cau 4.
1. Goi A(a; 0; 0), B(0; b; 0), C(0; 0; ¢). Vi G(1; 2; 3) 1a trong tdm cia AABC
nén ta cé:
,=ar0r0_,
3 a=3
Yo =70+§+0 =2 = {b =6 = A(3; 0; 0), B(0; 6; 0), C(0; 0; 9)
0+0+c c=9
2, =+ -*°_3
L 3

Phuong trinh cia mp(a) la:
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XX, 2 2 1>6x+3y+2z-18=0
3 6 9
2. Truéce hét ta chimg minh ring OH L mat phéng (0)
Kéo dai CH cdt AB tai diém I. Do H ] truc tAm cia AABC nén CI 1 AB.
T gia thiét ta c6: C
OC 1 (0OAB) = OC L AB.
Suyra AB 1 (OCI) = AB 1 OH.
Chidng minh tuong ty ta duge BC L OH
Do vay: OH L (ABC) hay OH 1 mp(p).
Tém lai, tir gid thiét ta suy ra duge (B)
la mat phing vuéng géc voi OH tai
diém H. A
Mét vecto phap tuyén cia () 1a: & = OH =(2; 1; 1).
Phuong trinh cia mat phdng () la:
2x-2)+ly-1N)+1z-1)=0o2x+y+2-6=0

Cau 5.
1. Xét phuong trinh 2% - 32! 4+ 1 =0
Phuong trinh da cho tuong duong véi phuong trinh:
8.27%_62*+1=0
bat t = 27 (t > 0), ta duge phuong trinh

8t2-6t+1=0ot=1hoact=l.
2 4

ot = &S 277 = Sx=1.

ot=- 27" ox=2

Sl Do
W | = DD -

Viy phuong trinh da cho ¢6 hai nghiémx =1, x = 2.
2. a) Ap dung dinh i ham s§ cosin:
AB? = 0A? + OB? — 20A.0Bcos AOB
AB? = a% + b® - ab.
Tueng tu: BC® = b? + ¢ - be, ,
AC*=a*+¢c? - ac oL
Do d6 AABC vudng tai A khi va chi khi:
AB? 4+ AC? = BC?
oa’+b’-ab+a’+cf—ac=b+c*-be
<2a°-(b+ca+bec=0
Vay diéu kién cdn va di d€ tam gidac ABC vudng géc tai A la:
28’ - (b+ca+bc=0
b) Tit A ha AH vuéng géc véi mp(Oyz) tai H. Goi I va J lan lugt 13 hinh
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chi€u vudng géc cia H trén Oy va Oz. Theo dinh li ba dudng vudng géc ta
c¢6 HI 1L Oy va HJ 1 Oz

Ta ¢6 Al = OAcos AOB = acos60° = — . Tuong tu AJ = 5 Suy ra hai tam

gidc vuéng AHI va AHJ bing nhauy, do d6 HI = HJ. Nhu vay H n3m trén
phén gide géc BOC, tir 46 HOI = 30°. Tr AOHI vubng tai H:
Ol  a _af3
cosHOI ~ 2c0s30° ~ 3
Tit AAHO vuéong tai H:

OH =

AH2=OA2—OH2=32—3%—6; RTORL V]
Goi Va thé’ tich khéi ta dién OABC ta cé:
V== S(OBC)AH“ 5 *-OB OC. smﬁ—éé aJ—
_1 ﬁaf J—abc
"6 2 3 12
Mt khdc ta lai ¢6 2a® — (b + c)a + bc = 0 v6i b + ¢ = p, do dé:
2a’ — pa + be = 0 = be = a(p - 2a), (p > 2a)

Vay V= 1-1/—3- 32(? - 2a).

DE 26

Cau 1. Cho ham s§ y = fix) = x* — x* + 18ax — 2a vdi a la mot tham s&.

1. Khdo sét sy bién thién va vé dé thi (C) cia ham sé khi a = 0.

2. X4c dinh a d€ phuong trinh flx) = 0 ¢6 ba nghiém phén biét déu duong.
Cau 2.
1. Gidi phuong trinh tan’x = 1—_9_‘)&
1- Sln|x|

2. Tinh gi6i han lim xlest _ e], (a = 0)

x--bvl_
1+x

1+ f
2.Chox,y € [ '%Zgil Tim gid tri 16n nhét cia biéu thire:

Céu 8. 1. Tinh tich phan I

A = (1 - sinx)(1 - cosy)(2sinx + cosy).
Céau 4. Trong khong gian véi hé toa d6 Oxyz, cho tit dién ABCD véi All, 0, 4),
B(1; 1; 0), C(0; 0; 1), D(-2; 3; —1).
1. Viét phuong trinh cda mit phing (o) qua trong tdm G cia ti dién ABCD
déng thoi song song véi AB va CD.
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2. Mat phéng (o) cit mat phdng (Oxy) theo giao tuyén A, viét phuong trinh

cia A.
Cau 5.
1. Giai phuong trinh (2 + \/5)‘1_2"‘ +(2- \/.73')"_"'2"'1 -1
10(2 - V3)

2. Cho khéi tif dién ABCD c6 mét canh d6 dai 16n hon 1, cdc canh con lai c6

d6 dai khéng vuot qui 1. Goi V 1a thé tich khéi tt dién ABCD, chimg
minh ring V < % )

Giadi

Cau 1.
1. Khi a = 0 phuong trinh ham sé8 trg thanh y = x* — x*.

(dée gita ty giai)

2.y =fix) = x> - x* + 18ax - 2a
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y =f(x) = 3x* - 2x + 18a

A'=1- 54a

Diéu kién dé phuong trinh f{x) = 0 c6 ba nghiém phan biat duong 1a ham
56 fix) c6 cuc dai va cuc tiéu (goi diém cuc dai 1a x;, diém cuc tiéu la xy)
va thoa man hé phuong trinh sau day:

A'>0 (1)
0<x, <x, (2)
f(x;) >0 (3)
f(x,)<0 4)
f(0) <0 (5)

e fl0)<0=>a>0

0A’=1-54a>0c:>a<i
54

Véi diéu kién nay, ta c6'

x_l—«.ll—54a
- 3 1-J1-54a 1++1-54a

f(ix) =0 Suyraxyz ————— K= ——

y_ LrVi5da 4 3

3

1-v1-54a 1
ex; >0 f >0 0<a< —
e Bing cach chia fix) cho f(x) ta dugc:

flx) = f’(x).[-l- —l] + g):(543 -1
3 9 9

Suyra flx) = %x,(54a -1)



Dodéf(xl)>0c>§x1(54a—1)>0coa>glz {(vi x; > 0)

Vay khéng cé gid tri ndo cia a dé phuong trinh fix) = 0 ¢6 ba nghiém

phén biét duong.
Cau 2.
1-cosx

1. Xét phuong trinh tan’x = -
1 - sinjy|

Diéu kién x = % +knk € Z)

1 1 - cosx 1-cos’x
1) e — — 1= _ = z = :
cos” X 1 - sinjy| €os” X 1 - sin|x|
1
< (1 - cosx) * c.oszx - 1_ =
1-sin“x 1 -sinjy
cosx =1
< | 1+ cosx 1

1-sin’x 1 -sinlx
iycosx =1 & x =m2xr (m € Z): nhan

1+cosx _ 1

= (2)
1-sin’x  1-ginjy

i1) Xét phuong trinh

e x = 0: phuong trinh khéng nghiém diing

1+ cosx 1 1+ cosx
o

= 1 ¢ sinxX = cosx

ox>0:(2) = -

1-sin’x  1-sinx 1 +sinx

otanx:lox:%a—pn(vdipel\i)

= 1 < sinx = —cosx

1+ cosx 1 1+ cosx
ex<0:(2) o — = - o -
1-sin“x 1+sinx 1 -sinx
c:tanx:—lcax:-—% +pr(véip e N)

Vay phuong trinh ¢é cdc ho nghiém la:

x=m2n,x='%+pn,x=—'-§—p1t(mel,peN)

2. Tinh lim x(e%'l - e) , (a#0)

X dex

lim x(e%l ~e) = lim ex(e% - 1)

K—r+x X—vx

Patt= 2 o x=
X

ol

Khi x - +x thi t - 0, do dé:

3 t,—
lim x(e" ' —e) = lim [ea_e 1] = ea
X vex t

1l

131



Céu 3.
1

1+x
1. Tinh |———dx
5..1+\/;

Ditt = Jx.Suyrat® = x = dx = 2tdt
Khix=0thit=0vax=1thit=1

1 1.3
Il+x dx = 2 t° +t
d1+x g1+t

b3
\
dt:ZJ(tz—t+2— 2 Jat
b 1+t

3 2 1 11
= 2[t_-t—+2t— 2ln(1+t)] = — — 4In2
3 2 ., 3
2. A = (1 - sinx)}(1 - cosy)X2sinx + cosy).
Dox,y e [0; g] nén 1 - sinx, 1 — cosy, 2sinx + cosy 12 cdc s& khéng am.
Ta cé thé viét:
A= %(2 - 2sinx)(1 - cosyX2sinx + cosy)
Ap dung bat ding thic Co si:
(2 - 2sinxX1 — cosy)(2sinx + cosy)

< ((2 ~ 2sinx) + (1 — cosy) + (2sinx + cosy)j3 -1
- 3 -

Bing thic xay ra khi:

n

. 1 X=—

2 — 2sinx = 1 — cosy = 2sinx + cosy = 1 Smx_5 6

n

cosy =0 .

y y 5
1
TaduchsE

Vay maxA = L khixz = vay= =

2 6 2
Cau 4. A(1; 0; 4, B(1; 1; 0), C(0; 0; 1), D(-2; 3; -1)
1. Toa db trong tAm G cGa ti& dién:

1+41+0-2
:—:0
¢ 4
Yo =_—0+1;O+3=1 :>G{0‘, 1,1)
44+0+1-1
G :_.:1
4

Mast phing (o) 1a mit qua G song song véi AB va CD nén c6 cap vects chi
phuong 1a AB, CD.
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Mot vectd phép tuyén cda (o) n = [AB,CD} = (10; 8; 2), cung phuong

vagi u =(5;4; 1)

Phuong trinh cla mat phing (a) la:
5x-0)+4y-D+UH{z-1)=0=5x+4y+2-5=0

Vi A 1a giao tuyén cia (o) va (Oxy) nén cdc diém n¥m trén A c¢6 toa dp

nghiém ddng hé phuong trinh:

{5x+4y+z—5=0

z=0
Cho y = 5t, ta suy ra x = —4t + 1. Vdy phuong trinh cda dudng thing A la:
X=-4t+1
y =5t
z=0
Cau 5.
1. Xét phuong trinh (2 + J3)* > &+ (2-J3)" > = 10t

10(2 - J3)
Phuong trinh 44 cho tuong duong véi phuong trinh:
10(2+/3)° > +10(2-V3) * - 101 =0

N . . 1
P& v rAng (2 + \/§ )2 — \[5) =1= (2- \/g)x 2x _ B S
d . (2+ \/5)‘ 2x

Patt= (2+vV3) 2 . Vi -2x>-1=t2(2+ V3)'=2- V3

Ta duge phuong trinh:
t =10
10t - 101t + 10 = 0 = 1 )
Lt = 10 (loai)

Nhuvayt=10 < (243 ™ =10 © x* - 2x = log,10 (v6ia = 2 + V3 )

< x=1% (1+log, 10

Véay phuong trinh ¢6 hai nghiém x = 1% J+ log, O

. Ta xét tir didn A;B,C,D, d6 dai mot canh 16n hon 1, cdc canh con lai ¢6 49

dai bing 1. Nhu vay:

Vascp € ma.x(V,A]B‘_Cl,,‘))
Ta c6 thé& gid sit A\B; = AB = x > 1 va c4c canh khdc cia A;B,C,D; c6 dé dai
déu bing 1.
Ké duong cao C,H cia khéi t dién A;B,C;D,. Do C;A, = C;B; =C\D, =1
nén H la tdm cua AA,BD,
Tam gidc A;B,D, c4n tai Dy nén H nAm trén dudng cao D,1 cia AA,B,D,.
Ta ¢6:

2
D)l = (BD?-IB? = ,fl—-’;— =%\/4—x2
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Ma S'\lB[D) = % A1B1’DII = _i_x “4 - X2 C]

abce l1lx 1
a S =—— = =>R=
v aBD TR T 4R e
(R 1a bdn kinh cia dudng tron ngoai
ti€p cua AAB,D,)

1 D
SuyraHD; =R = 1
! \/—4—‘—_?

Tu ACHD, vudng tai H:
CGH*=C,D! -HD? =1

V3-x*

1 3-x* A,

4-x* 4-%°

= CH=
l Vi -x°
Dods V, yop = ~ +.x g V3x 1 X33 - x°)
136G Dy 3 4 ﬂ
Vi x* + (3 - x°) = 3 (h#ing s6), nén x*(4 2) dat gid tri I6n nhat khi:
)(2=3—x2c>1(2=g(:bx.—.»\/—é
2 2

Khi d6 V, 5, dat gid tri lon nhat la %
Vay Varcp < % Ping thitc x4y ra khi khéi tir dien ABCD ¢6 mdt canh cé

46 dai bang @ va tat ¢ cdc canh cdn lai déu bhng 1.

PE 27

Céau 1. Choham sy = fix) = -x® + 3x + 2.

1.
2.

3.

Khao s4t su bién thién va vé d4 thi (C) cta ham sé.

Viét phuong trinh tiép tuyén cia dé thi (C) biét tiép tuyén d6 song song
vdi dudng thdng y = -9x.

Mot dubng thing (D) di qua diém A(2; 0) va ¢6 h¢ s8 géc bang m. X4c dinh
gi4 tri cia m dé€ duong thing (D) cit d6 thi (C) tai ba diém phan biat. *

Cau 2.

1.

2.

Gidi phuogng trinh cosx } -1 + cosTx I~—~— -1 =1
cosx cos7x

1-bx
Tinh giéi han lun [__e___] (a=0,b=0)
X

Cau 3.

1.
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Tinh tich phan Ix7 Y1-x*dx
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2. Cho a, b, ¢ la 4§ dai ba canh ciia mét tam gidc. Chirng minh ring:

a(p—a)lp-b)p-o)< 122
b) ! + 1 + 1 22[-1-+—1—+1j
p-a p-b p-c a b ¢
trong d6 p la mia chu vi ctia tam giac 46
CAu 4. Trong khéng gian vdi hé toa 49 Oxyz, cho tam gidc ABC vdi A(6; —-2; 3),
B(0; 1; 6), C(2; 0; -1).
1. Tinh dién tich cGa tam gidc ABC.
2. Tim toa d¢ truc tdm cia tam gidc ABC.
Cau 5.
1. Tim céc gi4 tri cia m dé phuong trinh sau ¢é nghiém:
4" - m2* +m=0
2. Cho ba tia Ox, Oy, Oz khéng déng phing. Trén Ox, Oy, Oz 14y ldn lugt cdc
diém A, B, C. Cho biét xOy = «, yOz = B, z0x =y, OA = a, OB = b,

OC = c véi «, B, vy déu la géc nhon. :

a) Hay tinh thé tich V cha khéi ti dién OABC theo o, {, v, a, b, ¢.

b) Gia st A, B, C di déng sao cho a + b + ¢ = 3k (k 14 mét hing s6 duaong).
Tim gi4 tri Idn nhéat cha V.

Giai
Cau 1.
1. Khéo sat ham s8. (doc gid ty giai)
2. Goi A 1a tiép tuyén cia (C) song song v6i dudng thing y = —9x, thi A ¢6 hé
s6 géc bing -9, nén phueng trinh c¢6 dang y = g(x) = 9% + b (b = 0).
Gid si A tiép xuc vdi db thi (C) tai diém M, c6 hoanh dd x, thi x, l1a
nghiém cua hé phuong trinh:
{f(xo) = gix,) {—xg +3x,+2=-9x,+b {b = -x) +12x, + 2
I SN
f'(x,) = -9 3x2+3=-9 X, = 2
Suy rab = 16 hodcb = -14
Vay ¢6 hai phuong trinh tiép tuyén 1a:
y=-9x + 16 vay = -9x — 14,
3. Pudng thang (D) di qua diém A(2; 0) va c6 hé s6 géc m nén phuong trinh
c¢6 dang y = m(x - 2)
Phuong trinh hoanh d6 giao diém cua (C) va (D:
X+ 3 +2=mx-2) o +(Mm-3x-2m-2=0 (1)
Ta can x4ac dinh m dé phuong trinh (1) ¢c6 ba nghiém phan biét.
fx =2

Mo Xx-2)x*+2x+m+1)=0c .
gx)=x"+2x+m+1=0(2)
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Phuong trinh (1) ¢6 ba nghiém phén biét khi va chi khi phuong trinh (2)
¢6 hai nghiém phén biét khac 2, tudc la:
{g(Z):tO c:’{m+9:a=0

< (m<0vams=-9)

A'l=-m>0 m <0

Vay néum < 0 va m # —9 thi dudng thdng (D) cit 44 thi (C) tai ba diém
phan biét.
Cau 2.

1. Xét phuong trinh cosx‘} L -1 4+ cos7x,} ! -1 =1
cosx cos7x

Phuong trinh da cho tuang duong v4i phuong trinh

1 - cosx 1-cos7x
cosX  f—— + cos7x, ——— =1
cOSX cos7x

o Jcosx(1 - cosx) + yJcosTx(1-cosTx) =1 (2)

DPiéu kién cosx > O va cos7x > 0.
Ap dung bat ding thitc Cési:
cosx(l —cosx) < cosX + (1 - cosx) - l
2 2
JeosTx(1 - cosTx) < cosx +(1-cos7x) _1
2 2

Suy ra Jcosx(1 - cosx) + cos7x(1 - cos7x) < 1.

Do vay phuong trinh di cho tuong duong véi hé phuong trinh:

1 1
Jeosx(1l - cosx) = = COSX = —

2 {cosx =1-cosx 2
Jeos7x(1 — cos7x) = % cos7x =1 - cosTx CO87X = %

Ta cé cosx = —;— ox=tl + k2n

w

Nhén thdy ring x = i% + k27 nghiém ding phuong trinh cos7x = %
Vay phuong trinh ¢6 hai ho nghiém x = i% + k2 (k € 2)

1+ax Lebx ax " bx
2. Ta c6: lim [i} = lim [e.(e -1)-(e™ - 1))
X

x—0 X

BY bx
=ealim[E _1] —eblirn[e _1) =e(a-b)

=0\ ax =0\ bx

Céau 3.
1
1. Tinh jx7 ¥1-xdx
0

3

Patt= 1-x* . Suyrat®= l—x‘zxadx=—zt2dt
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Khix=0thit=1vakhix=1thit=0
1 1 1

Ta dugc: jx7 Y1-x'dx = %j(l—t’).t.tzdt = % J'(t3 —t%)dt
0 0 Q

BEICEEA D
44 7)), 112

2. a) Bat dAng thdc (p — a)(p — b)(p — ¢) < abe (1) tuong duong v6i bt ding thuc:
P 8

(b+c—-a)c+a-Db)a+b-c)<abec(2)
Pat x=b+c¢c~a>0,y=c+a-b>0,z=a+b-¢>0
y+z’b= z+x)c= X+y
2 2 2
Khi d6 (2) < (y + zXz + X)(x + ¥) = Bxyz (3)
Diung bat ding thdc Cdsi vdi hai s khéng 4m, ta d& dang ching minh
dugc bat ddng thirc (3) 1a ding.

Suyraa=

Vay bit déng thite (p — aXp — b)Xp - ¢) < —E-l? dugce ching minh.

PAng thdc xay ra khi a = b = ¢ ©» AABC déu.
b) Trudc hét ta chd ¥ ring véi hai s6 duong o, p ta luén cé:

a+p22/ap va Lol zzJI
a B af

Do dé (a+B)[%+—;—J 4 L1, 4

DPAng thic x4y ra khi va chi khi a = 8.
Ap dung k&t qud nay, ta cé:
1 1 4 4
+ 2 = —
p-a p-b (p-a)+(p-b) ¢
Tuong tu: 1 + 1 25, 1 + 1
p-b p-¢ a p-c p-a
Coéng vé ta duge:

2[ ! +_1 + 1 ]24[l+l+l]
p-a p-b p-c a b c
1 1 1 1 1 1
p—a+p—b+p-c 22[;+B+E]
Péng thic xdy ra khi a = b = ¢ & AABC déu.
Ciau 4. A(6; -2; 3), B(0; 1; 6), C(2; 0; —1)
1. AB =(-6;3; 3), AC =(-4;2; -4) = [AB,AC ] = (-18; —-36; 0)

Do d6 Sapc = %I[KE,A—C]I =945

>

o

2. biém H(x; y; z) 1a truc tAm cda tam gide ABC khi va chi khi
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AH 1 BC
M e mp(ABC)
BH | AC
e AH =(x—-6,y+2;,z-3), BC =(2; -1; =7)
AH | BC = 2x-6)-1(y+2) ~7(2-3) =0
o2x-y-T72+7=0
« BH =(x;y-1;,z-6), AC =(-4;2; -4)
BH | AC & —4x+2(y-1)-4(z-6)=02x-y+22-11=0
o Vecto phép tuyén cha mat phing (ABC): fi = [AC ,BC} = (-18; -36; 0), &i
cung phuong véi v = (1; 2; 0).
Phuong trinh cta mit phdng (ABC):
lx-6)+2(y+2)=0>x+2y-2=0
Nhu vay toa d cta H nghiém ding hé phuong trinh:
2x-y-7z+7=0
2x—y+2z-11=0cb[x=%.y=‘g>2=2]
x+2y-2=0

Véy trc tam cia tam gidc ABC la H(m' 3 2].

5° 5

Cfiu 5.
1. Xét phuong trinh 4* - m.2"' + m =0

Pat t = 2 phuong trinh trd thanh:
t> ~ 2mt + m = 0 (*)
Ta cdn x4c dinh m dé€ phuong trinh (*) ¢é it nh4t mot nghiém t > 0. Diéu
kién ¢6 nghiém cua phuong trinh (*):
A=m’-m>0e<m<0hoacmz21.
e m = 0: phuong trinh (*) chi ¢6 mét nghiém t = 0 (loai)
¢ m < 0: phuong trinh (*) c6 hai nghiém t,;, t; véi t, < 0 < t;. Nghiém t,
thich hgp.
o m > 1: phuang trinh (*) ¢6 hai nghiém t,, t; (t; < ty) v8i
{S =2m >0

= 0 < t; <ty; cd hai nghiém déu thich hogp.
P=m>0 ’

Véay ddp s6 la m < 0 hodem > 1.

2. a) Tinh thé tich V cla khéi ti dién OABC.
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Khong m4t tinh t8ng quat ta c6 thé gid st p>ava P2y Vio,p, yla céc
géc nhon nén néu goi H 12 hinh chiéu vuéng géc cia A trén mp(OBC) thi
H niam trong mién géc yOz.

Goi I, J 1a hinh chi€u vudng géc cia A trén Oy, Oz.

Ap dung dinh li ba dudng vudng géc ta duge



HI L OB va HJ L OC
Taco V= %SOB('AH

Sosc = %OB.OC,sin BOC = %bcsinl}

Tam gidc OHA vudng tai H cho AH? = OA? - OH?
Dé thay tit gisac OIHJ noi tiép trong dudng tron dudng kinh OH.
Tam gigc OIA vudng tai | = Ol = OAcos [OA = acosa.
Tam gidac OJA vudng tai J = OJ = OA cos JOA = acosy.
Ap dung dinh ly ham s& Cé-sin trong tam gisc OlJ:

137 = OI* + OJ® — 201.0J cosp

= a’cos’a + a’cos?y — 2acosa.acosy.cosfd

X

1J? = a%(cos?a + cos?y — 2cosacosPeosy)
D& y rling dudng tron ngoai tiép
AOlJ chinh 13 dudng tron dudng O &x”
kinh OH (trong mp(Oyz)) "
Ap dung dinh li ham s8 sin trong AOLJ

ta duoc = 2R = OH

sinf
2

Dod6: AH?=a%- -2 -— (cos’a + cos’y — 2cosacospcosy)
sin“B
2 a’ 2 2 2
AH* = 5= [(1 — (cos“a + cos”B + cos®y) + 2cosacosPcosy)

sin

a
sin|
Vay thé tich khéi t dién OABC la:

V=1 1pesinp._2 -1 - (cos® a + cos® B+ cos® y) + 2cos a cos P cos y
32 sinf}

Suy ra AH = J1 - (cos® a + cos’ B + cos® y) + 2cos & cos B cosy

V= % abe 1 - (cos®a + cos? + cos?y) + 2cosacosPeosy (+)

b) Tir (*) ta thay V dat gi4 tri 16n nhat khi va chi khi abe 16n nhat.

Ap dung bat ding thite Cé—si: ¥abe < %ln—c = k suy ra abe < k® (hling s8)
Do d6 abc 16n nhat bhng k’khia=b=c=k

Vay khi a = b = ¢ = k thi V dat gi4 tri 16n nhat la:

3
maxV = % \/1 —(cos’a + cos’p + cos’y) + 2cosacosPcosy
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DE 28

Céau 1. Cho ham sé y = fix) = 2x* —~ 3(2a + 1)x* + 6a(a + )x + 1
1. Khdo s4t sy bién thidn va vé dd thi (C) cda ham s6 khia = 1.
2. Ching minh ring vdi moi a, ham sé f(x) c6 hai cuc tri dat tai cdc diém x,
va x, sao cho Ix; - x| e6 gid tri khéng phu thudc vao a.
Cau 2.
1. Gidi phuong trinh cos2x + 4sin’x = 8cos®x.

2. Tinh giéi han lim M

x 30 X
Cau 3.
0 _2
1. Tinh tich phin J‘w dx
X +2x +4

1

2. Trong mat phéng véi hé toa 49 Oxy, cho parabol (P): y = x° + 4x — 6. Tam
gidc ABC c¢6 cac dinh n3m trén (P) v6i A(-3; -9). Tim toa d6 cdc dinh B
va C d€ tam gidc ABC nhén géc toa dé O lam trong tdm.

Cau 4. Trong khong gian vdi hé toa dd Oxyz, cho hai diém P(3; 1; -1), Q(2; -1; 4).

1. Viét phuong trinh cia dudng thdng A 12 hinh chi€u vuang géc cia dudng
thdng PQ trén mat phing (Oyz).

2. Viét phuong trinh cia m#t phdng qua hai diém P, Q va vuéng géc vdi mat
phdng (a) c6 phuong trinh 2x —y + 3z - 1 = 0.

Cau 5.

1. Gidi phuong trinh 52*P&x _ 9 = prles?

2. Cho hinh chép S.ABCD c6 ddy ABCD la hinh vuéng canh a, hai mat
phdng (SAB) va (SAD) cung vuéng géc véi mat phidng (ABCD). Goi 1, J, K
lin lugt 14 hinh chiéu vuéng géc cia A trén SB, SC, SD.

a) Ching minh bdy diém A, B, C, D, |, J, K cung nAm trén mt mat cau.
Tinh dién tich ctia mét cau d6.

b) Goi (T) 12 dudng tron cé6 dudng kinh 14 AC nidm trén mat phing (SAC).
Trén (T) 1ay diém M bat ki (khdc A va C). Chitng minh ring MBD la mot
tam gidc vudng.

Gidi
Cau 1.

1. Khi a = 1: phuong trinh ctia ham sé trd thanh y = 2x* — 9x* + 12x + 1
(ddc gia tu gidi)

2. Xét ham sd y = fix) = 2x° - 3(2a + 1)x*> + 6aa + )x + 1

f(x) = 6[x* — (2a + 1)x + a(a + 1))
X =2

f)=0e>x*-(2a+Dx+a(a+1) =0
x=a+1
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f'(x) = 6{2x — (2a + 1)]
Suyra fa)=-6<0vaf{a+1=6>0
Do vay ham s6 dat cuec dai tai diém x, = a va dat cue tiéu tai difm x, =a + 1
Ta ¢6 |x; — xo| = 1 khong phu thudc vao gid tri cda a.
Cau 2.

1. Xét phuong trinh cos2x + 4sin‘x = 8cos®x (1)

(1) < (2cos*x — 1) + 4(1 - cos®x)® = 8cos®x
& Beos®x - 4cos’x + 6cos’x - 3 =0 (2)

Pat t = cos’x (0 < t < 1). Phuong trinh (2) tuong duong véi phuong trinh

8t —4t* + 6t -3 =02t -1)4t’+3) =0t = % (vi 4t* + 3) > 0, V1)

Ta duge t = —1- & cos’x = l @cosx:i—z
2 2 2

e COSX = Q@x:tl + k2n
2 4
ocosx:—--\/zz c:sx:ti—n + m2n

Viy phuong trinh ¢6 bén ho nghiém:

x:iz- +k2n,x=i34—n +m2n (k, m € Z)

2 lim In(1 + sin2x) - lim [z‘sin2x In(1 + Sin2x)] _9

x +0 X X0 2x  sin2x
Céu 3.
0 2 i) o
1. Ta cé: _F%Lz-)-(—ﬂdx= J{——Q—- 1 +1]dx= J‘%dx*—l

X +2x+4 AT+ 2x + 4 X°+2x + 4
0

Tinh
-{x2+2x+4
0 (] 1

Ta cé = ———dx
!x2+2x+4 '!‘(x+1)2+(~./§)2

Patx+1= \[étant vii t e [_5 5] Suy ra dx = V3 (1 + tan’t)dt

Khix:—lthit:Ovéx:Othit:-g
0 T’;

Ta dugc Iz—l—dx= Qﬁt = "3
IX +2x + 4 33 18

02
vay L2543
X" +2x+4 18
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2. Goi B(x;; y1), C(xs; y2) € (P). Ta ¢6:
Vi= X +4x, -8 (1), y2= X} + 4%, - 6 (2)

Vi géc toa 46 O la trong tam cda tam gidc ABC nén ta cé:
[—3 +X, +X,

=0

3 Q{xﬁza_xl
1_9"3’1"')'2___0 y.=9-y,

3

Thé x, va y, va0 (2):9 -y =B - x))* + 48 -x) -6 & -y, = X2 -~ 10x, + 6
ta dugc hé phuong trinh:
y, =X +4x% -6
{yl =x} ~10x, +6
Gidi duge x =3,y = 15 hodic x =0,y = -6
Vay B(3; 15) va C(0; —-6).
Cau 4. Gid thiét cho P(3; 1; -1), Q(2; -1;4)va (a): 2x -y +32-1=0
1. Dudng thing PQ di qua diém P(3; 1; ~1) va vects chi phuong G = PQ =
(~1; -2; 5) nén c6 phuong trinh tham sé:
x=3-¢t
y=1-2t
z=-1+56t

Vi A la hinh chidu vuéng géc cia PQ trén mat phdng (Oyz), nén ta dé
dang suy ra dudc phuong trinh clia A la:

x=0
y=1-2t
z=-1+56t

2. Goi (B) 1a mat phing qua hai diém P, Q va vudng géc vdi (o).
Taed n, =(2;-1; 3), PQ =(-1;-2; 5).
Suy ra, mot vecto phdp tuyén cia (§) la i, = (1; -13; -5).
Phuong trinh caa mp(p) la:

I(x-3)-13(z-1)-5(z+1)=0c<x~-13y-5z2+5=0
Chu 5. '

1. Xét phuong triph 5%*6% _ g = 5ulat
Phuong trinh da cho tuong duong véi phuong trinh:
452 ~22-2=025"-2"-1=0
Pat t = 2% (t > 0), ta duoc phuong trinh
t=1
22 t-1=0 1
t = —E(logi)

142



Nhuviyt=12=1ox=0
Két lugn, phuong trinh ¢6 mot nghiém x = 0.
2. a) Tif gia thiét: ABC = ADC = AJC =90° (1)
Cing tir gid thiét:
(SAB) 1 (ABCD)
(SAD) 1 (ANBCD) = SA L (ABCD)
(SAB) ~ (SAD) =SA

BC L AB
Ta c6 BC L (SAB),
ac {BCLSA:’ (SAB)

dodé BC 1 Al
{AILBC

1/

B ettt

Al LSB = Al 1 (SBC), suy ra Al 1 IC hay AIC =90° (2)

Tuong ty: ARC = 90° 3)
Tt (1), (2), (3) suy ra bay diém A, B, C, D, 1, J, K cung nlim trén mdt mit
cdu (1) dudng kinh AC.

Ban kinh caa (m)l1a R = % = %_2_

2
Dién tich ciia mat cdu (r): S, = 4n [8_2_2J = 2na’,
b) Diém M nim trén dudng tron (T) c6 dusng kinh 1a AC, nén M n3m trén
mit cdu (n). D€ y rhng BD ciing la dudng kinh cia (n), nén vdi diém
M e (n) ta phai c6 BMD = 90°. Vay tam gidc MBD vudng tai M.

PE 29

Cau 1. Cho ham s6 y = fix) = x* — 3x - 9x + 1, goi dd thi cia ham s6 1a (C).
1. Khao sédt su bién thién va vé dé thi cia ham s8 da cho.
2. Viét phuong trinh tiép tuyé&n cda (C) tai giao diém cia (C) v4i truc tung.
3. Tim didu kién d8i v6i a va b sao cha dugng thing (D) ¢6 phuong trinh
y = ax + b ¢4t d8 thi (C) tai ba diém phén biét A, B, C véi B 1 trung diém
cia doan thing AC.
Cau 2.

1. Giai phuong trinh 2cos?4x + sin10x = 2c052§

2802 2
]n2y -

2. Tinh gi6i han lin:)a
X - X
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Cau 3.

1

. Tinh cdc tich phéin sau:

1 1
a) Ile - x* dx b) IXZ\/]. -x? dx
0 0

. Trong mat phing vdi hé toa 4 Oxy cho dung thidng A c6 phuong trinh

xcos2a + ysin2a + 2cos’a — 4 = 0 (« 1a mot tham s6).
Chitng minh ring A luon ti€p xic véi mot dudng tron c§ dinh. Viét
phuong trinh cia dudgng trdn d6.

Ciau 4. Trong khéng gian véi hé toa 46 Oxyz, cho mit phing (a):

2,

2Xx —y+ 3z + 4 = 0 va diém My(2; -1; 2)

. Viét phuong trinh mat phdng (B) qua M, song song véi truc Oy va vubng

géc véi mat phdng (a).
Viét phuong trinh cia mit phdng (P) ddi xiing vdi (o) qua diém M,,

Cau 5.
1. Gidi phuong trinh (¥3)* + (¥3)* * = 84

. Cho t1f dién ABCD. Tim tdp hgp cdc diém M cua khong gian sao cho:

a) (MA + MB).(MC + MD) = 0 b) MA.(MB+MC +MD) =0

Giai

Cau l.

1
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Khio sdt ham s6y = x° - 3x* — 9x + 1
(&oc gia tu gial)

. P4 thi cit truc tung tai diém 1(0; 1).

Ta c6 f(x) = 3x* - 6x - 9 = f(0) = -9
Suy ra phuong trinh tiép tuyén cta (C) tai {0; 1) la y = -9x + 1.

. Phuong trinh hoanh d4 giao diém cida (C) va (D):

-3 -9x+1l=zax+box’* -3 ~@+9x+1-b=0 (1)
Theo yéu cAu cua bai todn, ta s& tim didu kién ddi vdi a va b d€ 46 thi cia
ham sé6

y:g(x)=x3—3x2—(a+9)x+ 1-b
cit truc hoanh tai ba diém phan biét My(xy; 0), Ma(xy; 0), My(xs; 0) vdi
X; < Xp < X3 VA 2X5 = X; + Xa. '

Theo dé 11 - cau 1, ta da ching minh duge x, Ia nghiém cia phuong trinh
g'(x) = 0.
Tacé g'(x) =3x° —6x—(a+9),g"(x) =6x-1)

g'x) =0« x=1 Suyrax,=1

X, =1>y,=gx) =g(l)=-10-a-b
May,=0nén-10-a-b=0<a+b=-10.Suyraa=-10 - b.

Thé a = ~10 — b vao phuang trinh (1) ta duge phuong trinh:



Lo+ b+ X +1-b=0x-1D02-2x-1+b)=0(2)

x=1
(2)
{h(x):x2—2x—1+b=0(3)

Phuong trinh (1) ¢6 ba nghiém phéan biét khi va chi khi phuong trinh (3)
c6 hai nghiém phéan biét khéc 1, nghia la:

AN=2-b>0 b<2
o >bc?2
h(1) = -2+b=#0 bz2

Vay diéu kién déi véiavablaa+ b =-10 va b < 2. Khi d6 phuong trinh
cia (D) tré thanh
y=ax-a-10 o y=ax-1)- 10
Nhu vay dudng thdng (D) luén di qua diém cé dinh (1; -10).
Céu 2.

1. Xét phuong trinh 2cos’4x + sin10x = 2c052-;- (1)

(1) & (1 + cos8x) + 8inl0x = 1 + cos8x <> cos8x + sinl0x = cosx
&> 2¢089%Cc0sX = coSX <> cosx(2c089x — 1) =
cosx =0
2c059x-1=0

ocosx:Oox=%+k2n

-2c059x—1'-0c>c059x—%c:>9x—+§ +m2nc:>x=+2l+m2—ﬂ

9
Vay phuong trinh da cho ¢6é ba ho nghiém:

X = % +k2m, % = 2 v m2t (km € Z)

27 9
2. lim & =€ _ i (zeis‘“m“em‘ - 1] = 2¢?
x~0 X x>0 2x  sin2x
Céu 3.

1
1. a) jx3J1-x2
i .
Patt = V1-x’ < t?=1 - x* Suy ra xdx = -tdt
Khix=0thit=1vakhix=1thit=0
Ta duge Ix Vi-x*dx = sz 1-x* xdx = Fl t2) .t.tdt

0

1 3 51

= fe? - t)dt_[t__f_] _2
] 3 5 15

1
b) jx’dl - x? dx
0
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Pat x = sint vdi t € [~ %; g} Suy ra dx = costdt

Khix=0thit=0vakhix=1thit= %
) i 2
J'xz\ll ~ w2 dx = }Sinzt 1- sin’t .costdt = _’:sinztcosztdt
0 d 0

- ljsnfztdt L i1 - cosat)dt = l(t_ Sm‘“]z _x
. 8 8" "1 ) 16

2. A: xcos2a + ysin2a + 2cos’a - 4 = 0
Phuong trinh cda A viét lai:
xcos2a + ysin2a + cos2a - 3 =0
Gia s A tiép xtdc véi dudng tron ¢6 dinh (C) c6 tam I(a, b) va ban kinh R.
Tacé dl, A) = R & lacos2a + bsin2a + cos2a -3 _ R
Jeos?2a + sin?2a

& |(a + 1)cos2a + bsin2x - 3] = R.
R khéng phu thudc vao a khi va chi khi:

a+1=0 a=-1
=
b=0 b=0

Suy ra I(-1; 0) va R = 3.
Vay A luén tiép xtic v6i dudng tron (C) ¢é dinh tdm I(-1; 0), ban kinh R = 3
Phuong trinh cia duéng tron nay la:
x+1D*+y* =0
Cau 4.

Gia thiét cho (a): 2x -y — 32 + 4 = 0, My(2; -1; 2)

1. Miit phdng (B) ¢é cip vectd chi phuongla a, = (2;-1; 3) va j =(0;1;0)
Do dé vecta phép tuyén cda (B) la: i, = (fi,;)) = (-3; 0; 2)
Phuong trinh cia m#t phéng (B):

“3x-2)+0y+1)+2z-2)=0e-3x+22+2=0

2. Diéu kién d€ mat phing (P) déi xing véi mat phidng (o) qua diém M, la:
P) // (@) va d(M,, () = d(M,, (P)).
* (P) // (a) nén phuong trinh cia (P)c6 dang 2x -y + 3z + m =0 (m = 2)

15 fil1+m|
*d(M,, (@) =d(M,, (P) & — = ~
> ° N VN V1

= 4 (loai)
=-26

Vay phuong trinh cia mat phdng (P)1a 2x — y + 3z — 26 = 0.

o |m+ 11 :lso[m
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Cau 5.
1. Xét phuong trinh (§/§Y + (1%),‘-10 =84
Phuong trinh da cho tuong duong véi phuong trinh:
3(¥3) + (93 -252=0
Patt = (93)" (¢t > 0), phuong trinh trd thanh

t=9

324+ t-252=0
t=-%§uogi)

Tadusct =9 (¥3) =9 o x=20
Viy phuong trinh ¢6 mot nghiém x = 20.
2. a) Goi I, J 1dn lugt 12 trung diém ciia AB va CD, ta cé:
(MA + MB).(MC + MD)=0s 2Mi.2MJ =0
Suy ra tap hop cdc diém M la mit cao aubng kinh LJ.
b) Goi G la trong tdm eta ABCD, ta c6:
o MA.MG =0 MA 1 MG.
Suy ra tap hop cic di€m M 12 mit cau dudng kinh AG.

PE 30

Cau 1. Cho ham s6 y = f(x) = 2x* - (m — 1)x* + (m — 2)x.
1. V4i gia tri nao cia m thi ham s6 ddng bién trén tap xdc dinh cda né.
2. Khao s4t su bién thién va vé dé thi (C) cia ham sé khi m = 2.
3. Gia st dudng thing (D) y = a cdt 43 thi (C) tai ba diém cé hoanh d¢ x,,
Xg, X3. Hay tinh tdng S = &% + x} + x}
Cau 2.
1. Gidi phuong trinh sinxsin2xsin3x = -}sin‘ix.

2. Tim t4p x4c dinh cua ham s§ sau:

y =In(Vx* +x-2 - x).

Cau 3.
1 4

X
1. Tinh tich phan [—dx.
P 31+ x®

2. Trong mét phing véi hé toa do Oxy, cho mét hinh vuéng ¢6 mét dinh 1a
A(-1; 1) va mdt dudng chéo nim trén dung thidng cé6 phuong trinh
2x +y — 4 = 0. Lap phuong trinh cac duting théng chita cac canh cia hinh vubng.
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Cau 4.

Trong khong gian véi hé toa do Oxyz, cho hai mat phing ¢6 phuong trinh
nhu sau:
() x+2y-z+2=0;(B:x-my+(m+ 1z+m-2=0,
1. Tim gia tri cia m dé hai mat phdng (o) va () hdp véi nhau mot gée 60°.
2. Chom = 1, hay tim phuong trinh giao tuyé&n ciia hai mat phing {a) va (B).
Céau 5.

10

1. Gidi phuong trinh 27. x"%* = x3 .
2. Cho tit dién déu ABCD canh a. Tim tap hop cde diém M cia khéng gian
sao cho MA? + MB? + MC? + MD? = k? véi k 14 mot hiing s6 duong.
Gidi
Céau 1.
1. Xét ham s6 y = f(x) = 2x3 — (m - Dx* + (m — 2)x
Tap xdc dinh: D= R
Tacéy =6x>-2(m—- Dx+m-—2
y=0o6x"-2m-Dx+m-2=0
A’ =m’ - 8m + 13
Piéu kién d€ ham s& ddng bién trén tap xdc dinh R la:
y>20,Vxe Reo6x'-2m-1)x+m-220, Vx e X
SA=m’-8m+13<0=4— V3 sm<4d+ 3
Vay 4 - \/§ <m<4+ \/5
2. Khi m = 2 phuong trinh cta ham s6 trdé thanh y = 2x® - x*.
(ddc gia ty giai)
3. Phuong trinh hoanh do giao diém ciia (C) va (D):

2x3—x2=ao2x3-x2~a:0c>x3—lxz—3:0(*)

Nhu vy x), Xo, Xa 12 nghiém cua phuong trinh (*)
1

Dods x°- -2—)(2 - % = (X = X)X = X)X — Xy)

N 1
Tu d6 suy ra x; + X3 + X3 = 5 V8 X X0 + XoX3 + X3X, = 0

. : 1
Vay S=x + X; + X3 = (X1 + Xz + %3)° — 2(X(Xg + XpXg + XzX) = 1
Céau 2.

1. Xét phuong trinh sinxsin2xsindx = %sinzix (h

(1) < sinxsin2xsin3x = —;—siancos2x

<> sIn2x(2s8inxsindx — cos2x) = 0
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< sin2x((cos2x — cos4x) — co82x) =
& sin2xcosdx = 0 © sin2x = 0 ho#e cos4x = 0

2x = kn X =k—

<> T <
4X = -+ mn n b

Vay phuong trinh di cho ¢6 hai ho nghiém:

x=k£;x=£+m (k, m € Z).
2 8

2. Xét ham sé’yzln(Jx2+x—2—x)
xX*+x-220
VX2 +x-2-x>0

ex’+x-2>0=x<-2hoticx21.

e Ta xét bat phuong trinh Vx* +x-2-x >0 & \/x +X-2 >x(*
+ Néu x < -2 thi hién nhién (*) dugc nghiém dang.
+ N&u x > 1 thi tir (*) ta duge:
+x-2>xox>2
Vay tap cac dinh cia ham s6 la D = (~w0; 2] U (2; +).
Cau 3.

1 K
. X
1. Tlﬂh {!de

Pat x* = tant véi t e (—%; g). Suy ra x%dx = %(1 + tan’t)dt

Diéu kién: {

Khiszthit:Ové\khix:lthit:%

Taduge |5 pdx = | Trde = L frian’ty, _1‘];1 n
The® T T N T 4 14tan’t 4 '

2. Goi A la dudng thing 2x + y — 4 = 0. Ro rang didm A(-1; 1) ¢ A.

Goi hinh vuéng la ABCD, vé4i B, D e A. Khoédng céch tir A dén tam cia

hinh vuéng la;

2(-1)+1-4|
h=daa)="—""—"_1_-5
Vvx? + 12

Suy ra d¢ dai canh cia hinh vuéng la: a = J5.42 = J10.

Do d4, hai diém B va D ndm trén dudng trdn (T) tam A hdn kinh

= J10 ¢6 phuong trinh 1a;
(x+ 1%+ (y-1)7*=10.
Phuong trinh hoanh d¢ giao di€m ciia A va (T):



(x + 1)2+(—2x+3)2=1O<:>5x2—10x=0¢:x:0hoacx=2.
Suy ra B(0; 4); D(2; 0).
Phuong trinh dudng théng chita canh AB: 3x —y +4 =0
Phuong trinh duong thdng chia canh AD: x + 3y -2 =10
Dudng thidng chda canh BC di qua B(0: 4) va song song véi AD nén c6
phuong trinh x + 3y - 12 = 0.
Dudng thing chita canh CD di qua D(2; 0) va song song vdi AB nén c6
phuong trinh 3x -y — 6 = 0.
Ciud, () x+2y-2+2=0;Prx-my+(m+1z+m-2=0.
1. Né&u (o) va (B) hgp vdi nhau mot géc 60° thi ta cé:
1.1+ 2(-m) + (-1).(m + 1)

cos60° = .
V2 +22 4 (<121 + (-m)? + (m + 1)2
f'm=1
3 A
©l= 30 o2m’-m-1=0o 1
2 /6vom? +2m + 2 m= -

2
V&y néum = 1 hoadc m = —% thi (a) va (8) hop véi nhau mét géc 60"

2. Khi m = 1, phuong trinh cia () lax -y +22-1=0.
Goi A 12 giao tuyén cia (a) va (B), cdc di€m ndm trén A c6 toa d6 nghiém
ding hé phuong trinh:

X+2y-z+2=0
{x -y+2z-1=0
Choz=t. Gidihé taduge x =-t;y=t -1,
Phuong trinh cla dudng thing A 1a:
x =-t
y=t-1.
z=1t
Cau 5.

10
1. Xét phuong trinh 27. x*#™ = x3 .

Diéu kién: x> 0
L&y logarit theo co s6 27 hai vé, ta dugc:

1 + loggrx.logex = laglogmx = :3(log27_x)2 ~ 10logyx +3 =0

lo =—
g X 3

2. Goi G 1 trong tam cia td dién déu ABCD. Ta c6:

MA = MG + GA = MA%= MA = MG’ + GA® + 2MG .GA (1)

logy,x =3 {x =27 [x =19683
L= = .
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Tuong tw: MB?= MB = MG + GB' +2MG.GB (2
MCZ= MC = MG + GG +2MG.GC 3
MD? = MD’ = MG + GD +2MG.GD  (4).
MA? + MB? + MC? + MD?
= 4MG? + 4GA? + MG (MA + MB + MC + MD)
< MA? + MB? + MC*? + MD? = 4MG? + 4GA?,
vi MA + MB + MC + MD = 0
Goi 1, J 1an lugt 12 trung diém cia AB va
CD, trong tdm G cua td dién ABCD la
trung diém ciia 1J.

Do ABCD la ti dién déu, nén ta dé chiing
minh duge 1J 13 dudng vuéng géc chung
cia AB va CD.

T tam gide AlJ vudng tai I:

2
ot %

Tir tam gidac AIG vuéng tai I:

2 2 2 2

GA2= AI’+ Gl AP+ M & 2 _3da

. 4 47878
3

i .

Suy ra MA% + MB? + MC? + MD? = 4MG? + ~;—~

Do dé6 MA? + MB? + MC? + MD? = k® khi va chi khi:
2 2 2

AMG? + 3% =k® o MG? = m‘T&’

2

o Néu k? < 3% thi MG? < 0, tap hop cac diém M l1a @.
.

« Neu k? = -33— thi MG = 0, tap hop céc diém M 1a (G).
2 Jo@ =325

o N&u k? > 3% thi MG = M

2
tam G vdi bén kinh R = ’me“t‘:g“).

, tap hop cac diém M 13 mat cau
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PE 31

Clu 1.
Cho ham s6 y = fix) = x® — 3mx? + 4m°®, goi db thi ctia ham sd& la (C.).
1. Khéo s4t sy bién thién va vé d4 thi (C;) ciia ham s6 khi m = 1.
2. V6i gi4 tri nao cia m thi dé thi (C,,) ¢6 diém cue dai va cyc tiéu d3i xung
v6i nhau qua dudng thing y = x.
Céu 2.
1. Gidi phuong trinh tanx + tan2x = tan3x.
2. Tinh dao ham clia ham sé:
y=In (ﬂ]
x’ -6x+8

Ciu 3.

1. Tinh tich phén Mﬂdx )
X

1

2. Trong mat phéng véi he toa d6 Oxy, cho diém B(5; 0). Diém A nim trén
géc phdn tu thit nhat sao cho tam gidc OAB vuéng tai A va dudng trdn ndi
tié€p c6 bdn kinh r = 1. Tim toa & cia dinh A.

Cau 4.
Trong khéng gian véi hé toa d3 Oxy, cho hai mat phéng (a) va (B) cé
phuong trinh lan lugt la:
2x +ny +22+3=0vamx +2y-42+6=0
1. Xsc dinh gi4 tri ciia m va n dé hai mat phéng (o) va (B) song song véi nhau.
2. Véi céac gia tri m va n vita tim duge, hay viét phuong trinh cia mit cdu (S)
ti€p xidc v4i hai mat phing (a), (B) biét tAm cita né6 n¥m trén dudng thdng

X=2+t
A c6 phuong trinh: y=1-t .

2=2t
Cau 5. :
1. Gidi phuong trinh 3.2*7%+2 _ 2510 4 4.3™""! = 0.
2. Cho t1t dién ABCD c6 trong tam G
a) Tim tap hgp t4t ca cdc diém M trong khéng gian sao cho
| MA + MB + MC + MD/| = k (v6i k 12 mdt hlng s8 duong).

b) Goi A’, B', C’', D' lan lugt la trong tAm céc tam gide BCD, ACD, ABD,
ABC. bat AA’ = m,; BB’ = my; CC' = my va R la bdn kinh cia mit cdu
ngoai tiép tif dién ABCD. Chiing t6 r3ing m, + my, + m, + my < }—%ﬁ
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Giai
Cau 1.
1. Khi m = 1 phuong trinh ctia ham s trd thanh y = x* — 3x* + 4.
(dde gia tu giai).
2. Ham s& da cho ¢6 dao ham y' = 3x* — 6mx = 3x(x - 2m)
Né&u m # O thi phuong trinh ¥’ = 0 ¢6 hai nghiém phan biét x, = 0, xo = 2m.
Néu m > 0 thi (C,,) ¢ diém cye dai (0; 4m”) va di€m cyc tidu (2m; 0).
Né&u m < 0 thi (Cp) ¢6 diém ce dai (2m; 0) va diém cuc tiéu (0; 4m®).
C3 hai truong hgp. d€ tim cuc dai va cyc tiéu cua (C,,) d6i xing vdi nhau
qua dudng thing y = x, ta phai cé:
4m3:2rn¢3m=+L

t -

Cau 2.
1. Xét phuong trinh tanx + tan2x = tan3x (1)

X % =+ kn X # L4 kn

2 2
Diéukién {2x # ~+ kn o {x =+ k- (keZ)

2 4 2

3x # X4+ kn x4kl
2 6 6

Véi diéu kién d6 ta cé

1) e sindx = sin3x <> sin3x(cos3x - cosxcos2x) = 0
COSXCO0S2X cos3x
sindx =0 (2)
coS83X = COSXCOS2X (3)

osin3x=0c>3x:mn®x=m% (m e 7Z)
¢ (3) o cosdx = %(cos3x + COSX) <> 083X = cosX < 3X = X + n2n
c:x:nnhoécx:nE (n € Z)

K&t hgp vai didu kién ta duge nghigm cba phuong trinh 1a x = m% (m € Z).

2
9.y= m[w}

x? - 6x+8
X +x-2
Diéu kién -©———— >0 & x e (—x; -2) U {1; 2) U (4; +x=)
X -6x+8
C aex 2 +x~2
Véi dieu kién d6 ta ¢6 ~———— > 0 nén:
X -6x+8
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X2 +x-2 x?+x-2
y=lnf———|eoy=In

x* -6x+8 x* -6x+8
¢—>y:ln|x2+x—2|—ln|x2~6x+8|
Do dé y' = 22x+1 _ 22)1—6 _ ~7x* +20x — 4 _
xXX+x-2 % -6x+8 (x*+x-2x*-6x+8)
Ciu 3
1. Tinh T)ln x.\/fm dx
1

2.
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Patt= V1+lnx.Suyrat®=1+Inx = 2tdt = dx
X

Khix=1thit=1lvakhix=ethit= V2

Ta duoc J~1n xv1l+lnx
1

2 £ 3 2
dx = [(t*-Dr2tdt = 2[_ -~]
V] 5 3 )
T gia thiét suy ra, tam 1 clia dudng trdn ndi ti€p tam gidc OAB ciing nim
trén géc phan tu thit nhat, do d6 toa 9 cia I ¢6 dang I(a; 1) véi a > O.
Phuong trinh cia dudng thing OA c6 dangy =kx <> kx ~ y = 0 vdi k > 0.
Duong thédng AB di qua B(5; 0) va vuéng goc véi OA nén cé6 phuong trinh
x+ky-5=0.
Phuong trinh cdc phin gidc clia géc A trong tam gidc OAB:
kx-y _  x+ky-5 [(k-vl)x—(1+k)y+5=0
JkZ+1 - Jki+1 k+Dx+(k-Dy-5=0
GoiAk+1)x+(k-1Dy~-5=0
Blng cAch thé& toa db ciia gic toa d¢ O va diém B(5; 0) vao v& trdi phuong
trinh cda A, ta thay hai diém O va B nim hai bén dudng thing A, do d6 A
la phan gidc trong ké tir A cia tam gidc OAB.
6-k - 1(6—1(; Oj‘
k+1 k+1

= i(\/-é + 1).
X 15

Piém I(a; 1) € Asuyraa=

Ta phai ¢6 diéu kién:

o -
d(I,OA):lakk*zgl cle | K2esk-1]= [k+ 1l V21 (%)
+1

Binh phuang hai v& ciia (*) va thu gon, ta duge:
12k* - 26k + 12 =0
3

Phudng trinh trén c6 hat nghiém: k, = %; k, = e

e« Khik = %: Céc dudng thdng OA va AB ¢6 phuong trinh lan luot la

4x -3y =0vad3x+4y-15=0.



Tao 46 cia A nghiém dang hé phuong trinh:

9
X = —
4 -— =
X -3y =0 5 A[g;lzj‘
3x+4y-15=0 12 5 5
y=%

eKhik = g: Cac dudng thédng OA va AB cé phuong trinh ldn lugt la

3x -4y =0vadx +3y—20=0.
Toa d) cua A nghiém ding hé phuong trinh

x—16
3x -4y = Ty
x-4y =0 o 5 aA[E;E]
4x+3y-20=0 12 5 &
y=—
5
Viay A[g; —13} hoic A(E,E}
5 5 5 b

Cau4d. (a):2x+ny+22+3=0va(B): mx+2y—-4z+6=0
1. Diéu kién dé hai mat phing (a) va (B) song song v6i nhau la:
2 n 2 3 {m =4
= +* - o

m 2 -4 6
Vay khi m = —4 va n = —1 thi hai mat phing (o) va () song song véi nhau.
2. Khim = -4 van =-1 ta duge:
(a):2x -y +22+3=0va(B)r2x-y+22-3=0
Goi I 13 tam va R 1a ban kinh mat cAu(S), I e Anén {2+ t; 1 —t, 2 + 2t).
Ta c6 d(1, (o)) = d(I, (B)) = R.
o 22+8)-(1-0)+22+2t)+3  [22+t)-(Q-1)+ 22+ 2t) 3|
3 3
o |1t+10l = M+dl o 14t+14=0t=-1
Suyral(l;2;0)va R =1
Vay phuong trinh ctia mat céu (S) la:
x~1+(y-2P+22=1

n=-1

Céu 5.

1. Xét phuong trinh 3.24™*2 _ 2512™ 4 4. 3" = 0.
Diéu kién: x > 0.
Phuong trinh da cho tuong duong véi phuong trinh:

2Inx Inx
14.2%7% _ 95 glox glnx | 19 3% _ g o 12[%] - 25[%} +12=0

Inx
Patt = [%] (t > 0), phuong trinh trd thanh:

12t2—25t+12=0¢:t:§hogct=%
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Inx
.t:io[i) =i¢:>lnx=1c>x=e
3 3 3
nx
ot:élc:’[ij =~3—<:>lm(=—1<3){=l
4 3 4 e

Vay phuong trinh ¢6 hai nghiém x = e, x = -l—
e

2. a) Vi G la trong tam cia t dién ABCD nén véi M 12 méot diém bat ki
trong khong gian, ta c6

Do d6 | MA + MB + MC +M—D|=kc>4|m|=k
c>4MG=k<:M-G=%.

Vay tap hop cdc diém M 12 mat cdu tdm G bdn kinh R = a(-

b) Goi O la tam cla mit cdu ngoai tiép td dién ABCD.

Tacé OA?= (OA) = (GA-GO)
OA’ = (GA) + (GO) - 2GA.GO = GA? + GO? — 2GA.GO

Mda  GA=Saa-=3m,
4 4

Dods OA?= % m? + GO* - 2GA.GO.
Tuong ty: OB? = % m? + GO? - 2GB.GO.
0OC? = % m? + GO* - 2GC.GO.
oD? = %mi +GO? - 2GD.GO.

Cong vé ta duge:
OA% + OB? + OC? + OD? = i%(mf + m! + m’ + m?) + 4GO?

(d& y ring GA+GB+GC+GD = 0)
9

Hay 4R’= E(m§ + m} + m’ + m?) + 4GO?* (OA=0B = OC = OD = R)
Vay 4R?> -}%(mf + m{ + m? + m}) (1)

Pédng thuc xdy ra khi GO=0 < G =0.
Ap dung bat ding thic Bunhiacépski:
(m, + my + m, + my)’ <4m? + m? + m? + m})
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2

1 .
Hay m?! + m] +mf+mﬁzz(mﬂ+mb+mc+md)z(2)

9 1

Tir (1) va (2): 4R2 > Yé‘Z(mﬂ + my, + m + my)?

Do d6 2R > g(ma+mh+m¢+md)<:>ma+mb+mc+mds%

. 16R
Vay m, + myp + ML, + Mg £ ——
Déng thitc xay ra khi:

(G=Ovam, = m = m, = my) < ABCD 1a mét tit dién déu.

PE 32

Céau 1.
1. Khao s4t su bién thién va vé dé thi (C) cia ham sd y = fix) = x® + 3x* + 1.
2. Tim giao diém cida (C) va parabol (P) c6 phuong trinh y = g(x) = x* + 1.
Tinh dién tich hinh phing giéi han bdi (C) va (P).
3. Tim cdc khoéng trén dé (C) ndm phia trén hodc phia duéi (P).
Cau 2.
1. Cho phuong trinh 2mcos®x + (m + 1)sin2x = 3m — 1 (m la mjt tham s6)
a) Xdc¢ dinh m d&€ phuong trinh ¢6 nghiém.
b) Giai phuong trinh khi m = 3.
2. V6i a, b, ¢ 12 ba s& thyc bat ki, ching minh ring phuong trinh sau day
luén ¢6 it nh4t hai nghiém s6 phén biét:
Ferax+bx*+ex-1=0.
Cau 3.

cos X
J1+sin’x
2. Trong mit phdng v6i hé toa dd Oxy, cho tam gide ABC véi A(1; 4) va céc
trung tuyén BM, CN n3m trén cdc duong théng c¢6 phuong trinh lan luot
lax-9y +3=0;,x+3y~9=0. Tim toa dj cdc dinh B va C.
Cau 4.
Trong khéng gian vdi hé toa dp Oxyz, cho mat phing (P) ¢6 phuong trinh
2x -y +2z-10=0.
1. Viét phuong trinh cia mit cdu (S) c6 tdm I(-2; 1; 3) sao cho mé&t phing
(P) chdn mit cdu (S) theo mot dudng tron (T) c6 dp dai biing 8n.
2. Viét phuong trinh cia dudng thdng la giao tuyén ctia mat phing (P) va
mat phing (Oxy).

1. Tinh tich phan dx

— N A
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Cau 5.
1. Gidi phuong trinh 42"* 4 4!+ _ 17 - @
2. Cho hinh chép tam gide S.ABC c6 cdc canh SA, SB, SC vudng géc vdi
nhau tiing d6i mét va SA = 2a; SB = 2a; SC = 4a.
a) Xac dinh tam va tinh dién tich ecba mat cau ngoai tiép hinh chép S.ABC.
b) Tinh dién tich ciia mat cdu ndi ti&€p hinh chép S.ABC.
Giai
Cau 1.
1. Khio s4t ham s6'y = f(x) = x* + 3x* + 1.
(dde gia tu giai)
2. * Toa 46 giao diém cha (C) va (P) 13 nghiém cia hé phuong trinh:
y=x+3x*+1 x3+3x2+1=;(2+1
{y:x2+1 <:>{y=x2+l

{x3+2x2=0 F:omy:l
< <>

y=x"+1 Xx=-2va y=5 , y 4
Vay (C) va (P) c4t nhau tai hai C)/(P)
diém A(O; 1) va B(-2; 5). N W

* Dién tich hinh phéng giéi han
bai (C) va (P

S uj((x3 +3xF + 1) -(x* +1))dx

1l

[ 1

0
I(x3+2x2)dx /—3 -2 ol 1 =2
-2

oo (]
4 3 ],
3. s (C) nim phia trén (P) khi va chi khi:
3 +isrlodd®+2®s00 x> -2
¢ (C) nAm dudi trén (P) khi va chi khi:
¥ +3+ri1<cx+lox+2x° <0 x<-2.
Vay trén khodng (-2; +x) thi (C) ndm phia trén (P) va trén khoang
(—x; —2) thi (C) ndm phia duéi (P).
Cfiu 2.
1. a) Xét phuong trinh 2meos’x + (m + 1)sin2x = 3m ~ 1 (1)
(1) © m(cos2x + 1) + (m + 1)sin2x = 3m - 1
<> mcos2x + {(m + 1)sin2x = 2m - 1 (2)
Suyraa=m;b=m+1;c=2m-1
Diéu kién d€ phuong trinh c6 nghidm la:
al+b:2clem?v (m+ 1?2 (2m - 1)2

* ¥

4
= = (dvdt).
3(v)
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om’+m’+2m+124m?’ - 4m+ 1
om’-3m<0 <0<m<3.
b} Khi m = 3 ta duge phuang trinh 3cos2x + 4s1in2x = § (2)

Chia hai v& cia phuong trinh (2) cho V3 +4? = 5, phuong trinh (2) trd thanh:

§ cos2x + i sin2x = 1 (3)
5 5

Pat cosa = 3 ; Sina = 4 , khi dé:
5 5
(2) <> cosocos2x + sinosin2x =1 o cos(2x—a) =1

c32x—a=k21tc>x'=%+k1r

Viy phuong trinh ¢é mét ho nghiém 1a x = % +kn(k € 7)

2. Xét ham s8 flx) = x® + ax* + bx* + ex - 1
Hién nhién f{x) 14 mét ham sé lién tuc trén R.

Ta c6 fl0) = -1 < 0.
Mat khic:
o lim f(x) = limx8(1+—a-+£+£-—-1—) = to

X iz X X x5 xﬁ x7 xe

Do d6 tén tai 86 o > 0 (o dd 16n) sao cho fla) > 0. Suy ra f(0).fla) < 0
Nhu thé& tdn tai s6 x; € (0; a) sao cho flx;) =0
¢ lim f(x) = limx°(1+i+£+iwij = +%

X—-x X - xs x6 x7 xs

Do d6 tén tai 56 p < 0 (/B! 4 16n) sac cho f(B) > 0. Suy ra f(0).£B) < 0
Nhu thé tdn tai 88 x; € (B; 0) sao cho fix;) = 0

Nhan thiy x,, %, 12 hai nghidm phén biét cia phuong trinh f(x) = 0
Viy phuong trinh da cho ¢6 it nhét hai nghiém s6.

Céau 3.
2
L Tinh [—°% dx
gl+sin” x
P4t sinx = tant véi t e [-g;%).Ta c6 cqsxdx=(1+tan2t)dt
. R . T, T
Khix=0thit=0vakhix= 3 thit = '
Fsantod |
Ta dugce J‘Lsxzdx = J‘M = J-dt. = 1
al+sin®x g l+tan™t 3 4

2. Toa 44 trong tAm G cia tam gidc ABC nghiém ding hé phuong trinh:
{x—9y+3=0 {x=6

& = G(6; 1
x+3y-9=0 y=1 G
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Goi B(xy; y); C(x; y2). Ta co:

l+x, +X%, _
3 =6 {x2 =17 - x, car 1 ;
[ - - Xy -1 -y}
4"'}’1"')’2:1 y, =-1-y,
3

Do B € BM va C € CN nén ta ¢6 hé phuong trinh:

X, -9y, +3=0 x, -9y, +3=0 |~
< Ly
A7-x)+3(-1-y,)-9=0 x, +3y,-5=0 y=

win W

2 5
Vay B| 3; = AC(M;——J.
& [ 3] Y 3
Céu 4.
1. Goi r 1a bdn kinh cia (T) thi cé: 2nr = 8 < r = 4.

-2)-1+23-10
Khodng cach tit I dén mat phdng (P): d = [2-2-1+23 | =3
2+ (~1) + 22

Bédn kinh cia mit cdu: R = V4* +32 = 5.
Phuong trinh cta mit cdu cdn tim 1a:
(x + 2% + (y - 1)? + (z - 3)* = 25.
2. Goi A 12 giao tuyé&n cia (P) va (Oxy).
Vecta phép tuyén cia (P) v (Oxy) lan lugt la i, = (2;-1; 2); k =(0; 0; 1).
Vecto chi phuong cha A: G = [k ;np | = (1; 2; 0).
Céc diém thudc A ¢6 toa dd nghiém ding hé phuong trinh:

2%~y +22-10=0
{"oy+ z = 1(5:0: 0) € A
Zz=

Phuong trinh cia dugng thing A:
x=5+t
y=2t
z=0
Ciu §.
1. Xét phuong trinh: 42*"'* 4 4} * <% _ 17 = 0.
Phuong trinh da cho tuong duong véi phuong trinh:

gloosix  gleesx 47 -0 o —4:2. + 4477 -17=0

Pat t = 4°*** (¢ > 0), phuong trinh trd thanh:

T +4t-17=04t’ - 1Tt +4=0=t=4 hodict =

e |

ot =4 4% 2 4 o cos2x = 1 o 2% = k2 <> x = kn.
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-t:i<:>4°°52"=%<:>cos2x=-1<:>2x=ﬂ+m2nc>x=g+mn

Vay dép s6 1a: x = kn hodic x = —g- + mn(k, m € 7).

2. a) Tam gidc SAB vuéng tai S nén trung diém I cia AB la tam dudng tron

b

~—

ngoai tié€p ASAB.

T gid thiét ta suy ra SC 1 (SAB). Do
d6 néu qua I dyng dudng thing A vuéng
géc véi mp(SAB) thi A 1a tryc cda dudng
trdn ngoai tiép ASAB. Qua trung diém
J cua SC ta dung mit trung truc cia
SC, mat phing nay cit A tai O. Piém O
la tAm cha mat cdu ngoai ti€p hinh
chép S.ABC.

Ta cé:

SI = 523=3J§;10=SJ=2a

T tam gidgc SIO vudéng can tai I:
SO = JSI* +10? = (av2)® +(2a) =26
Bdn kinh mat cdu ngoai ti&€p hinh chép SABClaR =a /6.
Dié&n tich cia mit cdu ngoai ti€p hinh chép S.ABC la:
Sive = 4nR? = 411(3\/5)2 = 24ma’.
Goi r 12 b4dn kinh ctta mat cdu (r) ndi ti€p hinh chép S.ABC. Thé tich V

cia khéi chép S.ABC cho béi:

V= %Stp.r©r= Vv

p

o V=1gasBsc= 1L 2a2a4a= 202
6 6 3

. Stp = Sgap + Ssnc + Ssca + Sarc

Ssas = 2a% Sspe = 4a% Sgea = 4a”.
Tam gide SAB vudng cin tai S, nén SI | AB. Suy ra CI L AB

Tam gidc SCI vuéng tai S = CI = VSI* +CI2 = (av2)? +(d4a)® = 3a/2

Do d6 Sapc = %ABACI - %23\/5 3272 = 6al.

o’
Suyra S, =2a%+4a’+ 42’ + 62’ >r= 3 _ =2
16a 6
a) na’
Dién tich cia mit cdu (x) nji tiép S.ABC: S, = 4xr? = 4“(6) =5
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pE 33

Céu 1.
1. Khio s&t su bién thién va vé d6 thi (C) ctta ham s6 y = f(x) = —x* + 3x + 3.
2. Dua vao dé thi (C), hiay bién ludn theo m sé nghiém cia phuong trinh
8-32"+m=0.
3. Chimmg minh ring, phuong trinh f{x) = 0 ¢c6 mdt nghidém duy nhat thujc

Cau 2.
1. Khéng dung m4y tinh hay chitng minh b4t ding thic:
4sin%63° + —_1§ - <8
451n° 63
2. Chitng minh ring:
e > 1 + 2x vdi moi x = 0.
Cau 3.
0
1. Tinh tich phan J‘stidx.
X +x-2
2. Trong mat phing véi hé toa dé Oxy, cho hinh thang can ABCD vdi day
16n 1a AB, d4y nhé la CD (AB > CD), biét A(1; 1); B(5; 2) va D(2; 3). Tim
toa d6 diém C.
Cau 4.
Trong khéng gian vdi hé toa dé6 Oxy, cho mit cau (S):
x* eyt + 22 -6x-8y—2z+10=0.
1. Tim tam va ban kinh cia duong tron (T) 1a giao cia (S) véi mit phang (Oxy).
2. Viét phuong trinh cia mét phdng (P) khdc vdi cdc mat phing toa do sao
cho (P) chita truc Oz déng thai tiép xic véi mat cau (S).
Céu 5.
1. Gidi phuong trinh 2°
2. Cho khéi tir dién OABC c¢6 cde canh OA, OB, OC vuéng géc véi nhau ting
d6i mét. Goi H 1a hinh chi€u vuéng géc cia O trén mat phing (ABC).
, . 1 1 1 1
a) Chitng minh ring o - oar ' BB + oc
b) Cho biét OA = a; OB = 2a; OC = 3a. Tinh ban kinh clia mat cdu ndi tiép
td dién OABC.

—l‘\ﬂf;l + 2I0339x = 4Inu.1

Gidi
Cau 1.
1. Khio sat ham s6 y = fix) = —x® + 3x + 3.
(déc gia ty giai)
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2. Xét phuang trinh 8 - 3.2+ m=0 (1)

8"-32"+m=0e (2% -3.2+m=0

Pat t = 2* (t > 0), ta duge phuong trinh t* — 3t + m =0 (2)
Nhén thdy ring: t = 2" < x = loget (t > 0). Nén giita x va t c6 sy tuong
ling mot d6i mot. Do d6 s§ nghiém cia phuong trinh (1) va (2) bAing nhau.
Tac6 (2) > t*+3t+3=m+3
Do vay s8 nghiém cda phuong trinh (2) (ciing la sé nghiém cba phuong
trinh da cho) 1a s6 giao diém cda 46 thi ham s6y = —t* + 3t + 3 (t > 0) va
dudng thing (D) y = m + 3.
Chu y rang, néu goi (C,) 1a dé thi cia ham s§

y=—t>+3t+3(t>0)
Thi (C,) gidong nhu dé thi (C) trong mién t > 0.
Dua vao d4d thi ta cé ké&t luan sau:
em <0 (tidc m + 3 < 3): phuong trinh ¢6 1 nghiém.
a0 <m< 2 (thec 3 <m + 3 < 5): phuong trinh c¢6 2 nghiém.
em = 2 (tic m + 3 = 5): phuong trinh cé 1 nghiém.
s m > 2 (tiic m + 3 > 5) phuong trinh v6 nghiém:

. Dua vao 46 thi, 48 thi (C) cit truc

hoanh tai mdt diém duy nhat, do vay
phuong trinh

fix) =0 =>-x+3x+3=0

¢6 mdt nghiém duy nhat.

Mait khac ta cé f[33] = 1695 :
16 4096
f[ﬂj =~——113 < 0. Suy af( ]f[”j <0
8 512 16 8

Tir @6 suy ra nghiém duy nhat cGa phuong

33 17
trinh f{x) = O th khoa [ ]
rinh fx ujc khoang 6 8

Chu 2.

1.

Xét bat ding thic:
4sin”63° + —lf— <8 (1)
4sin” 63°
Ta ¢6 (1) < 165in*63° ~ 32sin63° + 15 < 0 (0)
Pat t = sin?63°
Do 60°<63°<90° > g <t < 1. Khi d6:

(2) = 16t - 32t + 15< 0
Xét ham s& f(t) = 16t> — 32t + 15, t € R. Ta cé:
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f't)=32t-32;f (1) =0t =1
Bang bién thién:

t -

. PN

fit) - — 0 +

fit)

\ 0\—1/

Dya v&o bing bién thién ta thay:
—3 <t<l=-1<flt)<O.

Suy ra fit) = 16t% - 32t + 15 < 0, Vt ¢ [%; 1)

\
Véi t = sin“63° ¢ [%; 1). ta duge:

15

16sin*63° — 32sin%63° + 15 < 0 < 4sin63° + ————
4sin‘ 63°

2 Tacoe™>1+2x>e®-2x-150

Xét hamsé f(x) = e - 2x—1,x € &
Tacé: f'(x)=2(e>-1)

ft)=0e®*-1=0cx=0

f(t) = 4e™ = f(0)=4>0
suy ra ham s6 c6 mét cuc ti€u duy nhat, dat tai diém x, = 0.
Do dé, v6i moi x # 0 ta lubén ¢6

f(x)>fl0) e ~2x-1>0e¥ > 1+ 2x

Viy e® > 1 + 2x v6i moi x = 0.

Cfu 3.

1. Tinh jx
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% Bx+4

2

dx

+x-2
5x+4 A B
x*+x-2 x-1 x+2

-1

Pat *

+

< 8 (dpcm).

Suyr35x+4EA_(x+2)+B(x—1)c:>5x+4IE(A+B)x+2A—B

A+B=5 A=3
Ta duoec: o
) 2A—B=4 B=2
Thé vao (*): 25x+4 = 3 + 2
X +%x-2 x-1 X+ 2
U Q i
Do vay: J 25x+4—dx=SJ 1 dx +2_[ 1 dx
1 X +x-2 X -1 1X+2

= 3In|x - llr_)l + 2In|x + 2”01 = -In2.



2. Piém C nAm trén dudng thing A qua D song song véi dudng théng AB,
Dusng thing A ¢é vecto chi phuong i = AB = (4; 1).
Phuong trinh eia A ¢6 dang x — 4y + m = 0.
DoAquaD(2;3)nén2-43+m=0¢ m=10.
Suy ra A x -4y + 10 = 0.
Vi ABCD la hinh thang can nén BC = AD. Do d6 diém C nim trén duong
tron (T) véi tAm B va c6 ban kinh R = AD = V5 .
Phuong trinh cia duang tron (T): (x - 5 + (y — 2)° = 5.
Phuong trinh tung d6 giao diém cia A va (T):

My —

y=4

4y - 157 + (y -2 =517y - 124y + 224 = 0 & 56
|y:_._._
L 17

sy =4 = x=6. Suy ra D(6; 4).
Trong trudng hop nay: CD = AB = V17 (loai)
_ 56 54 (54 56)

- 96 =2 g D{22; 221 (nhan)

*y=1; ®%= 1y SwraD| 7 7] (nhan
54 56

Vi D(—;—.

VU7 17}

Caud. S x’+y*+2°-6x-8y-2z+10=0.
1. Phuong trinh cta mat cdu (S) viét lai:
x-3V+(y-47+(z-17"=16
Céc di€m nim trén dudng tron (T) ¢6 toa d) nghiém ding hé phuong trinh:
{(x—3)2 +ly-42+(z-1" =16 - (x -3 +(y-4)% =15
z=0 lz=0

Suy ra (T) ¢6 tam J(3; 4; 0) va ban kinh r = J15
2. Mat cau (S) ¢6 tam I(3; 4; 1) va bdn kinh R = 4.

Do (P) chia truc Oz nén phuong trinh ¢6 dang Ax + By = 0 (A + B® £ 0)

Mat phidng (P) ti€p xuc v4i mat céu (S) khi va chi khi:

d1, (P)=R & % =4 {3A+4B| = 4JA? + B?
+
< (3A + 4B)” = 16(A* + BY) < 7TA? — 24AB = 0
[A=0
=
L?A -24B =0
¢ A = 0: Ta duge (P): y = 0 (loai, vi (P) = {Oxz))
o 7A - 24B = 0: C6 thé& chon B = 7, khi d6 A = 24. Suy ra (P): 24x + 7y = 0.
Cau 5.

1. Xét phuong trinh 275" 4 Qe - gled

Diédu kién: x > 0

Phuong trinh da cho tuong duong vdi phueng trinh:

4.2%0mx 4 grlex o (Qued)’ o P L T

2 1oy, x
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Pat t = 2°%* (t > 0), phuong trinh trd thanh:
4 M- 0-0o4’ 9+ 4=0

t2
t=2
o t-24t° -t-2)=0 t:1+g/£
p=1- Va3 (loai)
I 8
2t=2c 2" =2 logxx=1ox=3.
1++/33 e 14433 1+4/33 tog, 1:¥ 32
ot = & 2% = T~ & logsx = log, ox=3 8
8 8 8
log, lh{'?)i
Vay phuong trinh c6 hai nghiém: x=3;x=3  #
2. a) Goi I 1a giao diém cda dudng thing CH va AB.
Ta c6 OH L mp(ABC) = OH 1 AB
OC L mp(OAB) => OC L AB
Suy ra AB 1L mp(OCI) > AB 1 CI va AB 1 Ol.
. . 1 1 1
Tu tam gide OCI vubngtai O: — = — + —— (1)
g MY om® Tor T oc
1 1 1
Tit tam gidc OAB vudng ta1 O: =5 = —— + —— (2)
& WoPE T OF T oA T OB
Thé (2) vao (1) ta dugc: LI 1 1 (3)

oHz ~ oa® T oB’ T oc?
b) Thé tich V cia khéi t dien OABC:
V= %OA.OB.OC - %3.23.321 - a%,

Tw@y ~, =L Lo 1 4 oy G
OH a (2a) (3a) 36a 7

OH chinh 1a khodng c4ch tir O dén mp(ABC).
Tacé V = %SABC.OH

. 7 2
3V 33— 73
=8 = — =3a = —
A= oH 6a = 79
Dién tich toan phén cia ti dién OABC:
S = Soas + Sosc + Soca + Sanc

2 2
=a’+3a°+ 3L+% = 9a’.

B4n kinh ctia mat cau néi tiép tir dién OABC:
-3V _3a _a

8, 9a° 3’

166



DE 34

Cau 1,
Cho ham s8 y = fix) = x> - mx* — x + m, goi d6 thi cta ham sé la (C,,).
1. Khao s4t sy bién thién va vé 48 thi cia ham s8 dng v6i m = 1.
2. Ching minh réing v6i moi m ham sé luén dat cuc dai va aye tiéu.
3. Chdng minh ring, khi m thay déi d6 thi (C,,) luén di qua hai diém ci dinh A
va B. X4c dinh m d€& c4c ti€p tuyén cia (C,,) tai A va B vuéng géc v6i nhau.
Ciu 2.
1. Giai phuong trinh cos’x + cos’2x + cos?3x = 1

2

2. Chitng minh rling vdi moi x € R, ta déu cé:

1 +xln(x+\/1+x2) > Ji+xt.

Cau 3.
5 cos? X
1. Tinh tich phan I - 2 g4x .
sin x

L

3
2. Trong mat phing véi hé toa d¢ Oxy, cho tam gidc ABC biét phuong trinh
cdc dung thing chia cdc canh AB, BC lan lugt la 4x + 3y — 4 = 0;
x —y — 1 = 0. Phén giac trong cha géc A nhm trén dudng thdng x + 2y — 6 = 0.
Tim toa d9 cac dinh cia tam gide ABC.
Cau 4.
Trong khéng gian véi hé toa 43 Oxyz, cho hai mat phing
Prx+2y-22+5=0;(Q):x+2y-22-13=0.
Viét phuong trinh clia mat cidu (S) di qua géc toa d6 O, qua diém A(5; 2; 1)
va ti€p xdc v4i ca hai mat phing (P) va (Q).
Cau 5,
P 4

1. Giai phuong trinh (V5 +2) " _ (B_2) ‘- %
i phuong ( N

2. Cho ba tia Ox, Oy, Oz khéng déng phing. Trén Ox, Oy, Oz ldy ldn luot cac
diém A, B, C. Cho biét xOy = o; yOz = p; zOx =7, OA = a; OB = b; OC = c.
a) Tim diéu kién d€ mit cau ngoai ti€p td dien OABC c6 dudng kinh 12 BC.
b) Choa =b =c¢va a = y = 60°. Tinh dién tich ca mat cAu ngoai tiép ti dién
OABC.
Gidi
Cau 1.
1. Khi m = 1 phuong trinh cia ham s trd thanh y = x® — x> - x + 1
(ddc gia tu grai)

167



2. Xéthaimsdy=fx)=x*~mx*-x+m

Tap xdc dinh: D = %
Pao ham y’ = f'(x) = 3x* - 2mx ~ 1
Dé thdy phuong trinh y' = 0 ¢6 hai nghiém phan biét. nén ta suy ra ham
s6 luén dat cuc dai va cue tiéu véi mol gid tri cia m.
3. Phuong trinh ciia ham sé co thé viét

mil-x)=y-x’+x
Phuong trinh trén nghiém dang véi moi m khi va chi khi:

(1-x*=0 {x=1véy:0

o

y-x'+x=0 x=-1lvay=0

Vay dé thi (C,,) luén di qua hai diém c6 dinh AQ1; 0); B(-1: 0).
Ta ¢6 f'(x) = 3x* - 2mx — 1
Céc tiép tuyén cua (C,,) tai A va B c¢6 hé s6 géc lan lugt la
ki =f'(1)=2(1 - m); ky = f'(-1) = 2(1 + m)
Hai tiép tuydn tai A va B vuéng géc vdi nhau khi va chi khi:

ar

kik,=-121-m.2(1+m)=-1m’= i Qm=1—2—

Vay néu m = ig thi c4c tiép tuyén cua (C,,) tai A va B vuéng géc vai nhau.

Cau 2.

1. Xét phuong trinh cos®x + cos®2x + cos?3x = 1 (1)
1+ cos4x N 1+ cos6x
2 2
< 2c0s’x + 2cos5xcosx = 0 < cosx(cosx + cos5x) = 0

[cosx =0

cos5x = —cosx

(1) © cos’x + = 1 < 2cos*x + (cosdx + cos6x) = 0

n
ocosx=0c:x=§+kn

» c085X = —cosX < c0sbx = cos(n - x) & 5x = x(n — x) + m2n

ox= X4 2nhoécx:—£ + O,
6 3 -4 2
Vay phuong trinh cé6 ba ho nghiém:
x= L= + km x = LI ~niﬂ;x=-—1E + Eﬂ(k,meZ)
2 6 3 4 2
2. Ta c6

1+xln(x+\/1+x2) > J1+x! o1+ xin{x+J1+ xz) - Vl-x® 20
Xéthémsé’f(x):1+xln(x+\)1+x2)— 1+;;,xeR

Ta cé f’(x):ln(x+\/1+x2)
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1- 0
f’(x):Oc:x+\/1+x2=1c:{ Xz =o>x=0

1+x2=(1-x)?
1

J1+ x?

Ham s6 fix) c6 cuc tidu duy nhat, dat tai diém x = 0: {0) = 0
Suy ra v6i moi x € R, ta déu cé:

flx) 2 f{0) < 1+xln(x+x)1+x2) - V1+x® 20

Vay 1 +xln(x+x/1+x2) > J1+x* (x € R).

Pao ham eap hai: f(x) = >0=>f(0)>0

Cau 3.
3“52% 1§1+cosx lg 1 lgcosx
1. Ta cé - dx=~j dx——I dx+—‘[. dx
4 sinx 2 ) sinx 2 ’/sinx 2 Jseinx
3 3 3 3
; 1
o Tinh [——dx
Jsinx
3
Dat t = tan ~. Suy ra dt = l(1+tan2§)dx = dx = 2dt2
2 2 2 1+t
Ta duge ——dx= —2 .23 -1
sin x 2t 14+t t
1+1¢t2
Khixe " thite Y3 vax= X thit=1
3 3 2
2 1
Taduge [——dx = [Tdt = Intl, I
;sinx 5t 5 2
3 3
2.c08 X ] 3 1
. _[ ——dx =Infsinx]} =-=1In3 + In2.
5 sinx 3 2
3
3 cos? & 1
Vay 24x = ~In2

2. Toa dd ciia A nghiém dding hé phuong trinh:
4x+3y-4=0 x=-2
Py
Xx+2y-6=0
Toa dd ctia B nghiém diing hé phuang trinh:
4x+3y—-4=0 x=1
=3
x-y-1=0 y=0

A(-2; 4
y—4 = A( )

= B(1; 0)
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Puong thing AC di qua diém A(-2; 4) nén phudng trinh c6 dang:
ax+2)+bly~-4)=0ax+by+2a-4b=0

GoiA;:4x+3y~-4=0;A:x+2y-6=0;Aax+by+2a-4b=0
Tir gia thiét suy ra (A;,Ka) = (ATXZ) Do dé:

la+2b]  |41+23
J5va?+b? V2545
a=0
3a-4b=90

cos(4;,4,) = cos(8,,4,) =

e |la+2bl =2va?+hb? c>a(33—4b)=0<:l:

sa=0>b=0.Dodé A;:y-4=0.
e 3a—4b = 0: C6 thé choa =4 thi b =3. Suy ra A3: 4x + 3y — 4 = O (trung
véi Al)
Do vay, phuong trinh cia dudng thing AClay - 4 = 0.
Toa d6 cia C nghiém ding hé phuong trinh:
-4=0 =
y = 1%%% S 0.
Xx-y-1=0 y=4
Cau4d4, Prx+2y-22+5=0;(Q):x+2y-22-13=0.
Goi I(a; b; ¢) 1a tam va R 12 bdn kinh c¢la mét cau (S). Tir gid thiét ta cé:
Ol = Al
Ol = Al = d4(1, (P)) = d(I, (@) & (Ol = &(1,(P)H
d(,(P)) = d(1,(Q))
*Ol=Al =OI’z=AlPoa’+b?+c*=(a-562%+(b-27%+(c-1)>°
< 10a + 4b + 2¢ = 30 (1)
b -
*Ol = d(, (P) & Va’ +b* +¢? = [a—+2—3—2”—5|
< 9(a® + b? + ¢) = (a + 2b - 2¢ + 5)? (2)

* 4L (P)) = d(L, (Q) = la +2b;2c+5| - [a+2b—32c—13|

[a+2b-2c+5:a+2b—2c—13 (loai)

%b -2 <=4 (3
a+2b-2%+5=-a-2b+2+13 o7 ¢ @

Tir (1) va (3) sy ra:b = L - Ha. _1l-4a
3 6 3
Tu (2) va (3) suy ra: a° + b + ¢2 = 9 (5)

Thé (4) vao (5) va thu gon ta dudc: (a — 2)(221a - 658) = 0

Nhu vy a = 2 hodca = 6—58—
221
Suy ra: [(2; 2; 1) va R = 3 hotic I[@;ﬁ;~ﬂ] vaR = 3.
221°221° 221

Vay c6 hai mit cdu théa dé bai phuong trinh la:

658’ 46 Y 67 \’
—9) - 2)2 —1¥=9 a( ___} ( __] ( ___] =9
x-2Y+(y-2+@z-1) va [ x 951 +|y 551 + z+221 9
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Cau 3.

1. Xét phuong trinh (VB+2) - (B-2) ' = ﬁ

P&y rang (V5+2)(V5-2) =1 V6 - 2= ——
JE +2
Phuong trinh d4a cho tuong duong vdi phuong trinh:

(VB+2) - (5-2) =4 (B+2) - —1 =4
(V5 +2)
Patt = (V5 +2) (t > 1), phuong trinh trd thanh:
-l ot 4t-1=0c =52
t t =2 - V5 (loai)

Véit= V5 — 2, ta co:

(V5+2) =B +2c %=1 x= 4L
Vay phuong trinh ¢6 hai nghiém x = +1.
2. a) Piéu kién dé mat cAu ngoai ti€p td dién
OABC c6 dudng kinh BC la BOC = 90°
(B = 90°) va BAC = 90°
Ta c6 BAC = 90° < AABC vuéng tai A

& AB? + AC? = BC? (%) A
e BC2=O0OB?+ 0OC?=b?+c?
e AB? - OA? + OB? - 20A.0Bcos BOC
AB? = a’ + b% — 2abceosa X
e AC? = OA? + OC? — 20A.0Ccos AOC y

AC? = a% + ¢® ~ 2accosy.
Tu (*) ta duge a% + b% — 2abeosa + a® + ¢® — 2ac.cosy = b? + ¢
Hay 2a® — 2abcosa — 2accosy = 0 < a — beosa ~ c.cosy = 0

Viy néu B = 90° va a = beosa + ccosy thi mat cau ngoai tiép ti dién OABC
¢6 duong kinh 1a BC.

b) Neua=b =cva a=y=60°vap = 90° thi diéu kién cia cu a) duge thda
man, nén mat ciu ngoai ti€p OABC ¢6 dudng kinh 1a BC = a2 .
Dién tich ciia mat cdu ngoai tiép ti dien OABC la:

Swe = 47t( J—] = 2na’,
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PE 35

Cau 1.
Cho ham sé y = fix) = x* + ax* — a, goi d4 thj 1a (C,).

1. Chitng minh ring khi a thay d&i, 48 thi cGa ham s6 luén di qua hai diém
c6 dinh A va B. Xac dinh a dé c4c tiép tuyén cha (C,) tai A va B song song
v6i nhau.

2. Tuy theo a hay l4p bdng bién thién ciia ham s4.

3. Tim cc gid tri cia a sao cho |yl < 1khi x| <1.

Cau 2.

1. Chitng té réing phuong trinh sau vé nghiém: (sinx + J3 cosx)sin2x = 2

2. Cho phuong trinh atan®x + btanx + ¢ = 0 sao cho 2a + 3b + 6¢c = 0
Ching td ring phuong trinh da cho c6 nghiém trén c4dc khoiang

[kﬂ;i—-& kn], véi k € 7.
Chu 3.

dx .

1
1. Tinh tich phan j
0

1-¢*
1+e"

2. Trong mit phdng véi hé toa d6 Oxy, cho hai dudng thing a va b cé
phuong trinh 14n luot la:
mx+(m-2)y-m=0va{m-2x-my-m+ 6 =0 (mla mét tham s6)
Chimg minh ring khi m thay d4ai, hai dudng thdng a va b luén cdt nhau.
Tim quy tich giao diém I cia ching.

Cau 4.
Trong khéng gian vdi hé toa ) Oxyz, cho ba diém A(a; 0; 0); B(0; b; 0);
C(0;0;¢c) véia, b, c>0.

1. Tim mét hé thic giita a, b, ¢ 48 cho mat phing (ABC) di qua diém M(1; 2; 3).

2. Gid st didu kién trén duge nghiém diing, hay tim thé tich nhé nhit cia
khéi tt dién OABC.

Cfiu &.
1. Cho phuong trinh 5.16* + 2.81* = a.36".
a) Gidi phuong trinh khia = 7.
b) Vé6i gid tri nao cda a thi phuong trinh vé nghiém?

2. Cho hai dung tron (Oy; R;) va (Oy; Ry) cdt nhau tai hai diém A, B va lan
lugt ndm trén hai mat phdng phdn biét (P) va (Q).

a) Ching minh ring tén tai mét mat cdu (S) di qua hai dudng trdn
(0y; Ry) va (Oq; Ry).
b) Cho R, = 10, R, = V61, AB = 12, 0,0, = 7. Tinh dién tich ciia mat ciu (S).
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Gidi
Cau 1.
1. * Phuong trinh ciia ham s6 c6 thé viét
ax’ - )=y-x3
Phuong trinh trén nghiém dung vai moi a khi va chi khi:
{1—)(2:0 [x=1v?ay=1
<>

y-x'=0 x=-lvay=-1

Vay db thi (C,) luén di qua hai didm c¢é dinh A(1; 1); B(-1; -1).

*Ta c6 f'(x) = 3x* + 2ax

Cic ti€p tuyén cia (C,) tai A va B c6 hé s6 géc lan lugt 12
ky=f{(1)=3+2a, kg =f(-1)=3 - 2a

Hai ti€p tuyén tai A va B song song v4i nhau khi va chi khi:
ki=kye>3+23=3-2a<=a=0

Vay néu a = 0 thi cac tiép tuyén caa (C,) tai A va B song song véi nhau.

2. Lap bang bién thién cia ham s&
Ham s6 da cho ¢6 dao ham y’ = 3x* + 2ax.
y’=0<33x2+2ax=0¢:x=0hoacx=—%;l

(i)a:O:y'=3x220.\7’xeR

—aC 0 +x
' + 0 +
y / +4C
/ 0
-
(i) a < O:
X | = 0 _2a +
3
y' + 0 - 0 +
y —-a +x
/ 4 s, /v
—x 27
(iii) a > O:
X | - _2a 0 +
3
y’ + 0 — 0 +
iaa —a +o¢
B \ . /

(iii) Xdc dinh a dé {y| <1 khi x| < 1.
o) Diéu kién cAn:
lyl <1khi x| <1>-1<f0)<le-1<-a<le-l<asl
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f) Pidu kién da: Gid sitta c6 -1 <a < 1. Taludn c6 fi-1) = -1; f{1) = 1.
ea =0:y = x* hién nhién diing.

oO<aSl:Suyra——2?a e [-1; 1] 1) *

-1<-a<0
(2)

. —1sa<0:Suyra—g;- e [-1; 11

0<-axl
“lsa<0= i£13—é12—f1—aa>~1
27 27
Tit (1), (2), (3) suy ra, ndu -1 <a<1thi |yl <1khi Ix] <1.
Tém lai, néu -1 <a < 1thi lyl <1khi x| <1.
Cau 2.

1. Xét phuong trinh (sinx + V3 cosx)sin2x = 2 (1).

(3)

(1) & [%sinx + —?cosx]sian =1 & sin [x + g-] .8in2x = 1.

sin2x =1 va six\(x + g] =1 (a)
<>
sin2x = -1 va sin(x + %] = ~1 (b)
o Xét hé (a): sin2x = 1 <> 2x = % +k2n o x = % +kn ke Z

Nhan thay ho x = g + kn khong nghiém ding phuong trinh sin[x + —;—] =1.

Suy ra hé (a) vdo nghiém.
¢ Chitng minh tuong tu, hé (b) ciing vé nghiém.
Viy phuong trinh da cho vo nghiém.

2. Dat t = tanx. Do x € [kn;% + kn} nént e (0; 1)

Ta duge phuong trinh: at’> + bt + ¢ = 0, t € (0; 1).
Nhu vay ta chi caAn chdng minh phuong trinh at? + bt + ¢ = 0 c6 nghiém
trén khoang (0; 1).
X6t ham s6 f(t) = at> + bt + ¢, t € [0; 1).
R6 rang flt) la ham s& lién tuc trén doan [0; 1).
1 a b a+2b+4c

Tacé:f(0)=c,f(1)=a+b+c.f[—]=—+-—+c=
2 4 2 4

Suy ra £(0) + f(t) + 4 f[%) =0 (%
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¢ Néu céd ba sé f10), f[-;—) déu bing O thi hién nhién t = % la mét nghiém
cia phuong trinh f{it) = 0 thudc khoang (0; 1).

s Néu trong ba s6 f(0), Rt), f(%] c6 it nhat mot s6 khdc O thi tir (*) ta dé
suy ra, trong ba sé nay phai c6 hai s khac O va trdi dau. Suy tra
phuong trinh f(t) = 0 c6 nghiém trén khoang (0; 1).

Tém lai, phuong trinh da cho ¢6 nghidm thudc khodng (kn;g + lm).

1 x 1 x 1 x

Il_—exdx=(1— 2edex=1—2 © —dx .

Jl+e 8 l+e Jl+e
bat t = 1 + e*. Suy ra dt = e*dx.
Khix=0thit=2vakhix=1thit=1+e.

e 1 1e l+e
Ta duge [—dx = szt =Inf," =ln(l +e)-In2=tn=——.

pl+e

1
1 —e* 1+e
Va [—~dx=1—21n .
Y Jl+e” 2
2amx+(m-2)y-m=0vab: (m-2)X—-my—m+ 6 =0 (m la mdt tham sé).

)
Xét dinh thic D = tm (m "j = _(m? + (m — 2)"] # 0, véi moi m.

m-2) -
Vay hai dudng thing a va b luén cdt nhau.
Phuong trinh cia a c6 thé viét dudi dang: m(x + y — 1) - 2y = 0 (1).
Phuong trinh (1) nghiém dung v6i moi m khi va chi khi:
{x +y-1=0 {x =1
(=
-2y =0 y=0
Suy ra a luén di qua diém ¢§ dinh A(1; 0).
Phuong trinh ctia b cé thé viét dudi dang: m(x —y — 1) — 2x + 6 = 0 (2).
Phuong trinh (2) nghiém ding vdi moi m khi va chi khi:
x-y-1=0 x=3
{—2x+6=0 = {y=2
Suy ra b luén di qua diém ¢& dinh B(3; 2).
Mt khdc, vecto phdp tuyén clia a va b 1an lugt la
a=(m;m-2)vd V = (m - 2); -m).
Dé thdy 4.V = 0 nén a va b 12 hai dudng thing vuéng géc vdi nhau. Do
vay néu goi I 1a giao di€m ctia a va b thi ta luén c6 AIB = 90°.

Suy ra, ‘quy tich ciia I 12 dudng tron (T) dudng kinh AB.
— Tam cda (T) 1A trung diém J cia AB, suy ra J(2; 1).
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~ Bén kinh cda (T): R = %AB - 23

Vay quy tich cia I 1a dudng tron c6 phuong trinh: (x — 2)® + (y — 1)* = 8.
Ciu 4.
1. a) Phuong trinh cia mat phdng (ABC): X, % +2oq,
a c
2 3

Mat phing (ABC) di qua diém My(1; 2; 3) khi va chi khi: —+ 2421,
a c

b) Goi V 12 thé& tich khéi td dién OABC, ta c6: V = %OA.OB.OC - %abc.
Ap dung bat ddng thuc Cési:

-1-+g+§23. ——6—- <:>123.3i < abe > 162,
a b ¢ abe abe
Do dé V = 27.

Péng thic xay ra khi va chi khi: = = % _

=

Viay minV =27 khia=3,b=6,c=29.
Cau 5.
1. Xét phuong trinh 5.16* + 2.81" = a.36™.
a)a=7 = 516"+ 281 =736"(1). @

2x x
(1) ©54* + 29 =749 o5+ 2.[9J = 7{9] .

4 4
2% x
= 2.[% -7.(3J +5=0
4 4

Patt = (%J (t > 0), phuong trinh trd thanh:

2t2-7t+5=0c>t:1hoact:g.

ot:lc:[g] =1eox=0.
4
5 (9]‘ 5 [5)
ot= — o |—| = — < x=log, |
2 4 2 I\ 2

Vay phuong trinh ¢6 hai nghiém x =0, x = log,{g].
2

b) Bing cach bién d6i nhu trén va dat t = [—i—) (t > 0), ta duge phuong trinh:

2t° —at + 5 =0 (2).
Biét thic A = a% - 40.

) NEu A <0 & —2J10 < a <2410 thi (2) vé nghiém, nén phuong trinh da
cho ciing vo nghiém.
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a£—2\/ﬁ
a > 210

-aS—Z\/iB:SuyraP=t1.t2=%>0vﬁS=t1+t2= % <0.Dod6t; <0

HINuA>0cA=a’-4020 thi (2) ¢6 hai nghiem t,. to (t; < ty).

va t2<0A

Trudng hogp nay phuong trinh da cho vé6 nghiém.
ea> 2\/-1_O:SuyraP=t‘.t2= g >0vaS=t +t;= %>0‘ Dodét, >0va

t, > 0.
Trudng hgp nay phuong trinh 4a cho c6 nghiém.
Vay néu a < 2J10 thi phuong trinh da cho vé nghiém.

2. a) Hai duong tron (O)) va (O;) cing di qua A, B nén tam O, va O,
cia ching ni&m trén mat trung truc (a) cia doan thidng AB. Dung
truc A, va A, cia hai dudng tron (0,) va (O,), di nhién A, va A, nim
trén (a). Goi I 14 giao diém cta A, va A, thi I 1a tam cua mat cau
(S) di qua (0;) va (Op). Vay luén tdn tai mat cdu (S) di qua (Oy) va
(0,), ban kinh cua (S) 1a R = TA.

b) Goi K 1 trung diém cia AB, thi O,K L AB va O;K | AB. Ta co:

OK = /O,A* -KA? = J100-36 = 8

0K = JO,A’-KA? = /61-36 =5
Trong mp(a), vi 10, L KO, va 10; L KO; nén td gidc 10,KO, ndi
ti€p trong dudng tron (T) dusng kinh IK, (T) ciing 12 dudng tron
ngoai tiép cua AOLKO,.
Ap dung dinh li ham s& cosin trong AO;KO,:

0, K’ + O:K? - 20,K.0;K.cos 0,KO, = (0,0,)

64 + 25 — 2.8.5.cos 0,KO, = 49.

Suy ra cos0,KO, = % = 0,KO, = 60°.

Ap dung dinh li ham sd sin trong AO,KO,:
Ke 90 _ 7 14 '

sinO,KO, siné0° 3
B4n kinh cia mit cau (S) la:

R = VIK? +KA? = %+36= 304

3
Dién tich cia mit ciu (S):
S = 4nR? = li"gﬂ
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PE 36

Cau 1. Cho ham s6 y = filx) = (x + 2)* + (x + b)* — x*.
1. Khao sat su bién thién va vé d6 thi (C) cia ham s6 khia=1vab=-1.
2. Céc tham s& a va b théa man diéu kién gi dé ham sé ¢6 cire dai va cuc tidu.
3. Ching minh ring véi moi a, b phuang trinh (x + a)® + (x + b)* - x* = 0
khong thé c6 ba nghiém phan biét.

Cau 2.
1. Chitng minh ring, néu cdc géc cda tam gidc ABC théa man diéu kién
anC = 2cosA thi tam gidc d6 1a mét tam gide can.
sinB
2. Ching minh ring 2 < Jlog,3 + Jlog,2 < ¥
Canu 3.
4
1. Tinh tich phan j', —dx .
sinxcosx

n

6
2. Trong mit phing vdi hé toa dé Oxy, cho tam gidc ABC véi A(l; 5), céc
dudng cao BM va CN nim trén cac duong thing cé6 phuong trinh 1an lugt
3x -4y +11=0va2x+3y-11=0.
Tinh dién tich cua tam gidc ABC.

Cau 4.
Trong khéng gian vdi hé toa d6 Oxyz, cho dudng thdng A c6 phuong trinh
x=1+3t .
tham s4: {y = -1+ 2¢t.
z=4-t

1. Tim giao diém cda A v4i mat phidng (Oyz).

2. Viét phuong trinh cia duong thing la hinh chiéu vuéng géc cia A trén
mat phing (Oxz).

3. Viét phuong trinh cua mat cdu (S) ¢6 bdn kinh R = 2, ti€p xic v6i mat

phing (Oy2) va c6 tam nim trén dudng thing A.

Cau 5. '

1. Gidi phuong trinh x*. 3“7 = 3'°,

2. Cho hinh chép tam gide déu S.ABC c6 canh ddy biing a va canh bén bing
av2. Mot mat cdu (O) di qua A va tiép xic vdi hai canh SB va SC tai
trung diém ctia mdi canh dé.

a) Ching minh ring mit ciu (0) di qua trung diém ctia canh AB va AC.

b) Goi giao diédm thd hai cha mait cau (O) vdi duong thdng SA la D. Tinh AD
va SD.
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Giai
Cau 1.

1. Khi a = 1, b = ~1: phuong trinh cia ham sé trd thanh y = x* + 6x_(déc gia
ty giai).

2. Ham 86 c¢6 tap xac dinh D = &,

Pao ham v’ = 3[x* + 2(a + b)x + a‘ + bl
y=0ox‘+2a+bx+a’+bi=0.
A =(a + b’ - (a°+ b*) = 2ab.
Diéu kién d& ham sé cé hai di€m cuc tri (mdt cuc dai va mot cuc tiéu) la
phuong trinh y’ = 0 phai ¢6 hai nghiém phan biét va d6i dau khi x qua hai
nghiém 44, nghia la:
A">0 < 2ab > 0 <> ab > 0.

3. Chia truang hgp:

(i) ab < 0: Suy ra A" <0, do dé ¥y 2 0 v6i moi x € X, trong truodng hgp nay
ham s6 f(x) ddng bién trén X, th€ nén phuong trinh f(x) = 0 ¢6 khéng qua
mét nghiém, nghia la khong thé c6 ba nghiém phan biét.

(ii) ab > @: Véi diéu kién nay, ham s8 c¢6 cuc dai va cuc tiéu. Goi hai diém
cue tri 1a x,, xo. Bing cdch chia fix) cho f(x) ta dugc:

f(x) = f'(x). % (x + a2+ b)— ab(4x + a+ b).

Ta cé flx,) = —ab(4x, + a + b), f(x;) = —ab(4x, + a + b).
fixy).flxy) = (ab)2[16x|x2 + 4(a + D)X, + Xp) + (a + b)*}.
Vai ®i1Xo = a° + b2 va x, + x, = -2(a + b).
Sau khi rit gon ta duge f(x,).flx,) = (ab)’[9a? + 9b? ~ 14ab]|
= (ab)[7(a - b)* + 2(a* + b)) > 0.
Diéu kién trén chitng té6 diém cye dai va cyc tiéu cia do thi nim cung
mdt phia déi truc hoanh, do dé dé thi cia ham sé khéng thé cit truc
hoanh tai ba diém, do vy phuong trinh f(x) = 0 khéng thé ¢é6 ba nghiém
phan biét. '
To6m lai, vdi moi a, b phuong trinh fix) = 0 khong thé ¢6 ba nghiém phan biéat.
Cau 2,

1. Ta cé: s-l}lg = 2cosA & _s_m_(i = —2c0s(B + C).
sinB sin
< anc = ~2(cosBeosC - sinBsinC)
sinB

& sinC = —2sinBcosBeosC + 2sin’BsinC.
< sinC(1 ~ 2sin’B) = —sin2BcosC <> sinCcos2B = —sin2BcosC.
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> tan2B = ~tanC < tan2B = tan(-C) < 2B = -C + kn
Chi ¢6 thé x4y ra khi k = 1.
Taduge: 2B=n1-C o 2B=(A+B+C)-C s A=B.
Vay ABC :A tam gidc can tai C.
2. Ta ¢6: 1 < logs3 <2 = 1 < Jlog,3 < V2.

1 1
valog2 = — = /log, 9 - -
& log,3 : log,3

Nhu vay (log,3 + Jlog,2 = log,3 + ‘/llia
0g,

Pat x = Tog,3 thi 1 <x< V2 va Jlog,3 + Jflog,2 = x + l
X

Xé* ham <6 fix) = x + l vdi x € [1; J2 1
X

fix =1~ %:Mg—x—tﬂ >0,xe[1;\/-2_}>
X X

Suy ra fix' déng bién trén doan [1; V2 ). do dé:

lex < V2 :f(l)<f(x)<f(\/§)©2<x+ l( 3—\2@-
X
1 3J2

Cho x = log,3 ta dugc: 2 < Jlog,3 +

Jlog,3 T2

Hay 2 < log,3 + Jlog32 < %\'@ (dpcm).

Cau 3.
1. Ta ¢6: f— 4 —dx = 2}—-1—dx.
JSINXCOSX sin2x
&

n
6

Pat t = tanx. Suy ra dt = (1 + tan’x)dx = dx = TdtT
+
Ta duge - _—!- cdx = _c_it_2 - Lar
sin2x 2t 1+t 2t
1+t?
Khix= - thit= £v3x= T thit=1
6 3 4
2 1 ! fq
Ta duogce }'— 1 ~—dx = I—l—dt =Int] = —an—S- = l1n3,
Jsinxcosx \;Jdt 3 3 2

W

6 3
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2. Pudng thing AB vudng géc véi dutng thdng CN nén cé vecto phap tuyén
a = (3; —2). Phuong trinh ctia dudng thing AB la:

x~1)-2Ay-5)=0=3x-2y+7=0.

Pudng thing AC vuéng géc véi dugng thing BM nén c6 vectd phép tuyén
v = (4; 3). Phuong trinh cia dudng thdng AC la:

4x-1)+3(y~-5)=0=4x+3y—-19=0.
Toa 34 cia C nghiém ding hé phuong trinh:

— = :—1
3x-2y+7-0 [ = B(-1; 2).
3x -4y +11= 0 7

Toa dd cia C nghiém ding hé phuong trinh:
{4x+3y—19=0 o {x:

4
= C(4; 1).
2x+3y-11=0 y=1

Ké duong AH cua tam gidc ABC, ta ¢6: Sapc = % BC.AH.

« BC = /26.
¢ Phuong trinh cia duong thding BClax + 5y ~ 9 = 0.

AH = d(A, BC) = pe85-9 _

26 J26
1
Dién tich cta tam gidc ABC: Sppc = \/_ 75_—6 == (d dt).
x=1+3t
Cau 4. Theo gia thiét A c6 phuong trinh tham s§: <y = -1+ 2t.
2=4-t
1. Toa d6 giao diém cia A va mat phing (Oyz) nghiém ding hé phuong
0=1+3t z=0
trinh: <y = -1+ 2t < J{y =—%.
z=4-1t 13
z="—
3
5 13
Vay dudng thAng A cdt mat phing (Oyz) tai diém I|0 "33
2. Goi A’ 1a hinh chiéu vuéng géc ctia A trén mat phing (Oxz), dé thay
x=1+3t
phuong trinh A’ 1a <y =0
z=4-t

3. Goi I 12 tAm cia mét cau (S), do ] € A nén I(1 + 3t; -1 + 2t; 4 - t).
Tir gia thiét ta cé:
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dd, (Oxy) =R < 4 -t =2 t=2hoact =6
Suy ra I(7: 3; 2) hoac 1(19; 11; —2).
Viy phuong trinh cua mat (S) la:

X=-7F+(y-3%+(z-2¥=4hosic(x-197+(y-11)2 +(z+ 2> =4
Cau 5.

1. Xét phuong trinh x* 3"&* = 3!,
Piéu kién x >0 va x = 1.
L4y logarit hai vé& theo co sé 3, ta dugc:
Slogax + log,27 = 10 < 3logsx + 3log,d — 10 =0

< 3logsx +

- 10=0.
og,X

bit t = logsx, phuong trinh trd thanh: 3t~ 10t + 3 =0 <>t =3 hoact = 1
et=3 o logax =3 & x=27.
ot = 1 < logsx = 1 ox=Y3.
3 3
2. a) Goi I, J lan lugt 14 trung diém cia SB
va SC. Do SB la tiép tuyén cda (O) tai 1
nén diém B ndm bén ngoai mit ciu (S).

Goi M 1a giao diém thit hai cia dudng
thing AB va mat ciu (0).

2

] = BM.a.

Suy ra BM = %. Vay M 1a trung diém cia canh AB.

Ta c6 BI? = BM.BA = [a\zfé

Chiing minh tuong tu N 1a trung diém cia canh AC.
b) SI 1a tiép tuyén coa (0) ké tir S, 1 1a tiép diém. Néu SA cit (O) tai D thi cé:

2
e F
SD.SA = SIZ - SD = SL _ =a‘/§.suyraAD=3aVz_
SA a2 4 4
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DE 37

Cau 1.
1. Khao sat sy bién thién va vé ad thi (C) cta ham s6 y = x* — 3x” + 2.
2. Trén (C) 14y di€ém M bat ki ¢6 hoanh d6 x = a. Bién luan theo a sé tiép
tuyén cta (C) ké tir diém A. '
Cau 2.
1. Chung minh ring, néu cac géc cua tam giac ABC thoa man diéu kién

sin—Az—cosag = sin%cosag thi tam gidc @6 1a mdt tam gidc can.

2. Gidi phuong trinh: ¥x+4 ¥2x+5 =x+ 1.
Cau 3.

1. Tinh tich phan 2J-»—;--]i‘,(—c.‘lx .
Jsin” x
3

2. Chitng minh ring trong mat phing toa d6 Oxy. khong ton tai mat tam
gidce cdn cé goc tai dinh bing 45° va cac dinh cia né c6 toa do la nhiing
s8 nguyén.

Cau 4. Trong khéng gian vdi hé toa 46 Oxyz, cho hai mat phing (o) va () dinh
bai: (o) 2kx +y -2+ 1=0,{3): x— ky + z~ 1 =0 (k la mét tham s§).

1. Xét vi tri tuong déi giita hai mat phing (a) va (B).

2. Goi A la giao tuyén cua (o) va (). Hay xdc dinh gia trl cua k dé8 A nAm
trén mat phang (Oyz).

Cau 5.

1. Gidi phuong trinh 24> 4+ 3% #* = 5%,

2. Cho hinh chép tam gidc S.ABC vdi AB = 3a, AC = 4a, BC = 5a va cac
canh bén SA, SB, SC cung tao véi mit phing (ABC) mat gée «. Xdac dinh
tam va tinh dién tich cua mat cdu ngoai tiép hinh chép S.ABC.

Gidi
1. Khao sat ham sé' y = x” — 3x? + 2 (déc gia tuy giai).
2. Ta ¢cé y’ = 3x° - 6x.
Trén (C) lay di€m A(a: a’ — 3a® + 2) bat ki. Phuong trinh ti€p tuyén cia
(C) tai A c6 dang: y = (3a% — 6a)(x — a) + a” — 3a” + 2
<> y =(3a’ - 6a)x — 2a” + 3a° + 2.
Phuong trinh hoanh dé giao diém cta (C) va tiép tuyén tai A:
x* - 3x* + 2 =(3a% - 6a)x - 2a° + 3a’ + 2

c>(x+2a—3)(x--a)2=0c>{xza
|x=-2a+3
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* _2a+3=a<>a=1, khidé A& vitri A1;0), rd rang tiép tuyén caa dd
thi (C) tai A, khéng cit dé thi tai diém thit hai. Trudng hdp nay, chi ¢é
mot ti€p tuyén eia (C) qua A vdi phuong trinh 1a y = -3x + 3.

* 2a+ 3 #a< a=1thitiép tuyén cia (C) tai diém A c6 hoanh 44 a sé&
cdt (C) tai di€m thd hai A, c6 hoanh d9 a; = -2a + 3. Nhu vay c6 nghia
14, qua diém A trén (C) v6i hoanh d6 a = 1, ta vé dugc véi (C) hai tiép
tuyén, mét ti€p tuyén nhén A lam tiép diém va mdt tiép tuyén nhan
diém A, c6 hoanh dé a, = —2a + 3 1am tiép diém.

Tém lai:

¢ Khi a = 1: C6 mot ti€p tuyén cua (C) ké tir A

e Khi a = 1: C6 hai ti€p tuyén cta (C) ké tir A.

Cau 2.
1. Theo gia thiét sin -A—cos3§ = singcos‘*é (1)
2 2 2
(1) < tanr ?-cosZE = tangcoszA & ta.n—é-#B = tanE.—l——X.
2 2 2 2 2 1+tan2§ 214 tan22
& tan is‘-(1 + tanQé-j = tan B(l + tanQE]
2 2
[tan 22 —tan?® —B—] + [tan—- - tangj =0.

2 2

B\

o (tané -tan—
2

A
Vitan’5 + tan —%tan-g + tanzg > 0, nén tir (2) ta cé:

J (tan ~+ tan—tanB + taan] =0 (2)
2 2 2

l;:a,né-tanE =0<:>tané =tar1E = é=§+kn.

2 2 2 2 2
. . . A B
Chi xdy ra khi k = 0, nhu thé ta duge: 2 2 < A =B.

Vay tam gidc ABC can tai C.

2. Xét phuong trinh: Yx+4 - VY2x+5 =x+1.
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Tap x4c dinh cda phuong trinh D = [—-2—; +ao]4

Nhén thay néu x = -g thi phuong trinh khéng nghiém dang. Do d6 ta

tim nghidm cia phuong trinh trong mién x > —% .

Dita=2x4+5>0,b=x+4>0.Suyraa-b=x+1.
Phuong trinh da cho tuong duong voi: ¥b-Ya=a-b o ¥a +a= ¥b +b.
Xét ham s8 fix) = ¥x + x véi x € (0 +).



Suyra fla)= ¥a +avafib)= {b +b.
4

Ta ¢b f'(x)::‘[’£+1>0,‘v’xe(0;+a¢).
X

Ham sé fix) déng bién trén khoang (0; +x). Do dé:
Ya +a=db +bofla)=flb) >a=box+1=0cx=-1
Vay phuong trinh ¢6 mot nghiém x = -1,
Céau 8.

:
1
1. Tinh f—~ dx .
! Jsin’x
3

Patt = tan > = dt = %1+tan2i)dx = dx =
2 2 2
J3

Khix:lthitz — va khix = Ethit:l.
3 3 2

2dt

1+t%

"

3 1 2\3 14 2 1 \
F,I.J Ix = J]+t . 2dt2 =l J-t +2§ +1lt:l j.(t+g+-lrjdt>
Jsin’x sU 2t 1+t 4 5 t 4 3 t t°

3 A 3 i

2 2

f%dx: L t—+21 ——1-2— 'l+llﬂ3

Jsin”x 2 2t° I, 3

2. Gid s\ tén tai tam gidc ABC eén tai A véi BAC = 45° va céc dinh A, B, C

¢6 toa dd nguyén. Goi S 1a dién tich cia tam gisc ABC. ta cé:
S = %AB.ACAsin45° - ?AB*

Vi hai diém A va B c6 toa do 12 nhimg s6 YIM_ AP
nguyén nén AB® la mét s nguyén duong.
Suy ra S 1a mét s6 vé ti. (1)
Mat khic, ta luén ¢6 thé dung duge mot
hinh ch& nhit ¢6 cd4c canh song song vdi
cac truc toa do (hodc ndm trén cde truc B
toa d8) sao cho cac dinh A, B, C n¥m trén
cdc canh ciia hinh chd nhat dé. Gid s N C
tam gidsc ABC nAm trong hinh chi nhat o) X
MNCP nhu hinh bén.
Ta c6: S = Syncr — (Sams + Sane + Sapc)
Trong trudng hop nay d& thiy cac dién tich Syncee, Sams, Sane, Sape 12 cde
s6 hitu ti. (2)
Nhan thay hai két qua (1) va (2) mau thuidn vdi nhau.
Vay khéng ton tai mdt tam gidc can cé tai dinh bdng 45° va cac dinh cda
né c6 toa do la nhirng sé nguyén.

v
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Cau 4. Theo gia thiét (o) 2kx +y—z+1=0,(P:x-ky +z-1=0.
1. Cac mat phang (o) va (B) c6 phap tuyén la 6, = (2k; 1; -1) va i, = (1; -k; 1).

2. Dugng thing A c6 vecto chi phuong G = [i

f,)=(1-k;~1-2k; -2k’ - 1) = 0.
Suy ra véi moi k. hai mat phidng (¢) va (B) luén cit nhau.
f,) =(1-k; -1 - 2k; -2k* - 1.

Tacdé(d,,
D& A ¢ mp(Oyz) trude hét ta phai c6 didu kién: & L i
>1-k=0ok=1

Khi k = 1, phuong trinh cta (@) va () trd thanh: (o) 2x + y -z + 1 = 0,
B)rx~-y+z-1=0.

Nhian thay My(0; 1; 2) 1a mot diém chung cia (a) va (B) nén M, € A, hién
nhién M, ciing ndm trén mat phing (Oyz), nén A ¢ mit phidng (Oyz).

Vay gi4 tri can tim la k = 1.

Cau 5.
1. Xét phuong trinh 22 4 3272 = 5%,

Nhéin thay x = 1 12 mt nghiém cda phuong trinh.

Phuong trinh da cho 12 phuong trinh hoanh d6 giao di€m cia 48 thi hai
ham s§: fix) = 2 + 3% (C) va g(x) = 5* (L).

Dé thay A(1; 5) 12 mot giao diém cha (C) va (L).

Mat khide:

o f(x) = —22*1n2 — 2.3 In3 < 0, nén fix) nghich bién trén E.
e g(x) = 5* 12 ham s6 dong bién trén & (cos6a=5> 1)

Do d6 A(1; 5) 14 giao diém duy nh4t ctia (C) va (L).
Vay phuong trinh di cho ¢6 mét nghiém duy nhat 1a x = 1.

2. T gia thigt ta dé suy ra AABC la tam gidc vudng tai A.
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Ké dutng cao SH cia hinh chép thi HA,
HB, HC 1a hinh chiéu- vudng goc cha SA,
SB, SC trén mit phing (ABC), suy ra
SAH -=SBH =SCH = a. D& thiy cic tam
giac SHA, SHB, SHC cung vuédng tai H va
bing nhau, do d6 SA = SB = SC va
HA = HB = HC. Nhu viy H la tim duong
tron ngoai ti€p AABC va dudng thing SH
la true eda dudng tron ngoai tiép cia AABC.
Mat khédc AABC wvudng tai A, nén H la
trung diém cha BC. Qua trung diém I cia




canh SB, dung mit phdng trung truc cia SB, goi O la giao diém cda mat
phéng nay vdi dutng thing SH, diém O la tdAm mat cAu ngoai ti€p hinh
chép S.ABC.
Ti tam gide vudng SHB ta cé

BH 5a

SH = BHtana = -Q?-tana va SB = = )
2 cosa  2coso

Tir hai tam giac vuéng S1O va SHB déng dang:

5a Y
SO _ Sl p.go- SISB_SB | [55‘35_5] . _Sa
SB - SH SH ~ 2SH

2.-5—atana
2

Dién tich cha méat cdu ngoai tiép hinh chép S.ABC la:
5a ]2 _ 25na’
2sin2a

{
S = 4nr® = 4z = :
™ t sin’2a

DE 38

CAu 1. Cho ham s6 y = x* - 2(m + Dx? + 2m + 1. Goi d4 thi cia ham sé la (C,,).
1. Khao sit sy bién thién va vé dé thi (C) cia ham s6 khi m = 0.
2. Tim trén truc tung cac diém sao cho tir d6 vé duge véi dé thi (C) bén tiép
tuyén phan biét.
3. Xac dinh cic gia tni cda m dé€ d6 thi (C,) cdt truc hoanh tai bon diém
phan biét ¢6 hoanh @6 1ap thanh mot cap sé cong.
Cau 2.

1. Gidi phuong trinh cosxcos %COS—:?}' - sinxsin %sm?—zx- ==,

2. Tinh dao ham cia ham sé sau: y = (x* + 1)~
Cau 3.

br

12

1. Tinh tich phan J.
7 sinx + cosx
]

2. Trong mat phing v6i hé toa do Oxy, cho tam giac ABC vé6i A(-4; 2),
B(6: 7), C(2; -1).
a) Timn toa d4 tAm cia dudng tron néi ti€p cia tam gidc ABC.
b) Viét phuong trinh cia dudng tron néi ti€p cia tam gidac ABC.
Cau 4. Trong khong gian vdi hé toa 4§ Oxyz, cho hai dudng thdng

dx .

X=2+t Ix=3—2t
.\13 y:—5+2t va Ay! y=“5—t.
[2=3+t z=1

1. Ching minh rang hai dudng thing A, va A, chéo nhau.
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2. Tinh géc ¢ tao bdi A, va Ay,

3. Viét phuong trinh ciia mat phing (a) qua A, va song song véi A, Tinh

khoang cdch gita Ay va A,.
Cau 5.
1. Gidi phuong trinh 3* + 4* + 3.5* = 10",

2. Cho hinh chép tam gide S.ABC trong d6 ddy ABC la tam gidc vudng cin
tai A vda AB = a, mat bén SBC vudéng géc vdi ddy, hal mat bén con lai
cung hop véi ddy mot géc a. Xac dinh tAm va tinh bdn kinh ctia mat cau

ngoai tiép hinh chép S.ABC.
Giai
Céu 1.

1. Khi m = 0 phuong trinh cha ham s6 tré thanh y = x* - 2x* + 1.

a) Tap xdc dinh: 2 = .
b) Su bién thién:

e Chiéu bién thién: y’ = 4x® - 4x = 4x(x* - 1).
x=0

/:06’7
Y x =zl

v

y > 0 khi x € (-1; 0) U (1; +=»), ham sé déng bién trén hai khodng

(-1; 0), (1; +=).

y < 0 khi x & (~; =1} U (0; 1), ham s6 nghich bién trén hai khoiang

(-2; -1), (0; 1).

e Cuc tri: Ham s6 dat cuc dai tai x = 0, yop = 0 va dat cue tiéu tai x = +1,

yor = 0.
e Giéi han: limy = +«, limy = +x,

» Bing bié&n thién:

X - -1 0 1

’ - 0 + 0 - 0

+

J3

)Pothiiy =12x° -4, y" =0 o x=*

\(?T /CD.\‘ o /:x

3 y 4
Suy ra d6 thi c6 hai diém udn
V3. 4) . J3 4
I — —|vad|-—; —|.
3 9 3 9 1
Ham s6 y = x* — 2x* + 1 la mot ham sé chén \ \
nén dé thi nhan truc tung lam truc déi xing. 1 O

188

v



2. Trén truc tung ldy diém M(0; b) bat ki, phudng trinh cia dudng thing A di
qua M(0; b) véi hé s6 giéc k ¢6 dang y = kx + b.
Duong thdng A va db thi (C) ti€p xic vdi nhau khi va chi khi hé phuong

x'-2x* +1=kx+b 1)

4x -4x =k (2)

Thé& (2) vao (1) ta duge phuong trinh 3x* — 2x% + b - 1 = 0 (1).

Pat t = x* (t > 0), phuong trinh (I) trd thanh 3t° ~ 2t + b — 1 = 0 (I]).

Goi fit) = 3t* - 2t + b - 1.

Nhan xét ring, do (C) nhén truc tung lam truc déi xdng nén:

— Né&u sd tiép tuyén cua (C) qua M la mot s6 18 thi trong dé phai ¢6 mét
tiép tuyén song song hodc trung véi truc hoanh, ti€p tuyén nay c6 hé sé
gée k = 0, tue la:

trinh sau c¢6 nghiém: {

. =0
k=0 dx' - 4x=0c |
|_x =+1
— Né&u s0 tiép tuyén cia (C) qua M 14 médt s6 chin (2 hoac 4) thi céc Liép tuyén
nay déu c6 hé sd khae 0 va timg caip di ximg véi nhau qua tryc tung.
Do d6 dé tir M vé duge v6i (C) bén tiép tuyén phan biét thi phuong trinh
(1) phai ¢6 bon nghiém phéin biét khdc 0 va khac + 1, khi dé6 phugng trinh
(IT) ¢6 hai nghiém duong phan biét khdc 0 va 1. Nhu thé ta phdi c4 diéu
. A>0.P>0,S>0
kién:
flo) =0, f(1) =20

0-3’=—3b+4>0c>b<%

P = b-1 >0,b> 1.
.S:: ?- >0.
3

efl)20>b=1,A1)«0=>b=0.

Tu cdc két qud trénsuyral <b < ;—

Vay cac diém M(O; b)vsi 1 <b <« g— thi tir M vé duge véi (C) bon tiép

tuyén phan biét.
3. Phuong trinh hoanh 46 giao diém cha (C,,) va truc hoanh:
¥ —2m+ Dx*+2m+1=0 (1)
Gid st (C,) cdt truc hoanh tai bén di€m cé hoanh dg l4p thanh mot cap
s6 cong, thi bén nghiém d6 c6 dang:
—3%q, — Xy, Xo, 3Xy (Xg > 0), cong sai cia cAp s6 cong nay 1a d = 2x,.
Dat X = x* (X > 0), phuong trinh (1) trg thanh:
X-2m+DX+2m+1=0 (2).
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Nhu thé& phueng trinh (2) phéi cé hai nghiém la: X; = x}. X, = 9x;.

X, +X; =2m+1) _ {wxf, =2Am+1)  (3)
X, X, =2m+1 9%, =2m+1 4)
Khi x, gitfa (3) va (4) ta duoe phuong trinh: 9m® — 32m - 16 = 0.

Theo dinh li Vi-ét ta cé: {

Phuong trinh trén cé hai nghiém m = 4 hodc m = —g>

Né&u m = 4 ta duge cdp s6 cdng: -3, -1, 1, 3.

Néum = 4 ta dugc cap sé cong: -1, —l, l 1.
9 3 3
A 4 . C A s
Viy: m =4, m = — 5 la céc gid tri can tim.
Céu 2.
3 . . . 3 1
1. Xét phuong trinh cosxcos %cos—g— —smxsmism—x =— (1)
(1) < cosx(cos2x + cosX) + sinx{cos2x — cosx) = 1.
<> cos2x(sinx + cosx) + cos’x — sinxcosx = sin’x + cos’x.
& cos2x(sinX + cosx) — sinx(sinx + cosx) = (.
& (sinx + cosx)(cos2x — sinx) = 0.
sinx + cosx = 0
cos2X — sinx = 0
-sinx+cosx=0<:>tanx=—1<:x=-—g + kn.

] n
® c082x — sinx = 0 ¢ co82x = cos (E - x)

2x=£—x+m2n x=£+mg£
o 2 o 6 3
n n
2X = —— + X + m2xn X =-—+m2n
2 2
Vay phuong trinh ¢6 ba ho nghiém:
x=-Tikn x=2+mZ x=-% +m2n(k. me 2)
4 6 3 2

2. Doy=(x*+1%>0, Vx € R, nén ldy logarit ty nhién hai vé& ta dugc:
Iny = xdn(x* + 1).
L4y dao ham hai vé theo x:

’ 3 4
Y clnx*+1) +x Tx =ln(x*+ 1) + 4x
y x +1

x'+1

4
Suy ra: y = (x'+ D~ [ln(x4 +D+ ‘}x ]
x +1
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Cau 3.
5x

1

Sn

12
1. Ta cé: J I X.
; sinx + cosx ‘/—"sm[x+ ]
¢ 4
Bfitt=tan(i+z):>dt= 1 1+tan2[§+ﬂj x > dx = 2dt2.
2 8 2 2 8 1+t

Khix:%thit:lvékhix:%thit: J3.

5_)(
12

[ oy
Jsinx + cosx ‘/—
4
2. A(—4; 2), B(6; 7), C(2; -1).
a) Trong tam gidc ABC, ké phan gidc trong AM va trong tam gidc ABM ké
phan gidc trong BI. Diém I 12 tAm dudng tron noi ti€p cda tam gidc ABC.

Ta c6 MB = - 2B 6.
AC

1+1:2
2t 1+t

_2

In3.

ﬁl 1 »3
~dt = —=In
&

TrongdéAB=5\/g.AC=3\/f_>.

Suy ra MB =—é MC.

Do dé6

__AB IM. V4i BM = %.
BM 2

Ta cing c6 1A
=-2IM:

-4 + 2.7

_ 2
1+2
2+22

1+2
Vay tim dudng trdn néi tiép cda tam giac ABC la I(1; 2).
b) Phuong trinh cia dudng thing BC: ; ‘g - Yl‘77

Bén kinh r cia dudng tron ndi ti€p tam gidc ABC:

Suy ra IA

X, =

Do d6 =1 = I(1; 2).

y =

o2x-y-5=0.
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1-2-
R:d(I,BC):uz J5 .
J5

Phuong trinh cua dudng tron ndi ti€p caa tam giac ABC:
(x — 1) + (y - 2° = 5.

x=2+t Xx=3-2t
Cau 4. A {y=-5+2t va Ay <y=-5-t.
z=3+t z=t

1. Pudng thdng A; di qua diém M,(2; -5; 3) c6 vectd chi phuong 0 = (1, 2; 1).
BPuting thang A; di qua diém My(3; -5; 0) cé vecto chi phuong v = (-2; -1; 1)
Dodé [u, v]=1(3:-3;3), M\M, =(1; 0; -3).

Suyrald, v].MM, = -6=0.

Vay hai duong thing A, va A, chéo nhau.

(- (-1 +.1.
2. Ta c¢6 cosgp = |cos(a, v)l = |1 2)‘+2( )+ u =l
JI2 42112 2 + (12 + 12 2

Suy ra ¢ = 60°.
3. Mat phdng (P) qua A, va song song v6i A; nén c6 vects phap tuyén la
n =[d, v]=(3;-3; 3), vecto nay cing phuong véi vecto w = (1; -1; 1).
Ngoai ra M(2; -5; 3) € A, nén M,(2; -5, 3) e (o).
Vay phuong trinh cia mat phdng (o) la:
1(x-—2)-1(y+5)+1(z-3)=0=x-y+2-10=0.
Khodng cdch gita A; va Ag:
B-(-5+0-10 2
J3 CR

dA), Az) = d(My, () =

Céau 5.
1. Xét phuong trinh 3* + 4* 4+ 3.5 = 10~
Truéc hét ta thdy x = 2 12 mét nghidm ciia phuong trinh da cho.
Phuong trinh da cho tuong duong vdi phuong trinh:

3+ 4% = 52" - 3) [ﬁ] +[i] - 2" ~3(%)
5) (5
Phuong trinh (*) 1a phuong trinh hoanh db giao diém cda dé thi hai ham sé:

fix) = (—g—) + [g—) (C) va g(x) = 2" - 3 (L.
D& thay A(2; 1) 1a mot giao diém cua (C) va (L).
Mat khdc, f(x) 14 ham s nghich bién trén R va g(x) 1a ham s déng bién
trén R, do dé A(2; 1) 1a giao diém duy nhét cta (C) va (L).
Vay phuong trinh 43 cho ¢6 mdt nghiém duy nh4t 12 x = 2.

2. Ké dudng cao SH cda hinh chép, do (SBC) 1 (ABC) va (SBC) n (ABC) =
BC nén SH | BC va H € BC.
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Cau 1. Cho ham sd y = x* - 4x® — 2x® + 12x -1, goi dé thi la (C).
1.
2.

Goi I, J lan lugt 1A hinh chiéu vuéng
géc cia H trén AB va AC thi SI 1 AB
va SJ L AC, suy ra SIH = SJH =«
Dé thay hai tam gidac SHI va SHJ cung
vudng tai H va b%ng nhau, do d6
HI = HJ va SI = S8J. Vi AABC vudng
can tal A nén td gidc AlIHJ la hinh
vudng, suy ra AH 134 phdn gidc cua géc
BAC, nhu thé H 12 trung diém cia BC.
Goi K la trung diém cia SB, qua K
dung mit phdng trung tryc ciia SB, mat
phing nay cdt SH tai diém O, diém O
la tdm ctia mat cAu ngoai tiép hinh
chép S.ABC.

Tu tam gidc vuéng SHI:

SH = Sltana = %tancx, suy ra SB = g—\/tanza +2

Hai tam gisc vuéng SKO va SHB déng dang cho:
_ a(tan’a + 2)

2
SO _ SK _ g, . SKSB _ SB

SB ~ SH SH  2SH
Viy ban kinh ciia mat c4u ngoai ti€p hinh chép S.ABC la

a(tan’o + 2)
4tana

R =

PE 39

Lap bang bién thién cia ham sé. ,

Chiing minh ring 46 thi (C) c6 truc d6i xiing song song véi truc tung, tif

d6 tim toa d§ giao diém cia dd thi (C) véi truc hoanh.

Céu 2.

1.

2. Tinh dao ham cla ham s y = ——— .
(x+1)’.x+2)
Céu 3.
g 1
1. Tinh tich phéan dx

Giai phuong trinh 4cos’x ~ sin2x — tanx = 0.

(x - 2)*

1sinx +V3cosx
6

2. Trong m#t phing vdi hé toa d¢ Oxy, cho hai dudng trom (Cy) va (C;) c6

phuong trinh 1dn luot [a x* + y* + 2x —4y — 4 =0
va x* +y*-6x- 10y + 30 = 0.
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a) Chitng minh ring hai dugng tron (Cy) va (C,) tiép xiic ngoai vdi nhau. Xdc
dinh toa d¢ ti&p diém cia chung.
b) Viét phuong trinh c4c ti€p tuy&n chung cia (C,) va (Ca).
Cau 4. Trong khong gian v6i hé toa d6 Oxyz, cho dudng thing A:

x-3 _y+9 _2-7 va diém M[-S; —E; 5].

2 1 2
1. Goi A, B, C lan lugt 1a hinh chi&u vuéng géc chia M trén céc truc Ox, Oy,
Oz. Viét phuong trinh cia mét phdng (@) qua A, B, C.
2. Tim géc ¢ tao bdi A v mit phdng (a).
3. Tim phuong trinh duing thdng d 1a hinh chiu vuéng géc ciia A trén mit

phéng (a).
Cau 5.
C2nY
sSin- - n 2x x x
1. Giai phudng trinh 27 + {cos-i] = (003—7—} .

2. Cho taf dign ABCD v6i AB=CD =a, AC=BD=b, AD=BC =c.
a) Chiing minh riing tim mit cdu ngoai ti€p va tAm mit cdu ndi ti€p cha tr
dién trung nhau.
b) Tinh b4n kinh cla m4t c4u ngoai tiép td dién ABCD.
Gidi
Cau 1.
1. Tap xdc dinh D = R.

Pao ham y = 4(x* - 3x*~ x + 3),.

=1
Y=0ox-8x—x+3=0c {"
x=3
Gidi han limy =+, limy = -=.
Bang bi&n thién:
—® . -1 1 3 +oc
y 0 + o - - 0

~ +
6
y +x \ 10 / \ 10 +a0

2. * Goi I(1; 0). Thye hién phép tinh ti€n theo vects OI, ha Oxy bién thanh
hé IXY.

£ R ; . x=X+1
Ap dung cdng thde chuyén truc: ¥
y =
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Thé vao phuong trinh cGa ham sd d& cho, ta duge:

Y=(X+1) - X+ -2X+1D*+12X+ 1D -1

=Y =X -8X%+6.

Ta d& chimg minh duge Y = X! -~ 8X% + 6 1a mot ham s6 chdn trong hé
IXY, nén dé thi (C) ctia ham s& nhén truc tung I'Y lam truc d8i ximg, truc
do6i ximg nay c6é phuong trinh: X =0 <= x = 1.
Vay trong hé Oxy, dudng thing x = 1 1a truc d&i xing cta dé thi (C), dé
12 duong thdng song song vdi truc tung.
* Phuong trinh hoanh dd giao di€ém cta dé thi (C) v6i true hoanh trong hé IXY:

X X4 620 X7 EVENVIO0

X = +y4 - J10

Suy ra dé thi (C) cdt tryc Ox trong hé Oxy tai bén diém c¢é toa dé la:
_—
(1+y4+10;0), (1+y4 -J10:0).

Cau 2.

2. Himsé y = f(x) =

1. Xét phuong trinh 4cos®x — sin2x - tanx = 0 (1).
Piéu kién x = g + k.
Dat t = tanx, phudng trinh (1) trd thanh:

4 2t
1+t2 1+¢t?

otP+3t-4=0@t-1t’+t+4)=0ct=1Witl+t+4>0)

—t=0o4-2t(1+t)=0.

Taduqct:lc:ta.nx:lax:l + kn.

Vay phuong trinh ¢6 mdt ho nghiém x = % +kn k € Z.

_ 2
?% c6 tap xdc dinh D = R\(-1; —2}.
X + AX +
* Tinh £(2):
1

—_ = - 2
bat gx) = PURTFRTIOE ta dugce f(x) = (x — 2)°.g(x).

f(x) = 2(x — 2).g(x) + (x - 2)2.g(x).
Suy ra f(2) =0 (1)

. . (x - 2)?
* K.hlx € D\l2i th.l y= (——1)3"('—'—2) # 0. Ta c6:
X+ AX +

(x - 2)°
Iniyl :ln(x+1)3.(x+2)‘ =2lnlx—- 2] -3Inlx+ 1] —4In|x + 21

‘ _ 2 . 9.
L&y dao ham hai v& theo x: 2 3 4 5% +10x - 21

y x—Z‘x+1-x+2 = (x—2)(x+1)(x:‘2"
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-5x" +10x+24  (x - 2)(-5x’ + 10x + 24)
x-2x+D(x+2)  (x+D.(x+2°
(x — 2X-5x? + 10x + 24)
(x +D*.(x + 2

(2).

Suyray =y.

Tir (1) va (2) ta duge: y’ =

Cau 3.

x

3 1 1 1
1. Ta ¢6: J:———dx = ‘éj—l‘('de

Jsinx + J/3cosx

F ‘ési x+§J
Dﬁtt=t&n[-’£+£):>dt= 11+tanz[5+zt-] x = dx = 2dt2.
2 6 2 2 6 1+t
Khix:-g—thit:lvékhix:%thit: V3.

NE]

wilA

Ta duge j—l——d % %d =w1nM

1
7 SinxX + J3cosx 4 '
6

2(Cx+y  +2x~4y—4=0va (Cy): x* +y*— 6x - 10y + 30 = 0.
a) Pudng trdn (C)) c6 tdm I,(-1; 2) va ban kinh R, =3
Putng tron (Cs) c6 tAm I,(3; 5) va ban kinh R, = 2
Khoang cdch giita haj tdm caa (Cy) va (Cp): d = 111, = 5.
Suyrad=R; +R;=5
Vay hai duong tron (C,) va (Cyp) tiép xic ngoai véi nhau.
Goi A 12 ti€p diém cha (Cy) va (Cy), thi A 14 tam vi tu trong cua (C;) va

(Cy), do 4d6: Al = —%ﬁz = —%mz.

3
—1+é.3 7
X, = 3 =‘5
|
7 19
Suy ra 2 A[—; }
2+§5 5 5
g, - 27 19
R =22
1+§ 5

b) Do (C,) va (C,) tiép xiic ngodi, nén ching ¢é ba tiép tuyén chung.
e Tiép tuyén chung tai A: Goi tié€p tuyén nay la (D), thi (D) c6 vecto phép
tuyén la A = I = (4; 3).
. . 7 19
Phuong trinh cda (D): 4 x—g +3 y—? =0 < 4x+3y-17=0(1)
e Goi B la giao di€m cha hai ti€p tuyén chung ngoai ciia (C;) va (Cy), thi B
14 tam vi tu ngoai caa (C,) va (C,), ta c6:
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Bl, = —'BL. = =Bl
RE
-1- ?'.3
Xy = g =11
Yo
Toa d¢ B: = B(11; 11).
|22
Yo 23 =11
1-
L

Phuong trinh dudng thing A di qua B ¢6 dang:
alx-1) +bly-1l)=0=ax +by—-1la—-11b = 0.
Dudng thing A ti€p xiic véi (C,) va (C,) khi va chi khi:
-1 -b2-11a-114 _ 5
\/;z +b?
< |4a + 3b]| = Va?+b? < 15a + 24ab + 8b2 =0
Cho a = 8 thi duoc b® + 24b + 120 = 0.
Giai duge b = 20-6 £ V6 ).
Suy ra phuong trinh hai tiép tuyén chung ngoai caa (C,) va (Cy) la:
8x+2(-6+« JBly+44-11/6 =0 (2
Bx- 26+ VBly+44+11V6 =0  (3)
Vay (C,) va (C,) c6 ba ti&€p tuyén chung dinh bdi (1), (2) va (3).

x-3_y+9 _2-7 va dié’mM{—S; —E; 5\
1 2 °)

d(II, A) = Rl <S>

Céu 4. Theo gia thiét A:

1. Ta cé6 A(-5; 0; 0), B(0; —%: o), C(0; 0; 5).

Phuong trinh ca mat phdng (a) qua A, B, C la:

X y z
—_— — =1 2 - 520-
_5+(_$ +5 oOx+2y-2z+

{2

2. Duding thing A di qua diém My(3; -9; 7) va ¢6 vecto chi phuong 0 =(2; 1; 1).
Mat phéng (a) c6 vecto phap tuyén 5 = (1; 2; -1),

Suy ra sing = |ecos(id, )] = % Vay ¢ = 30°.

3. Goi (f) 1a mit phidng qua A va vuéng géc véi mit phing (o) thi d 1a giao
tuyén cia (o) va (B). Mat phdng (B) di qua My(3; ~9; 7) va c6 vects phép
tuyén la:

a=(d, nl=1(3;3;3), a cung phuong vdi b = (-1; 1; 1).
Do dé6 mit phidng (8) c6 phuong trinh 1a:
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“1lx-3+1y+D+1(z-D=0=>-x+y+2+5=0.
Vecto chi phuong eua d: ¥ ={f, b1=(3; 0; 3), cing phuong vé6i vects
w =(1;0; 1.
Toa d6 cdc di€m nim trén d nghiém ding hé phuong trinh:
{x+2y—x+5 =0 ::»No[—S-; —E; O] e d.
-X+y+z2+5=0 3 3
10

Phuong trinh tham s cia dudng thing d: x = %+ t;y= —-3—; z=t.

Cau 5.

Sin- — £\ 2\
1. Xét phuong trinh ——EL + [cos?] = [cos—) .

2.
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7

Phuong trinh da cho tuong duong v4i phudng trinh:

.m o\ > ) Y )
[sm—-.cos—] + [cos—) = {cos—) 3 [sm—) + [cos—] =1(*)
7 7 7 7 7 7

Nhéan thay x = 2 12 mét nghiém cila phuong trinh.
Phuong trinh (*) la phuong trinh hoanh db giao diém ctia d6 thi hai ham sé:

/ X x
fix) = Lsin-’lj + (coszj (C)va gx) =1 (D)
7 7
Dé thay A(2; 1) la mét giao di€m cia (C) va (D).
Mat khde, vi 0 < sin-g <1,0< cos; < 1 nén fix) la ham s& nghich bién

trén R. Do d6 (C) va (D) ¢6 nhiéu nhat mét giao diém. Suy ra A(2; 1) la
giao diém duy nhat cia (C) va (D).

Vay phuong trinh did cho ¢6 mét nghiém duy nhat la x = 2.

a) Goi I, J lan luot 1a trung diém cia

AB va CD. Trong tAm cua tt dién la A

trung diém O cia 1J.

Hai tam gide ACD va BCD bang nhau
nhén AJ = BJ. Do 46 AAJB cén tai J;

Suy ra IJ 1 AB.

Tuong ty: IJ 1L CD.

Nhu th& IJ 13 dudng vudng gée chung

cda AB va CD dong théi ciing 12 dudng
trung truc cba hai dudng thing nay. Do

46 OA = 0B va OC = OD (1).

Hai tam gidc vudng OIB va OJC biing nhau.




ViOI:OJvéIB:JC:%,dovéyOB:OC(Q).

Ti (1) va (2) suy ra OA = OB = OC = OD.
Vay diém O la taAm mat cdu ngoai tiép cha tf dién ABCD.
Tir gia thiét suy ra tdt ca cdc mait clia ti dién 12 cdc tam gidc bing nhau,
nén cac dudng tron ngoai ti€p cua ching ciing bing nhau, do vay khodng
cdch tit O dén tat ca cdc mat cia ti dién bing nhau. Do dé O 1& tAm mat
cau néi ti€p cda t dién. Vay tAm mét cdu ngoai ti€p va tAm mat cAu noi
ti€p cha tv dién trung nhau

b) Ta cé:

i - %(XI+A3)=%(KE+A—C+Z]5).

= %[a2+b2+c2+(a2+b2—c2)+(b2+c2-32)+(c2+a2—b2)1.

= i(Za2 + 2b% + 2¢2).
16

J2@? + b* +¢?)
—

Dién tich cha méit cdu ngoai tiép ti dién ABCD:
n(a® + b +¢?)

2

Ta duge R = AO =

Sm/c = 41'(R2 =

PE 40

Cau 1. Cho ham sd y = fix) = —x* + kx® - k + 1, k 12 mét tham sé.
1. Khéo s4t su bién thién va vé db thi cia ham s& khi k = -1
2. Khi k thay d8i, chitng té ring 46 thi (Cy) cia ham s6 luén di qua hai diém
¢6 dinh. Goi hai diém c6 dinh d6 1a A va B,
3. Tim céc gid tri ciia k dé cho céc tiép tuyén cia (C,) tai A va B vudng goc

v6i nhau,
Cau 2.
o . 3x x . (3x n).(x =n 1
1. Giai phuong trinh cos —cos— + sin| — - — jsin( —+ — | — tanx = —.
2 2 2 4 2 4 2

2. Dung dinh nghia, hiy tinh dac ham cua ham s6 y = f(x) = x*sinx.
Cau 3.

n

2
1. Tinh tich phan
B'.Vazcoszx + bZsin’x

SInXCOSX dx (a® + b® # 0).
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2. Trong mat phdng v6i hé toa d¢ Oxy, hay viét phuong trinh cla duomg tron (T)
di qua hai diém A(2; 1), B(5; 4) va tiép xtic v6i dudmg thdng x - 2y + 5 = 0.
Cau 4. Trong khéng gian véi hé toa d6 Oxyz, cho hai dudng thdng A; va A,

dinh bdi:
x=3+2t 4 9
Ar y=2—2tvﬁA2:£:y+ ity
1 -1 —4
x=-1+t

1. Ching minh ring hai dudng thing A, va A, chéo nhau va vuéng géc. Tinh
khodng cach giita ching.

2. Viét phuong trinh dudng vudng géc chung cia hai dutmg thdng A, va A,

Cau 5.

1. Gidi bat phuong trinh 3982 ¢ gbex'-5 _ g,

2. Cho hinh chép it gide déu S.ABCD c¢6 canh d4y bling a va cdc mat bén la
cdc tam gidc can cé géc ddy bing o.
a) Xdc dinh tdm va tinh ban kinh cia mat cau ngoai tiép hinh chép

S.ABCD theo a va ¢.

b) X4c dinh tdm va tinh ban kinh cia mat ciu ndi ti€p hinh chép S.ABCD
theo a va ¢.

¢) Tinh ¢ € tAm mait cAu ngoai ti€p va ndi ti€p hinh chép S.ABCD trung
nhau.

Giai
Ciu 1.
1. Khik = -1, ham s trd thanh y = —x* - x* + 2.
a) Tap x4c dinh: D = R.
b) Su bién thién:
¢ Chidu bién thién: y' = —4x®> - 2x = —2x(2x2 + 1),y =0 = x = 0.
y’ > 0 khi x < 0, ham s6 dong bién trén khodng (—w; 0).
y’ < 0 khi x > 0, ham s& nghich bién trén khodng (D; +x).
o Cufc tri: Ham s6 chi ¢6 mét cuc dai, dat tai didm x = 0, yep = 2.

¢ Giéi han: limy = ~¢ va limy = -. X
X—-s X—-x y
¢ Bang bién thién: W

—aC 0 +00

y + 0 -

y 2
_w/CB \~m - X

¢) Dé thi:
Tacé y” = -12x* - 2 < 0, vx, 46 thi khéng c6 iém uén.
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Dé thi cit truc hoanh tai hai diém (~1; 0), (1; 0) va nhan truc tung lam
truc d8i ximg.
2. Phuong trinh cia ham s& c6 thé viét du6i dang: (x* - 1)k = x* + y - 1.
Phuong trinh trén nghiém ddng véi moi k khi va chi khi: x'-1=0 .
x'+y-1=90
Hé trén cé hai nghiém (1; 0) va (-1; 0).
Viay dé thi (Cy) luén di qua hai diém cé dinh A(1; 0) va B(-1; 0).
3. Ta cb6 f(x) = -4x° + 2kx
Céc tiép tuyén cda d4 thi tai A(1; 0) va B(-1; 0) ¢6 hé s8 géc 1an luge la:
ky = (1) = -2(2 - k), k; = f(-1) = 22 - k).
Hai tiép tuyén caa (C,) vudng géc v6i nhau khi va chi khi:

Koy = -1 o 42 -%?=-1ck= % hodc k = %

Vay néu k = g hosic k = % thi hai tiép tuyén cda (Cy) tai A va B vudng

g6c véi nhau.

Cau 2.
. 3x x . (3x n). (x = 1
1. Xét phugng trinh: cos —~cos— + sin| — — — isin| —+ — | - tanx = — (1).
2 2 2 4 2 4 2
(1) <> 2cos gicosi + 2511)[&(- - E]s n[x ] 2tanx = 1.
2 2 2 4 2 4

<> (cos2x + cosx) + (sin2x + sin(x -~ g]j — 2tanx = 1.

& (cos2x + cosx) + (5In2x — cosx) ~ 2tanx = 1.
<> co82x + sin2x — 2tanx = 1 (2).
Bat tanx, ta duge phuong trinh:
1-t> 2t

b 2t =11 -t 42261+t =1+ t%
1+t 1+1¢

A t=0
o208+ 22 =0 o tAL + 1>=0<:>L_ .

st=0¢tanx =0 & x = k.

ot:—lotanx=—1®x=—2+mn.

Viy phuong trinh ¢6 hai ho nghiém: x = kn, x = —% + mn(k, m € 2).

2.y = flx) = x"sinx.
Tép xéc dinh: D = R.

Véi moi h # 0, ta ¢6: fix + h) - f{x) = (x + h)%sin(x + h) — x*sinx.
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= (x? + 2xh + h%sin(x + h) - x%sinx.
= x*(sin{x + h) — sinx) + 2xhsin{x + h) + h? + h%sin(x + h),

= x%.2¢08 [x + g).sin% + 2xhsin(x + h) + h%sin(x + h).

. h
sin—
foe+ by - fx) = x%cos (x + Ej 2 | 9xsin(x + h) + hsin(x + h).

h 2/ h
2
Suy ra limf(x +h) - = x%cosx + 2xsinx.
h—0 h
Vay f(x) = x’cosx + 2xsinx.

Cau 3.
:

1. Tinh tich phan SInxcosx

dx (a® + b% = 0).
3vatcos’x + b%sinx

3
6‘\/&2cos2x + b%sin?x
* Trudng hop a’ = b

sinXxcosx

dx.

n

. 15 1 : 1
Tacdl = — Ism2xdx =———cos2x|§ = ——
2| ;

4ja| 2
* Trudng hop a’ # b%:
Pat t = vaZcos®x + b2sin’x < t? = a’cos®x + bsin’x
tdt

b? - a’

Suy ra sinxcosxdx =

Khix =0thit= lalvékhix:%thit: bl

e
1 M - lal 1
Ta duge: [ = t = =
b’—aQﬁJ;d b’ -a® jal+[y
Két hgp hai trudng hgp trén ta két luan:

T SINXCosSX

1

({:20052)( + blsin’x * 2|+
2. Theo gia thi&t cho A(2; 1), B(5; 4) va dudng thdng x — 2y + 5 = 0.

Goi I(a; b) la tam va R 12 ban kinh cia (T), A 1a dudng thing x — 2y + 5= 0.

Ta phai ¢6 diéu kién:

IA=IB=dd,A)=R

sJIA=IB o IA*=IB’ & (a—2"+(b-1P=(a-2)*%+(b- 1)

~>a+b-6=0s5b=6-a
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-2b+ 5§
e IA=d(I,A) & Jla-2*+(b-1) :L
/ J5

< JE \1232—14a+2§ = [3a—7|

Binh phuong hai vé va thu gon ta duge phuong trinh
a®— 282 + 96 = 0 < [324
a=24
Néua=4thil(4;,2)vaR= 5
Né&u a = 24 thi 1(24; —18) va R = 135

Vay phuong trinh ciia duang tron (T) la:
(x — 4)* + (y - 2)* = 5 hoac (x — 24)* + (y + 18)* = 845.

x=3+2t 4 0
Cﬁu4; :\}: y:2—2tvéA2:£=y+ :Z—
1 -1 -4

z=-1+¢t

1. Puong thing A, di qua diém M(3; 2; —1) ¢6 vecto chi phuong G = (2; -2; 1)
Butng thing A, di qua diém My(0; —4; 2) ¢6 vectd chi phuong v = (1; -1; —4)
Ta ¢6: [d, V) =(9;9;0), MM, =(-3;-6; 3).

Suy ra: {u, v II\W2 = -81 # 0 = A, va A, chéo nhau.
Mat khéc G.v = 0= Ay L Ay
Nhu thé& A, va A, la hai dudng thing chéo nhau va vudng géc.

Goi d 1a khoang cach gilta A, va A, ta duge d = 8L = _gﬂ

92 2
2. Goi (o) l1a mit phdng qua A, va vubng gée véi A,, (B) 1a mit phing qua A,
va vudng géc véi A; thi dudng vudng géc chung ciia A; va A, la giao tuyén
(D) caa (o) va (p).
* Mat phing (a) qua My(3; 2; -1) nhan ¥ lam vecto phdp tuyén nén co6
phuong trinh:
Ix-3)-Uy-2)-4z+1)=0ox-y-42—-5=0
* Mat phang (B) qua My(0; —4; 2) nhan 4 lam vects phap tuyén nén c6
phucong trinh:
2x-0) -2y +4)+1z-2)=02x~-2y+2-10=0
Céc diém niam trén duong thing (D) c6 toa 39 nghiém ddng he phuong trinh:
X-y-4z-5=0
{2x—2y+z—10=0
Duding thing (D) c6 vectd chi phuong [G, V) = (9; 9; 0), cung phuong véi

= A(0; -5; 0) € (D)

a =(1,1;0).
x=t

Vay phuong trinh dudng vudng géc chuug (D) cla A, va A; la: {y =-5+¢.
z=0
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Chu 5.
1. Xét bat phuong trinh 382 ¢ glow’-5 _ 9
biéu kién x > 0.
B4t phuong trinh da cho tuong duong vdi bit phuong trinh:
243.3%0 _ g 3loe _ 9 5 0,
Pit t = 3" (t > 0), bat phuong trinh trd thanh:

t < —% (loai)
243t -9t -2>0 =

t>l
9
1 Toy 1 1
Taduget> - < 3% > —- ologx>-2ox> ——
9 9 100
1
Vay x > —-.
AV *> 100

2. a) Goi H la giao diém ciia AC va BD thi
SH 12 duting cao cia hinh chép.
Vi S.ABCD la hinh chép déu nén SH 1a truc
cua dudng tron ngoai tiép hinh vuéng ABCD.
Goi K 1a trung diém cia SB. Trong
tam gidc SHB, ta dung dudng trung

tryc cia SB c&t SH tai diém 0. Ta /.~ > B
duge O la tAm cia mat cdu ngoai p e
tiép hinh chép S.ABCD. A
Goi E 1a trung diém cia AB. Suy ra SE L AB
Tac6: SB= EB = —a—;SE = Etamp.
cos® 2c080 2

Hai tam gidc vuéng SHB va SKO déng dang cho:
SO SK SB.SK SB?
_ = —_-— > SO = =
SB SH SH 2SH

Mat khdce ASHB vudng tai H cho:

? 2 2
SH*? = SB* - HB* = az - 2i= 32 (1 - 2cos’p)
4cos g 4 4cos” @
a /1 - 2cos’¢ a
SH= — — — =580=
2cos¢ 4cosq>ﬁ - 2co5%¢
Vay bdn kinh cGa méat c4u ngoai ti€p hinh chép S.ABCD la

a

R =

dcosgy/1 - 2cos’q
b) Nhan thdy géc SEH 1a géc phdng tao bdi hai mat (SAB) va (ABCD).

Trong ASHE ké phan gidc géc SEH cit SH tai di€m 1. Goi J 1a hinh
chiéu vuéng géc cta I trén SE.
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Ta c6 1J L SE, ngoal ra AB 1L SH va AB L HE nén AB | (SHE).
Suy ra AB L 1J
Nhu thé& IJ 1 (SAB), tite 1a d dai doan IJ la khodng cach tit I dén mp(SAB)

Mat khéc I nim trén phén gidc cia géc SEH nén IH = 1J. Do d6 didm I
12 didm cdach déu hai mat (ABCD) va (SAB). Suy ra I cach déu tat ca cac
mét ciia hinh chép. Vay I 12 tAm mét c4du ndi tiép hinh chép S.ABCD.

Hai tam gidc vuéng SJ1 va SHE déng dang cho:

1J SI
— = —— 1J.SE = SI.LHE = (SH - r).HE
HE = S8 = ( T)
’ _ 2
Hay: r.a_tanq) = [M‘?S—q’_r]i
2 2cos¢ 2

— 2 _ 2
Do d6: r(1 + tang) = @Qr— @

2cos@ - 2(sing + cosy)
f i ex J1 - 2cos’
Vay bdn kinh ciia mat cau ngi ti€p hinh chép la r = ifﬂs—g.
2(sing + cosy)
¢) X4c dinh ¢ 88 O va | trung nhau.
Ta cé O=18S0=SH-IHR=h-r

a ayl-cos’e  ayl-2cos’e *

Ly = .
4COS‘D\/; 20052 @ 2C05¢ 2(31(1(9 + COS(.p)

Goi a = 90° — o thi (*) trd thanh:

a _ acos2a aVeos2a

o = _
4sino/cos2a 2sino 2(sina + cosa)

1 cos2a cos2a

& — = — ~ — < sina = cosa{2¢osZ2a — 1)
2sina sina SINO + COSQ
1- tanla
otana:Z.—anT -1 o tan’a + 2tan®a + tana - 1 = 0
1+tano

< (tana + 1)(tan’a + 2tana ~ 1) = 0

& tano = -1, tana = -1 + ﬁ,tana=~1— \/é
Chi ¢6 tana = +2 — 1 1a thich hop. Suy ra tan2e = 1
Suy ra 20 = 45° & o = 22°30’. Suy ra ¢ = 67°30’

Viy khi ¢ = 67°30" thi tAm mit cAu ndi ti€p va ngoai tiép cia hinh chép
tring nhau.

205



DE 41

Chu 1.

1. Khso sat sy bién thién v vé dé thi (C) cia ham sy = x* - 3x” + 1.

2. Tim phuong trinh cdc ti€p tuyén cda dé thi (C) ké tu diém A(0; 1).
Céu 2.

1. a) V8i a 1a mot s6 thue bat ki, hay ching minh ding thic

sin3a = 3sina — 4sin’a.

b) Chung minh rang 10 < sinl0° < }—1-
60 60

2. Dung dinh nghia, hay tinh dac ham cia ham sé

y= f(x) = x!e".
Cau 3.
“1 Jza—x'
1. Tinh tich pha —— dx.
inh tich phéan IJ:)—(T - X

2. Trong mit phdng vdi hé toa dé6 Oxy, cho tam gidc ABC véi B(-1; 8),
C(-2; 1) va dinh A niam trén dudng thdng x — 6y = 0. Xdc dinh toa d¢ cua

A biét ring duung tron nguai ti€p cia tam gide ABC ¢6 ban kinh R = 5.
Céau 4. Trong khong gian vdi hé toa 4§ Oxyz, cho hai dudng thing A, va A,

dinh bdi:
x=1+2t x =4t
Ay =2-t vaA; <y=1-2t
z =2t z=-1+4t

1. Xét vi tri tuong Aot gida A; va A,.
2. Tinh khoang c4ch giifa hai dudng thing A, va A,.
Cau 5.

1. Giai bat phuong trinh 3%* 4+ ¥ < 162.

2. Cho hinh chép luc giac déu S ABCDEF c¢6 canh day bing a va mat bén
hgp vdi day mét gée .

a) Xdc dinh tam va tinh bin kinh cia mit cdu ngoai tiép hinh chép theo a
va a.

b) Xac dinh tam va tinh bdn kinh cia mit céu nai tiép hinh chép theo a va a.

¢) Tim a 48 tdm mait cAu ngoai tiép vA noi ti€p cia hinh chép tring nhau.

Giai
CAu 1.
1. Khdo sdt ham s6 (doc gia tu giai).
2. Phuong trinh dudng thing A di qua diém A(0; 1) vdi hé sé géc k ¢6 dang:
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y= kx +1
Dudng thing A va d4 thi (C) ti€p xiic v6i nhau khi va chi khi hé phuong
trinh sau ¢6 nghiém:
x' -3 +1=kx+1Q)
{4)(3 -6x=k (2)

Khit k giita (1) va (2) ta duge phuong trinh: x* - x* = 0 (*)
Phuong trinh (*) ¢6 ba nghiém: x; =0, x, = 1, x3 = -1
Suy ra cée gid tri cia k tuong ing la- k, =0, ko= -2, ky =2
Vay cé ba tiép tuyén qua A(0; 1) v6i phuong trinh la:
y=1lLy=-2x+1,y=2x+ 1.
Cau 2.
1. 3) sin3a = sin(2a + a) = sinZacosa + cos2asina
= 2sinacos’a + (1 — 2sin’a)sina.
= 2sina(1 — sin’a) + (1 — 2sin’a)sina = 3sina — 4sin’a.
Vay sin3a = 3sina - 4sin‘a.
b) Ta c6 sin30° = sin(3.10°) = 3sin10° — 45in®10°

Hay % = 3sinl0’ - 4s5in®10° = 8sin’10° — 65in10° + 1 =0

Nhu vay sin10° 12 mgt nghiém cia phuong trinh
8x' - 6x+1=0
Xét hamsé y=fx)=8x>-6x+1

Pao ham y’=6(4x2—1)‘y’=0c>x=t—;-
Bang bién thién:
X —20 1 0 1 +oc
2 2
y + 0 - 0 +
/ 1 \ /
—x - -1

Dua vao bang ta d& thay phuong trinh fix) = 0 c6 ba nghiém phéan biét,
trong d6 chi ¢6 mét nghiém x, thudc khoang [O; %J

Mat khae, vi 0° < 10° < 30° nén 0 < sin10° < % Do d6 nghiém x; chinh la
sinl0".

meot{19) - L sa ) L 290 Lo (10)f11) g
60 27 60 27000 60 60
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Hon nita [}2, E) c [0; l} , nén x, = sin10°® € [-12, I—I—J
60 60 2 60 60

10 . 11
Vay — < sin10° <« —— (dpcm).
e =" g0 (P

2.y = fix) = x%e".
T4p x4c dinh: F = R
Véi moi h # 0, ta cé:
fix + h) - fix) = (x + h)2e**? — x%*
= (x> + 2xh + hH)e? - x’e*.
= X2(ex+h R ex) + 2xhex+h + h2ex+h
h
f(x + hh) - f(x) — xz.e". e - + 2xelvh + he

Suy ra lh'mg flx+ b - fx) = x%e* + 2xe*

h
Vay f(x) = x%e* + 2xe™.
Cau 3.

4
1 4 +x
1. Tinh f—— / dx
,xz X
+ X C:)t.2=
X

batt = 4

Khix=1thit= 5 va khix=4thit= V2. Ta dudc:

X+h

4+x :>2tdt=—ide: —12—dx =—tj—t
X X X

2

JB

1 {m 1 1t 1
‘}X—z V&= -évrjzjt*dt = E'(EL = 5(5‘/5 -2V2).
2. Phuong trinh cua dudng tron tAm B, bdn kinh R = 5:
(x+ 1) +(y-8?=25x*+y>+2x - 16y + 40 = 0 (T))
Phuong trinh ciia dudng tron tAm C, ban kinh R = 5:
x+22+(y-112=25x+y* +4x -2y - 20 =0 (Ty)
Goi I 1a tam cia dutmg tron (T) ngoai tidp tam gide ABC, thi Bl = CI =R =5,
nén I nim trén hai dudng trdn (Ty) va (Ty). Do d6, toa dp cla I nghiém diing
hé phuong trinh:
X +y? +2x-18y+40=0
{xz +y?+4x-2y-20=0
Giai hé trén ta duge:
x=-5,y=5hodcx=2y=4
ex=-51y=5=I-5;5)
Ta phai ¢6 diéu kién A = 5 véi A € A (A 1a dudng thing x - 6y = 0)
Diéu nay khéng xdy ra vi:
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-5-65 _
dd, A) = NeGi \/—
ex=2,y=4=12 4.
Diém A n3m trén dudng tron tdm ] vdi ban kinh R = 5, ¢6 phuong trinh:
(x—2)2+(y—4)2:25c>x2+y2—4x—8y—5=0
Toa dd diém A nghiém ding hé phuong trinh:

2 z _ e x=6,y=1
{x +y'-4x-8y-5=0 _

>5

30 5
x —6y =0 = y=-—
SOl X=T3r YT Ty
30 5
Vay A(6; 1) hodc A|-—; -~ —
ay ) ( 37" 37]
[x:1+2t X = 4t
Caud. A {y=2-t vaaA;y=1-2t
1z=2t z=-1+4t

1. Dudng thing A, di qua diém M,(1; 2; 0) c6 vectd chi phuong i = (2; -1; 2) va
dutrng thing A, di qua diém My0; 1; -1) va ¢6 vecto chi phudng ¥ = (4; -2; 4)
Dé thdy 4 va v la hai vecto cuing phuong. Mat khdc ta thay diém M, €

A; nhung M, khéng n¥m trén A,. Vay hai dudng théng A, va A; song song
vGt nhau.

2. Vi A, / A, nén khodang cdch giita A, va A; bAng khodng cach tu M, dén A;.
Tacé MM, =(-1;-1;-1) = [MM,,il=(-3;0; 3)
Suy ra [M;M.;,ﬁ]:B\/-i, la| =3,
Ap dung céng thdc tinh khodng cdch tir mot diém dén mot dudng thdng,
ta duge khoang cach gilta A; va Axlad = E\[— = V2.
Ciu 5.

1. Xét bat phuong trinh 3" + x%* < 162
Piéu kién: x > 0
B4t phuong trinh da cho tuong duong véi bat phuong trinh:
(38 )8 4 x8 < 162 o 2. x"F < 162 & x°¥* <81
L4y lagarit hai vé& theo co 56 3, ta dugc:

(logsx)2$4o-2$log3xs2c>%stg

Vay d4ps6la - <x<9.

O =

2. a) Goi H 1a tam luc gidc déu ABCDEF thi SH la dudng cao cia hinh chép.

Vi S.ABCDEF la hinh chép déu nén SH 12 truc ciia dudng tron ngoai tiép
ABCDEF,
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Goi K 1a trung diém cia SA, dung mit trung truc cia SA cidt SH tai diém
0. Ta duge diém O 14 diém O 1a tAm cia mat cau ngoai tiép hinh chép
S.ABCDEF.
Goi J 12 trung didm cda AB. Suy ra SJ L AB va SJH = a.
Hai tam gide vuong SHA va SKO déng dang cho:

SO SK SASK SA’

—_— = D SO = =

SA SH SH 2SH

aV3

Tu ASHJ vudng tai H ta ¢6 SH = SJtana = o tana

Tam gidc SHA vuéng tai H cho
2
SA? = SH? + HA? = ég—tanZQ + a’

a’ 2
oy (3tan‘c + 4)

aZ
Z (3tan’a + 4)
SuyraSO= =—fr—

a3,
2

2.— tana

_ aJ3(3tan’a + 4)
- 12tana
Vay ban kinh ctia mat cAu ngoai tié€p hinh chép S.ABCDEF la
aJ/3(3tan’a + 4)
12tana ‘

b) Nhan thay géc SJH 12 géc phing tao bdi hai mat (SAB) va (ABCDEF).
Trong ASHJ ké phan gidc géc SJH cit SH tai diém I. Goi P la hinh
chi€u vuéng géc cia I trén SJ.

Ta ¢6 [P 1 S, ngoai ra AB L SH va AB { HJ nén AB 1 (SHJ). Suy ra AB | 1P
Nhu the IP 1 (SAB). tic 12 46 dai doan IK la khoang cach tir 1 d&n mp(SAB).
Mit khac I nAm trén phan gidc cia goc SJH nén IH = IP. Do d6 diém I 1a
diém cach déu hai mit (ABCDEF) va (SAB). Suy ra 1 cach déu tat ca cac mat
cta hinh chép. Vay I 12 tAm mat cau ndi tiép hinh chép S.ABCDEF,

av3, «

—E—tan

R =

Ti tam gide THJ vudng tai H ta ¢ I1H = Hltan IJH =

5 .
c¢) Xdc dinh o d& tAm mét cdu ngoai tiép va ndi tiép trung nhau:
Tam mat cAu ngoai tiép va ndi tiép trung nhau khi va chi khi:
5% 2
_a\/3(Stan a+4) . a\/gt a a\2/§ o

R+r=SH o an
12tana 2 2

3tan’a + 4
Q -— .

+ tang = tana < 3tan’a - 6tanot.tfmE -4=0
Grana 2 2
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2
batt = Lan% ta dugc phuong trinh 3L ] -6 —2t— -4=0

(2t
1-t?
Hay 2t* + 2t* — 1 = 0. Giai duge t° = ‘/32“—1 =

Vay tam mat cAu ngoai tiép va ndi tiép clia hinh chép S.ABCDEF trung
V3-1
-

t>0

nhau khi géc o duge xac dinh bdi tan% =

DE 42

Cau 1. Cho ham s6 y = f{x) = 8x* — 9x* + 1.
1. Khio sat su bién thién va vé dé thj (C) cia ham sé
2. Dua vao d6 thi (C) hay bién luin theo m sd nghiém cua phuang trinh
8cos'x — 9cos“x + m = 0 vdi x e |0: ).
Cau 2,
1. Giai phuong trinh 2cos2x — sin2x = 2(sinx + cosx) + 1.
2. Cho hé phuong trinh: '
(x+y=2a-2
ﬂ»x‘ +y’ =-2a"+4a+2
Tim gi4 tri 16n nhdt va nhé nhat cia tich sé xy.
Cau 3.

1)
1. Tinh tich phan J.(x +1).cose* "% dx.
2

2. Trong mat phing vdéi hé toa dp Oxy, cho duong thing A: 3x — 4y + 10 = 0.
Viét phuong trinh cia dudng trdn cé bian kinh R = 5 va tiép xie véi A tai
diém A(2; 4).

Cau 4. Trong khéng gian véi hé toa dd Oxyz, cho hai dudng thing A, va A, ¢
phuong trinh nhu sau:

X=t X=3+2t
Ay Jy =2+t Ay sy=5-1t
zZ=06+4t Z =2t

1. Chimg minh ring A, va A, 1a hai dudng thdng chéo nhau. Tinh khodng
cdch gilra Ay va A..

2. Viét phuong trinh dudng vuéng géc chung cia A; va A,.

3. Pudng vuéng géc chung clia A, va A, cit A, tai diém A va cdt A, tai diém
B. Viét phuong trinh cia méat cau dugng kinh AB.

Cau 5.
1. Giai hé b4t phuong trinh: {2 T8 <2
2x+3y>1-log,5
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2. Hinh chop S.ABC c6 day ABC la mdt tam gidc cdn. AB = AC = a, mat bén

SBC vudng géc vdi ddy. cho biét SA = SB = a.

a) Chitng minh ring SBC 14 mgt tam gidc vudng.
b) X4c dinh tam va tinh bdn kinh ciia mé#t cAu ngoai tiép hinh chép S.ABC

Giai
Ciu 1.
1. Khao sat ham s6 y = 8x" - 9x° + 1 (doc gia tu giai)
2. Xét phuong trinh 8cos*x - 9cos’x + m = 0 vdi x € (0 n| (1)

bat t = cosx, phuang trinh (1) tré thanh:
8t —9t’ + m=0(2)

Vi x € [0; n]l nén t € [-1; 1], gita x va

t c6 su tuong dng mét d6i mét, do dé

s6 nghiém cia phuong trinh (1) va (2}

bing nhau.

Tacé: (2) <> 8t —9t° + 1 =1~ m(3)

Goi (C)):y =8t* —9t* + 1 voit e [-1; 1]

va(D)y=1-m

Phuong trinh (3) 14 phuang trinh hoanh

d6 giao diém cia (C,) va (D).

Chu y rang (C,) giong nhu dé thj (C) trong mién ~1 <t < 1.
Dua vao dé thi ta c6 két luan sau:

em > —3% (ttela 1 -m<— % ): Phuong trinh da cho va nghiém.
81 . 49 . R . -
em= 7 (ticla 1 -m=— 2 ). Phuong trinh da cho ¢6 hai nghiém.
81 . . 49 . . o "
sl<mcg 5 (tuc 1a - 3 < 1 - m < 0). Phuong trinh da cho ¢6 bon nghiém.

0 <m<1(ticla®<1-m< 1) Phuong trinh da cho ¢6 2 nghiém.
em =0 (tdc 1a 1 — m = 1): Phuong trinh da cho ¢6 1 nghiém.
em < 0 (tdc la 1 — m > 1): Phuong trinh da cho v6 nghiém.

ChAu 2.
1. Xét phuong trinh 2c0s2x - sin2x = 2(sinx + cosx) + 1 (1)

212

(1) = 2(cos®x — sin’x) — ((cosx + sinx)* — 1) = 2(sinx + cosx) + 1
& 2(cosx + sinx)cosx ~ 5inx) — {cosx + sinx)® = 2(sinx + cosx)
& (cosX + sinx){2(cosx — sinx) - (cosx + sinx) — 2] =0
&> (cosx + sinx){eosx — 3sinx — 2) = 0
sinx + cosx =0 (2)
C> l
cosx - 3sinx -2 =0 (3)



-(2)<:>tanx=—1<:»‘x=—iE + kn

e (3) & cosx — 3sinx = 2 (4)
Chia hai v& chia phuong trinh (4) cho V1 +(-3) = V10, ta duoc phuong trinh

Lcosx - —a—sinx = i (5)
J10 J10 J10
1 . 3 .
Pbat cosa = —=— va sina = — ——, khi dé:
' J10 J10
2 2
{(5) & cos(X — o) = —= & X =« t darcecos— + m2m.
J10 J10

Vay phuong trinh ¢6 ba ho nghiém:

T 2
X=-= +kn, x=aztarccos—— + m2rn (k, m € Z).
4 V10

Xx+y=2a-2

x2+y?=2a*+4n+2

2. Xét hé phuong trinh {
Trudc hét ta phdi c6 diéu kién:

22°+4a+2201- V2 ca<l+ 2 (D)
Tacé xy-= %[(x+y)2-(x2+y2)]=332—63+1.

Suy ra x va y la hai nghiém ciia phuong trinh:
t?-2a-1t+3a°-6a+1=0
Diéu kién dé phuong trinh trén c6 nghiém la:
A=(a-1¥-3a’-6a+1)20-2a’+4a20=0<a<2
(Thda méan didu kién (1)).
Goi xy =fla)=3a*-6a+ 1.
Nhu thé ta sé tim gia tri 16n nhat va gif tri nhé nhat cia fla) trén doan {0; 2]
Ham sé fla) 12 ham s8 bac hai, dat cyc tiéu tai diém a = 1, 13 diém chink
gida cia doan [0; 2].
Tir 46 ta dé dang suy ra duce:
max(xy) = maxfia) = f(0) = f{2) = 1
min{xy) = minfla) = f{1) = -2.
Cau 3.

0 ) ) 0 ;
1. Goil = J(x +1).cose* *dx = j(x + D.cose™ "1 dx
_2 5

Patt = (x + 12 = dt = 2(x + 1)dx.

Khi x = -2 thi t = 1 va khi x = 0 thi t = 1. Ta dugec:
1

I= % ;Fcose"l dt=0

4]
Vay J(X +1).cose* 2% dx = 0.
-2
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2. Goi dudng tron can tim la (T), tam la L.

Tu gia thidt suy ra, diém 1 nam trén dusng thdng (D) vudng goc vdi A tai
A, déng thoi ciing nAm trén dudng tron tiAm A véi ban kinh R = 5.
Duong thang (D) vuéng géc A nén c¢é6 vectd phap tuyén la n = (4; 3).
Phuong trinh cua (D) la:
AHx -2)+ Uy -DD=0=24x+3y—-20=0.
Phueng trinh cia dudng tron tdm A ban kinh R = 5:
(x -2V +(y-4Y=25x"+y"-4x-8y-5=0
Toa d6 cua diém ] nghiém ding hé phuong trinh:
[x* 1 y? ~4x-8y-5=0 x=86,y=7
13x 4y +10=0 “lx=-2y-=1
ex =6,y =7 Suyra(T)eé tam I(6; 7) va ban kinh R = 5. Phugng trinh
cha (T ]la (x - 6)° + (y - T)* = 25.
X = ~2,y=1 Suy ra(T) ¢6 tdm | (-2; 1) va bdn kinh R = §. Phuang
trinh cua (T) la (x + 27 + (y — 1)* = 25.
Viy phugng trinh cia dudng tron thoa man dé bai la:
(x — 6)° + (y = 7)* = 25 hoic (x + 2)* + (y - 1)* = 25.
X =t X =342t

Cau4d. A<y -2+t 1)), v <y=5-t (2)

2.
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z-6+4t lz:Zt

. Buing thang A, di qua diém M,(0; 2: 6) cé vecto chi phudng a = (1; 1; 4) va

duong thing A, di qua di€m My(3; 5; 0) va c6 vecta chi phuong b =2, -1; 2)
Tacé [d4,b]=(6;6;-3), M|M, =(3; 3; -6)

Suyra [&a.,b ].M,_l\;/f2 =54 # 0.

Vay hai duong thang A, va A\, chéo nhau

Tir céc két qua trén ta duge: [[a, bl MM, | =54 va |[[d.b}] =9

Ap dung cong thuc tinh khoang cach tit mét diém dén mot dudng thang,

. ) 4
ta dugc khoang cach gita \, va A, la d = % = 6.

(coi (D) la dusng vuéng géc chung cua \, va Ay. Do (D) vuéng géc v61 A, va
A, nén (D) ¢é veets chi phuong la u =[a,b | = (6; 6: —3), cing phuang vd:
v =(2;2.:-1)

Goi ) Ja mat phaug chua (D) va \, va (p) la mat phang chia (D va \,
thi (D) la giao tayén cua (a) va ({),
* () qua diem M(0; 2: 6) va ¢c6 vecto phdp tuyén 1 =[v, al=1(9: 9: 0O
cong phuong vectg ¢ =(1: —1: 03 Phuong trinh cua mat phang («) la.
Ix-1(v-2)=0cx-y+2=0.
“ (B) qua diém M3; 5: 01 va ¢d vecto phap tuyén n, = | v bi=13 -6 -6,

cung phuong vdi veets d = (1; -2; -2). Phuong trinh cia mat phang (4 la:



1(x-3)-2Ay-5)-2z-0)=0=x-2y-22+7=0.
Cac diém nam trén (D) c6 toa d6 nghiém ding hé phuong trinh:
(X -y+2=0

= My(3; 5; 0) € (D).
lx-2y-22+7-0

Puting thing (D) c6 vecto chi phugng [a,b]=(6; 6; ~3), cung phuong vdi

w =(2;2;-1)
x=3+2t
Phuong trinh tham sé ena (D) {y =5+ 2t (3)
z= -t

3.*Giaihée (M va@)tadugecx=-1,y=1,2=2 Suyra A(-1; 1; 2)
*Giaihe (2)va (3 taduge x = 3.y =5,z = 0. Suy ra B(3; 5: 0)
Mit cdu (S) dutng kinh AB c6 tam la trung diém I(1: 3; 1) ciia AB va ¢6 ban

kinhla R = % = 3. Vay phuang trinh ciia mat cau (S) dutng kinh AB la:

(x- 1P +(y-3*+(z-1"=9.
Céau 5.
(x -2y x-vrl
. 28 5.2 <2
1. Xét hé bt phudng trinh N
2x +3y 21- log,5
Pat u=2"% v=52""1u>0,v>0). Tacé:
UV = 2x+2y_ 5'2x+y—1 = 5.22x+3_\—] > 5.2—Iug:5 =1
Do d6 u+ v >2Juv =2 (1) (4p dung bat ding thie Cosi)
Ma theo gia thiét: 22 + 5.2V ' <2 S u+ v < 2(2)
Két hop (1) va (2), ta duge:

fu=1 PSR
u+v=2c/ =

!lv:l 152.1'\#1:1
[x +2y =0 [y = log,5 -1

= S .
ix+y 1= -log,5 |x - 2(1 log,5)
Vay: x = 21 - log,5) va y = log.,5 — 1.
2. a) Goi I la trung diém cua BC. Tam
giac ABC can tai A nén Al L BC.
Ma (ABC) 1 (SBC) - Al _ (SBC). Suy
ra Al . SI
Do dé \SIA vuong tai I.
Hai tam gidac vuong SIA va BIA cé
SA = AB = a, [A }a canh chung nén
chiing biing nhau. Do d6 IB = €I = IS.
Vay tam gide SBC vuéng tai S.
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b) Tam gidc SBC vuéng tai S nén I ]a tdm dudng tron ngoai tiép cda ASBC.

Mat khéc Al L (SBC) nén tam O clia mét cau ngoai tiép hinh chép S.ABC
nAm trén Al Diém O cdch déu cac diém A, B, C nén O ciing 12 tAm dudng
tron ngoai tiép cia AABC.

Nhu vay ban kinh R cia mat cAu ngoai ti€p hinh chép cing la ban kinh
cta dudng tron ngoai tidp AABC.

Tu tam gidc SBC vuoéng tai S ta c6:

BC?=SB?+SC%?=3a’+x*=BC= vJa?+x’

2
4R 48,0 Wlpcoal  2Al
‘o .
Ma A12=SA2—SIQ=32-&2+X2 =3a2—x2
4 4
2 P
= Al = \/1_3517—1( 0 <x<avd)

2

2
a

V3a? - ¥* ‘

Vay bdn kinh cia mit cdu ngoai ti&€p hinh chép SSABCIA R =

PE 43

Ciu 1. Cho ham s y = x* — (m + 1)x* + m, goi dé thi clia ham s& 1a (Cp,).
1. Khao s4t sy bién thién va vé db thi cda ham s& khi m = 5.
2. Tim c4c gid tri cia m sao cho dé thi (C,) cit truc hoanh tai bdn diém
phan biét, tao thanh ba doan thing lién ti€p ¢6 d6 dai bing nhau.
Chu 2.
1. Gidi phuong trinh tan [21( -~ E] tan [Zx + Ej = 74‘:052 2x .
4 4 tanx - cotx

2.

Vai gid tri nao cua m thi hé phuong trinh sau ¢6 nghiém:
X2 +y?-2x-4y=0
(Mm+Dx+my-9=0

Cau 8.
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. Tinh tich phén

n

*sinx + 8cosx + 12
r;'ZS.inx +3cosx + 6

. Trong mit phdng vdi hé toa do Oxy, viét phuong trinh cia dudng trdn (C)

di qua g8c toa 4% O va tiép xic vdi hai dugng thidng x — 2y + 8 = 0 va
X - 2y -2=0.



Cau 4. Trong khéng gian vdi hé toa dé Oxyz, cho diém I(1; 6; 0) va dudng
thAng A c¢6 phuong trinh tham sé:
x=5+2t,y=-3+¢t z=1+ 5t
1. Viét phuong trinh dudng thidng A’ 461 xiing véi duong thang A qua diém [
2. Viét phuong trinh mat cau (S) tdm [ va tiép xic véi A
Cau 5.
1. Cho phuong trinh (3 + 242 )™ + (3 - 2J2)™ = a.
a} Gidi phuong trinh khi a = 6.
b) Véi gia tri nao cua a thi hé ¢6 nghiém.

2. Cho ba tia Sx. Sy, Sz khéng déng phing véi xSy = 120", ySz = 60° va
zOx = 90°. Trén cdc tia Sx, Sy, Sz lay lan lugt cac di€m A, B, C sao cho
SA =8B =S8C = a.

a) Ching minh ring tam gidc ABC vudng.
b) Tinh ban kinh r clia mat cau néi tiép td dién SABC.
¢) Tinh ban kinh R cia méit cau ngoai tiép tit dién SABC.
Gidi
Cau 1.
1. Khi m = 5: phuong trinh ciia ham s6 trd thanh y = x* - 6x” + 5 (doc gia tu giai).
2. Phuong trinh hoanh d6 giao diém cia db thi (C,,) vdi truc hoanh:
X~ (m+ Dx*+m=0(1)
Pat X = x2 (X > 0), ta dugce phuong trinh:
X~ (m+ DX +m=0(2)
Diéu kién (C,,) cdt truc hoanh tai bén diém phdn biét la phuong trinh (2)
c6 nghiém phan biét duong, nghia la:
fA=(m-1?>0
m=z1
P=m>0 o {
‘S =m+1>0 m >0

Trong diéu kién dé phuong trinh (2) ¢6 hai nghiém X, = 1, X, = m
Suy ra phuong trinh (1) ¢é6 bén nghiém phan biét la:

xy=-1,%x, = l,xsz—\/ﬁl—.x4= Jm
Nhu vay d6 thi (C,,) cit truc hoanh tai bon diém phan biét la

A(=+m : 0), B(-1; 0), C(1; 0), D(¥m ; 0)
*m > 1: Cdc diém trén dugc xép theo thu tu A, B, C, D.
Tac6 AB=CD = Jm -1,BC=2.
Ba doan thing nay bing nhau khi:

JVm -1=2 Jm =3 m=9
*0 <m < 1: Cac diém trén duge x&p theo tha tu B, A, D, C.
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Tac6 AB=CD=1- Jym, AD = 2Jm
Ba doan thing nay bing nhau khi:

1- Vm =2Vm < Jm = —om—%-

.. N , - N 1
Vay c6 hai gi4 tri cia m théa man dé bai la m = g,m:Q.

Cau 2.
1. Xét phuong trinh tan (2){ ) tan[2x + ﬂ] = 4cos_2:&_ (1
4 4 tanx - cotx

x¢k3,x¢il+kn xikz,x¢i£+kn

2 4 2 4
DPiéu kién ox -+ X4 kn c><xx3—n+kzt- tk € 2)
2 8 2

ox + 2 e X kn x:tﬁ-rl(E

4 2 8 2

- - 2
Pé y ring tan (2)( - —j tan(Zx nj _ tan2x —1 tan2x+1
4 1+tan2x 1-tan2x

2
2 .
Dods (1) o -1= 4605,)( <> cotx — tanx = 4cas’2x
tanx - cotx
1-tan®x 1 2 4
o> = 4. 5 = ——_
tanx 1+tan”2x tan2x 1+ tan®2x

o (tan2x - 1 =0 o tan2x = 1 = 2x = 2 + MR X = —g— +m% {loai)

Vay phugng trinh di cho vé nghiém.
0 {X2 +y’ -2x -4y =0
(m+1)x+my-9=0
Xét phuong trinh x* + y* — 2x — 4y = 0 (1)
(Ho(x-1D*+(y—27%=5
Do d6 phuong trinh (1} 1a phuong trinh ciia dudng tron (C) tam I(1; 2) va
ban kinh R = J5.
Phuong trinh (m + 1)x + my - 9 = 0'la phuang trinh cua mét duong
thang, goi duong thing nay la A. Nhu vay hé phuong trinh da cho c6
nghiém khi va chi khi A va (C) ¢6 diém chung, tdc 1a.

|(m+1)1+2m -9 <5

dl, W<R o

Yim + 1) + m?

e |3m - 8| < VB Vom® + 2m + 1
<> 9m” — 48m + 64 < 10m” + 10m + 5
<>m” +58m - 59 >0 <> m<-5% hoacm ~ 1
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Cau 3.

T

L Tinh “sinx +8cosx + 12

G’ZSinx + 3cosx + 6

D& y ring (2sinx + 3cosx + 6) = 2cosx — 3sinx

Ta ¢6 thé viét:

sinx + 8cosx + 12  2(2sinx + 3cosx + 6) + (2cosx - 3sinx)

2sinx » 3cosx + 6 2sinx + 3cosx + 6

2cosx — 3sinx

2+

2sinx + 3cosx + 6

" n

2sinx + 3cos8x + 6

2 2 2 Qs
Do dé-: I:smx + §c_qsx +12 dx = 9 le . j% ?cosx - 3sinx -
b 2 2sinx + 3cosx +

4

. ; 8
= 1 + In{2sInxX + 3cosX + 6)2 =n+lIn-.

O
2. Goi I{a; b) la tdm va R la ban kinh cua (C), va goi
AlX~-2y+8=0,A:x-2y-2=0
Theo yéu cdu cGa bai todn, ta phai cé diéu kién.
IA =d(d, A)) = &1, A = R

- 9b _9%2b -
.d(I,A]):d(I,Az)Qb 2+a:E—- b ZC—'DE:Qb“B

V5 V5

e OA = d(I \|) <o \Illa2 ~+ b2 - —

o 5a’ +b’) =ta-2b+8°>4a’+4ab-16a+b°+32b-64=0

Thé (1} va (2) va thu gon. ta dugc:

b = 2

5b‘—12b+4:0i|b 2

A
eb=2Suyralil;>vaR= 5

eb = —%-.Su)-'ral[ 1.1:?—}véR= J5
5 5 5/

Vav phuong trinh cia dudng tron théa man dé bai la:

) 3 ! 3V 2\‘:
(x-l)‘+(y—2)‘=5hoacix+1—%a y--!
L 5 " 5

;
1
1

+

Cau 4.

= 5.

dx

(1)

(2

1. Tir gia thi€t suy ra A & qua diém M.(5: -3: 1) va ca vecrd chy phuong

u =(2; 1.5
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Goi M, 1a diém d5i xitng cia M, qua diém 1(1; 6; 0). ta duge M,(-3; 15; 1)
Pudng thdng A" d6i xing vé6i A qua diém I di qua M; va nhdn i lam vecto
chi phuong nén cé6 phuong trinh tham sé la:

fx = -3+2t
Jx:15+t
{z:—1+5t

2. Do mat clu (S) tiép xic vdi A nén cé ban kinh R 1a khodng céch tir I dén
dudng théng A.

Tacé: IMo =(4: -9: 1). Do 46 [IMs,d ] = (46; 18; -22).
Suy ra |[mo,ﬁ]|=\/2924,|ﬁ|=\/§6

Ban kinh cia mét cau (S): R = V2924 = 1462
NREE
1462

Phuong trinh cia mat cdu (S): (x — 1)% + (y — 6)* + 2° = 15

Cau 5.
1. Xét cho phuong trinh (3 + 22 )™ + (3 - 2J2)™ = a
aa=6=13+2J2)+@B-2J2)™=6 (1)
Ta cé (1) & (3 + 242)™ + _ =6
(3+2\/§)1ux

Pat t = (3 + 22 )™ (t > 0), phuong trinh trd thanh:
t+%=6c>t2-6t+1=0®t:3i2\/§
e t=3+2V2 &@B+2V2)™=-3+2V2 olnx=1ox=e.

e t=3-22 o@3+2V2)M=3-2V2 oslnx=-1ox= l
e

Vay phuong trinh ¢é hai nghiém: x = e, x =

o | =

W

b) Bing c4ch bién d6i nhu trén va dat t = (3 + 242)™ (t > 0), ta duge

phuong trinh:

t*—at+1=0 (2)
biéu kién dé€ phuong trinh (2) ¢6 nghiém la:
9 a<-2
A=a"-420&
a=2

Vi diéu kién dé thi (2) c6 nghiém ty, ty (t; < t5)

ea<-2:SuyraP=tt,=1>0vaS=t +tp=a<0.Dodé6t, <0Ovat, <O
(loai)

Truong hgp nay phuong trinh da cho vé nghiém.
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eax2SuyraP=tjt,=1>0vaS=t,+ty=a>0 Dodét,>0vat,>0
Trudng hgp nay phuong trinh di cho cé nghiém,
Vay néu a > 2 thi phuong trinh da cho ¢6 nghiém.
2. a) Ap dung dinh Ii ham sé cosin trong ASAB:
AB’? = SA® + SB? - 28A.8B.cos120"

AB®=a’ + 2’ - 2a2['2') =3a’ > AB =23

Tam gidge SBC déu nén BC = a. Tam giac
SAC vubng can tai S nén AC = a2 .
Suy ra AB?= AC? + BCZ% Vay tam giac A
ABC vuédng tai C.

b) Goi H la hinh chiéu vuéng géc cha S trén
mp(ABC).

Do SA = SB = SC nén HA = HB = HC, do 0
d6 H la tam caa AABC. Ma AABC vuéng
tai C nén H 12 trung diém cia AB.

Goi r 14 bén kinh cia mat cAu ndi tidp hinh chép S.ABC thi ta c6 r = Z_V _
m

. 1 1(1 32
* Tinh V: V=~ Suno.SH = [Ea,ﬂﬁ]_% _ a12

¢ Tinh St,,: Stp = SABC + SSAC + SSHC + SSAB

+ — + + =
2 2 4 4

av2
23 +V2+ 1

¢) Goi O 1a tAm m4t cdu ngoai ti€p hinh chép S.ABC va K 1a trung diém cua
SA. Tu cdu b) suy ra SH 1a truc cia dudng trdn ngoai ti€p AABC nén O €
SH. Vi OA = OB nén O n3m trén trung tryc ciia SA. Hai tam gidc vudng
SKO va SHA déng dang nén ta c6:

2 2
Ez—S—EDSO:SK.SA:SA :f—:ﬂ(SH=E)
sa ~ SH SH ~28H ,a 2
2

Vay bdn kinh cia mit cdu ngoai tiép hinh chép S ABClaR = a.

2 2 2 2 2
a\/§ a a\/§ a\/g_%_(\/§+\/§+1)

Suyrar =
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Cau

1.
2.

Cau

2.

DE 44

1.

Khao sat su bién thién va vé d6 thi (L) cla ham s6 y = x* - 2x* - 3.

X4c dinh gid tri cda m dé€ duong thdng A: y = m cit db thi (L) tai bén
diém phan biét.

. Trong diéu kién cia cau 2, goi A, B, C. D 13 cac giao diém cia A véi (C)

(viét theo thy tu tir trai sang phai). Hay xde dinh gi4 tri cia m dé do dai
cic doan thdng AB, BC, CD la db dai ba canh cia mét tam gidc.
2.

. Giai phuong trinh tan (3)( - %j .tan(Bx + gj = SInX + COSX.

. Chitng minh riéng v4i moi m, hé phuong trinh sau luén ¢6 hai nghiém

phan biét:
x2+y* —4x-2y-4=0
mx+(l-m)y-3=0
3.

b3

2
. Tinh tich phan chos3—x.cos—)£dx
; 2 2

. Trong mét phéng véi hé toa d6 Oxy, cho tam gidc ABC biét phuong trinh

cac dudng thdng chifa cdc canh chGa tam gidc 1a
x-4=-0,3x-4y+36=0,4x+3y +23=0

Tim toa 46 tAm dudng tron nodi ti€p cia tam giac ABC.

4. Trong khong gian vdi hé toa d6 Oxyz, cho dudng thing A c6 phuong

trinh tham sé

x=1+2t
yv=-5+t
z=-15-2t

. Viét phuong trinh cGa miit cdu (S) ¢6 tam [(2; 3; -1) va cAt dudng thing A

tai hai diém A, B sao cho AB = 16.
Viét phuong trinh ciia mit phing (P) chda A va song song véi truc Oz.

Cau §.

1.
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logx _ 4|0£y

Giai hé phuong trinh:
P B {(4x)|og4 - (3y)1q;3

. Cho ba mat ciu (C)), (Cy), (C3) tam Oy, Oz, O3 va ¢6 bdn kinh ldn lugt la

Ri, Ry, Ra, chiing ti€p xiic ngoai v6i nhau timg déi mét. Qua mdi tiép diém
cla tifng cip mit cdu ta dyng mit phing tidp xic chung cia méi cip mat
cau ay.



a) Ching minh r3ing ba mat phing tiép xtc chung dé cing di qua mét diém I
12 tAm dugng tron ndi tiép cia tam gigc 0,0,0,.

b) Tinh khodng cach tir I tdi tiép diém cia mdi cap mat cau theo Ry, Ry Ry

Giai
Cau 1.

1. Khao sdt ham s v = x* — 2x* - 3 (déc gia tu giai).

2. Dua vao 44 thi ta dé thay, khi -4 < m < -3
thi dudng thing A cdt d6 thi (L) tai bdn
di€m phan biét.

3. Phuong trinh hoanh dé giac diém cia (L) va A:

X4 - 2)(2 -3=m
ox'-2x*-3-m=0()
Pat X = x* (X > 0), ta dugc phuong trinh
X4-2X-3-m=0(2).
Goi x4, Xy, X3, X4 l1An lugt 1a hoanh 4% cia
cac giao diém A, B, C, D thi x,, xu, X3, X4
la cdc nghiém cua phuong trinh (1). _ ;
V6i didu kién —4 < m < -3 thi phuong F\Z
trinh (2) c¢6 hai nghiém la -4
Xi=1- Vym+4 , X,=14+ Vm+4
Suyra x,=-JX, ‘xzz—\/X’,,x3= \/X—,,x4: \/X—z
Tacé AB =CD = x4 — x3, BC = x3 — x; = 2x3.

Chi y rang, didu kién d€ ba sé dudng a, b, ¢ 1a d6 dai ba canh clia mét
tam gidce la:

(L)

a+b>c
b+c>a
c+a>b
Do vay dé AB, BC, CD (trong d6 ¢6 AB = CD) la dé dai ba canh cua mét
tam gidc ta chi can diéu kién:
AB + CD > BC © 2CD > BC © 2(x4 -~ x;1 > 2x; & X4 > 2x4.
Hay JX, >2\[X—1 oX>4X, o1+ Jm+d >41 - Jm+4d)

3 9 91
S Vm+4 > — om+d> —om>—-—
5 25

25
o PN . 91
Két hgp vdi diéu kién -4 < m < -3 ta dudc “0s <m < 3.

Viy _3 <m < —3.
25
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Cau 2.

1. Xét phuong trinh tan [31( - %J .tan [3){ + %J = ginx + cosx (1)

2. Xét hé {

3x -2 2 L kn x#Z+kX

Piéu kién $ 2 L)t 8 ke
3x+2 2 Likn x= L kE
4 2 12 3

\ -
Pé y rang tan [3x - gJ .tan [Bx + %) _ fandx-1 tandx~1

1+tan3x 1- tan3x

Do 46 (1) & sinx + cosx = -1 & ﬁcos(x—%) =1 COS[X_B = —@

2

< X =1+ m2n hodc x = —% + m2n (nhan).
VAay phuong trinh da cho ¢6 hai ho nghiédm
x=n+m2nhoacx:—£ + m2% (m € Z)

x+y’ —4x-2y-4=0

mx+{1-my-3=0

Xét phuong trinh x* + y* — 4x — 2y - 4 = 0 (1)

e x-2¢+(y-12=9.

Do d6 phuong trinh (1) la phuong trinh cia dudng tron (C) tam I(2; 1) va
b4an kinh R = 3.

Phuong trinh mx + (1 - m)y — 3 = 0 (2) la phugng trinh cia mét dusng
thing, got dudng théng nay 1a A.

Taco (2o mx—-y)+y-3=0.

Phuong trinh nay nghiém ding v4i moi m khi va chi khi x =y = 3.

Suy ra, dudng théng A luén di qua diém c6 dinh A(3; 3).

DolA = J(3-2%+(3-1? = V5 < 3, nén diém A nim trong dudng tron
(C). Nhu vdy, dutng thidng A luén cit dudng trdn (C) tai hai diém phan
biét. Piéu nay tuong duong vdi hé phuong trinh da cho luén c6 hai
nghiém phan biét.

Cau 3.
1. Ta c¢é:

224

2
jxcosB—x.cosid,x =
o 2 2

. L
2

Ix(cost +cosx)dx =
0

1
2

[NH
[T S )

3
xcos2xdx + chosxdx
0



X

7
e Tinh fxcos2xdx
0

Pat u = x, dv = cos2xdx ta duge du = dx, v = %sian

3 - 2 z
chostdx = 5sin2 P11 %in2xdx =0+ lco.'s2)z{2 = 1
5 2 o 2 4 o 2

2
¢ Tinh jxcosxdx
0

Dat s = x, dt = cosxdx ta duge ds = dx, t = sinx

n

. 3
¥ 2 x
. 2 . n 2 X
IXCOSXdX = xsm:{ - ﬁmxdx = - + 003)4 = — -1
0 ] 0 2 0

wia |l

2 3x X i
Va — =—{(n - 3).
ay ijcos 5 cos—zdx 1 (n-3)

2. P& tim c4c dinh ctia tam gidc ABC ta lan lugt gidi c4c hé phuong trinh:
x-4=0 x=4
o
3x-4y+36=0 y =12
3x—-4y+36=0 - x=-8
4x+3y+23=0 y=3
Xx—-4=0 x=4
<
4x+3y+23=0 y =-13
Cic dinh ciua tam gide ABC la: A(4; 12), B(-8; 3), C(4; -13).
Trong tam gide ABC, ké phan gidc trong AM va trong tam gidc ABM ké

phén gidc trong Bl. Diém I 1a t&m dudng tron ndi tiép clia tam giac ABC.
AB

Ta c6 MB = - — MC
AC A
Trong d6 AB =15, AC =25
Suyra  MB = -2 MC
5 I
3
. _*8+g.4__z
M N T2 B M C
"5 7
Do d6 35 :M[_? —3]
3+5.(~13)
1+ -
5
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Ta cing c6 TA = -

2|

.IM. Véi BM = o

Suyra IA =-2IM

4+ 2{—2)
2 _—

Dodé M~ 779 "l oI-12).
124209
Y 142

Vay tdm dudng tron ndi tiép cha tam gide ABC la I(-1; 2).
Cau 4.

x=1+2t
Pudng thing A c6 phuong trinh tham s6 {y = -5+t
z2=-15-2t

1. Pudng thing A di qua diém M(1; -5; -15) c6 vecto chi phuong G = (2; 1; ~2).
Goi H 1a trung diém cia doan thing AB thi IH L AB va 1A = 8.
Ta c6 IMo = (-1; -8; —14) = [IMo, ii] = (30; -30; 15).
Suy ra |[IMo,i)| =45, |i| =3
45

Khodng cdch d tir [ ¢én dudng thdng A: d = 3 - 15

Da d6 ban kinh cia mat cdu (S)1a R = VIA® +d® = V8% +15° =17
Vay phuong trinh clia mat cdu (S) la: (x - 2)* + (y - 3)% + (z + 1)? = 289,
2. T gid thiét suy ra mit phing (P) di qua diédm My(1; -5; -15) va c6 vectd
phdp tuyén la:
f={d, kl=(1;-2;0) véi k =(0;0; 1)
Phuong trinh clia mat phdng (P):
Ix-1D)-2(y+5)=0=x-2y~-11=0
Céu 5.
Qlogx _ g logy
1. Xét hé phuong trinh
{(4){)"‘“ = (3y)*

Diukiégn: x>0vay> 0.
o 3P = 41°0¥ 5 Jogx.log3 = logy.logd < logx. log3 - logy.log4 = 0 (1)

o (4x)°% = (3y)8® =5 logd.log(4x) = log3.log(3y) 2)
(2) < log4.(logx + log4) = log3.(logy + log3)
o log4.logx — log3.logy = (log3)? — (log4)® 3)

Gidi hé (1) va (3), ta duge:
logx = —log4 va logy = —log3
1

1
Suyra:x= — vay= =,
yraxsygvway=g
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2. a) Ta goi:

b)

e M la ti€p diém cia (Cy), (Cy) va (o) 1a ti€p dién cta (C,), (Cy) tai M.
o N la tiép diém cia (C,), (C3) va (B) 1A tiép dién cia (C,), (C;) tai N.
o P 1a tiép di€m cia (C;), (Co) va (y) 1A ti€p dién cta (Cy), Cy) tai P.

Mit phdng (0,0,0:) 12 msit phidng

déi xing cia ba mit cau, nén cit (T,) (Ty)
ba mit cdu nay theo ba dudng trdn

16n (T,), (T9), (Ts) v6i céc tiép diém

12 M, N, P.

Cac mat phang (o), (B), (y) cdt mat

phing (0;0,0;) theo céc giao tuyén v)’
Ay, Az, Az ciing la céc tiép tuyén cia v
(Ty), (Ty), (T3), chiing déng quy tai

diém 1. Do cac dudng tron (T)),

(Ty), (T3) ti€p ngoai v6i nhau nén I

la tAm dudng tron ndi ti€p eda

AQ,0,0;.

Khodng cédch tit | dén mdi ti€p diém chinh 13 ban kinh dung trdn ndi
ti€p cia AO0,0,0;.

(Ts)

Taco S= 5550 =pr=>r= § Trong d6:
P

p:%{(Rl+R2)+(R2+Ra)+(R3+R1)]=R1+R2+R3‘

S= Jpp-a)Xp-bXp-¢) véip-a=p- (R, + Ry =R,,
p—b=R1,p—c=R2.

Dodé S = (R, +R, + R,)RR,R,

JR, +R, +R)RRR, [ RR,R,
R, +R, +R, " YR, +R, +R,

Vay khodng céch tir I dén mai tiép diém la r= _RiR,R, .
R, +R, + R,

Suyrar =
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DE 45

Céu 1,
1. Kh3o sdt su bién thién va vé 48 thi (C) ctia ham s&
y=fx)=x"-3x*-4 .
2. Viét phuong trinh cac ti€p tuyén cia (C) tai giao diém cha (C) v6i truc hoznh.
3. X4c dinh céac gid tri cia m dé phuong trinh sau
|x* - 3x* -4}l =m

¢6 sau nghiém phéan biét.

Chu 2,
1. Giai phuong trinh 3tan’ + 5 = 7 .
cosx
 a N 1 1
2. Gidi phuong trinh: — + =22,
X 1-x?
Cfiu 8.
% L]
1.Goi l, = Itan" xdx (n € N)
0

a) Tinh I, va L.
b) Tim mdt hé thic lién hé gigal, val,_;(n > 3)
1 1

<l <

2m+1) " 2n-1)
2. Trong mat phing véi he toa 43 Oxy, vi€t phuong trinh ti€p tuyén chung
ctia hai dudng tron (C): x> + y¥* —4x - 10y + 9=0
va(T): x> +y* - 10x + 8y + 36 = 0
Céau 4. Trong khang gian vdi hé toa 46 Oxyz, cho m#t cau (S):
x? + y* + 2° — 22 — 2 = 0 va hai dudng thdng A, A, ¢6 phuong trinh:

¢) Ching minh ring

x=5+t¢t x=-8-t¢t
Al sy =7+t LAy Jy=12+2t
z=-9+2t - z=t

Viét phuong trinh cia mat phdng ti€p xic vdi mat cdu (S) déng thdi song
song v6i ca hai dudng thlng A, va A,
Céu 8.
1. Giai bat phuong trinh: 3.25""*! — 152.15" + 5.9™*1 < ¢
2. Cho tu dién ABCD.
a) Chiing minh ring dé tén tai bdn mit cdu cé tAm A, B, C, D va tiép xic
véi nhau timg d6i mét, diu kién cdn va da la
AB + CD = AC + BD = AD + BC.
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b) Chitng té6 ring néu diéu kién trén dugc nghiém ding thi tdn tai mjt
mat cau tiép xic vdi tat cid sdu canh cia hinh tv dién.
Gidi
Cau 1.
1. Khao sat ham sé y = f(x) = x* - 3x? — 4 (doc gia tu giai)
2. Phuong trinh hoanh do giac diém cua (C) va truc hoanh:

=2
x*-3x*-4=00 {x
x=-2
Y4
Suy ra dd thi (C) cdt truc hoanh tai (C)
hai diém A(2; 0), B(-2; 0) 25

Ta ¢6 f (x) = 4x* — 6% 4

Suy ra £ (2) = 20, f '(-2) = 20 AN AER
Phuong trinh tiép tuyén cia (C) tai A(2; 0): \/
y = 20(x - 2) s
Phuong trinh ti€p tuyén cia (C) tai B(—2; 0):
y = -20(x + 2)
3. Xét phuong trinh [x* - 3x* — 4] = m (¥

Phuong trinh (*) la phuong trinh hoanh
do giao diém ciia d6 thi hai ham s§

= [x*-3x* -4/l (C)vay=m(D)
D4 thi (C;) cia ham s6 y = |x* — 3x® — 4| duge suy tu dé thi cia ham s&
y = x! — 3x* — 4 va ¢6 dang nhu hinh bén.
Dua vao d6 thi ta thiy ngay, phuong trinh (*) ¢6 sdu nghiém phén biét

khi va chi khi 4 < m < %

&
o] &
S
| G
[~
3

Chu 2.

1. Xét phuong trinh 3tan‘x + 5 = T (1)
cos x

Cx s T ..
Piéu kién x = 3 +kn, ke Z

Ta c6: (1) & 3(1 + tan®x) + 2 = .

cos X
3 2
<~ 5 +2= —— & 2co8°x — Tcosx +3=0
cos‘ x oS X
cosx = 3 (loai)
n
= 1 > x=t— +m2n(m e Z)
cosx:i 3

Vay phuong trinh da cho ¢6 hai ho nghiém: x = i—g +m2n (m e Z)
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2. Gidi phuong trinh: S+ — =22
x 1-x*

Piéu kién -1 <x <1

Patu= V1-x* > 0, ta dugc hé phuong trinh:
1 1
~+-=2J2 {x+u =2J2xu (1)

u (=]

X
2 +ut =1 xt+ut=1 (2)
2o x+ul-2xu=1 (3)
1
xu=§
Thé (1) va (3): 8(xu)? - 2xu-1=0 )
Xu=——
4

» Néu xu = % thi x + u= V2. Do d6 x, u 1a hai nghiém cia phuong trinh:

t? - \f2_t+%=0c>t= g(nghiemkép)

S = —
uy ra x 3
< 1. V2 Lo X
-Neuxu=—zth1x+u=——2—.Dodéx,ul&ha.lnghxémcuaphudngtnnh:
o V26B-1
t2+£t—lo 4
24 By
4
Suy ra x =—@ (nhfn)
Viy phuong trinh eé hai ngh‘iém: X = lg-z_—, X, = _ﬂ‘%}"’_ll_

Céu 3.

1. Xét tich phan [, = [tan” xdx (n € N*%)

[ Je— T

.
‘J-sin X
jcosx

ry "
a) «], = j'l;a.n xdx = dx = ~ In(cosx) E = %]nQ
0

ry x
* [y = tan’xdx:I(1+mzx~1)dx=(tam—x)|g= -
0

]

[SYm— ) ]

ud
4
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:
tan""? x tan® xdx = Itan“‘z x((1 + tan®x) - 1) dx

0

b) Ta vidt I, =

(=Y P—E ]

i
I, = ftan" 2xQ+tan?x)dx - I, .,
0

% 4 n-1 %
Ma Itan“'zx.(1+m2x)dx = [tan"?xd(tanx) = tan” x ¢ 1
0 0 n-1 0 n-1
1 1
Suyra: [, = — -1, sl +l, 2= (n23)
n-1 n-1
¢) Ta 43 chinmg minh I, + [,_, = 11 *
n_
Tacéx e [O; g]:Osxs % =>0<tanx <1

Do d6 0 < tan™x < tan™ ™ %x

Ding thitc chi xay ra khi x = 0 hoac x = E Thé nén taludncé I, <1, _,

1
o>l ——
n-1 2(n-1)

1
n-1

ol <l _2>2], <

ol <, 2 =>2],_ 5>

Thay n bling n + 2 ta duge 21, >
n+l

1
2n+1) " 2mn-D \
2.Crx®+y’-4x-10y+9=0va(T):x*+y* - 10x+8y +36=0
BPudng trdn (C) c6 tAm I;(2; 5) va bdn kinh R, = 2 J5
Duang trdn (T) ¢6 tAm 14(5; —4) va bén kinh R, = /5
Khodng cdch gitra hai tdm cua (C) va (T):
d=1Ll,=3J10 >R, + R,.
Nhu vay (C) va (T) ngoai nhau. Do d6 hai dudng tron nay c6 bdn ti&p
tuyén chung.
e Goi A 12 giao diém cha hai ti€p tuyén chung trong, ta cé:
AL = - =* AL = 24k

2

(n>3)

Vay

n

2+25
T
Toa dé cha A: A@4; -1
oa db caa _5+2_(_4)_-1: ( )
Ya 1+2
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Phuong trinh ctia dudng thidng A di qua A c6 dang:
ax-4)+b(y+1)=0cax+by-4a+b=0
Duting thidng A ti€p xuc vdi (C) va (T) khi va chi khi:
|a.2 + b.5 - 4a + b|
Ja? + b’

< |-a +3b| = J5.Va? +b?

< -4a’-6ab+4b? =0 < 2a’+3ab-2b* =0

dd,, A) = Ry & =25 (a®+b%«0)

a=1

a=-4

Suy ra phuong trinh hai ti€p tuyén chung trong cia (C) va (T) 1a:
X+2y-2=0,2x-y-9=0 (1)

¢ Goi B 1a giao diém cuta hai ti€p tuyén chung ngoai, ta cé:

Chob=2thiduqc:a2+3a—4=09[

B, - %rﬁz - 9Bl,

2-2.5
W =yg 8
Toa d5 cia B: - = B(8; -13)
-2 o
Yo =T g

Phuong trinh cia dudng théng (D) di qua B c6 dang:

alx—8)+ Py +13)=0 < ax + By — 8a + 13B = 0 (a® + B* 2 0)
Pudng thdng (D) tiép xic véi (C) va (T) khi va chi khi:
2+ p.5 - 8o +139) 28

d(l], (D)) = Rl =

\/012+B2
o |-3a+98] = V5. Ja® +p? <= a®-9ap +19p% =0
Chof=1thiduge a®-9a+19=0a = ging
Suy ra phuong trinh hai tiép tuyén chung ngoai caa (C) va (T) la:
9+2\/5x+y—_4\/§ ~23=0, 9_J§x+y+4\/§ -23=0 (2
Tém lai, c6 bon tiép tuyén chung cha (C) va (T) dinh béi (1) va (2).
x=5+t X=-8-t
Cau4. A;: <y=T+t vaAy; y=12+2t
2=-9+2t z=t

o Ta c6 (S): x* + y* + (z — 1)? = 3. Suy ra (8) ¢6 tam 1(0; 0; 1) va ban kinh
R= 3

¢ Céc dudng thdng A, va A; ¢6 vecto chi phuong trinh ldn lugt la
i =(1;1;2)va v =(-1;2; 1)
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Goi (P) 14 mat phdng song song vdi A; vA A, mét vectg phdp tuy&n cia
mat phdng (P) la:
A =[(4,v]=(-3;-3;3), i ciung phuong véi vecte ' =(1; 1; -1)
Phudng trinh cia mat phing (P)c6 dangx +y -z + D = 0.
Mat phdng (P) ti&ép xtic vdi mat cdu (S) khi va chi khi:
0+0-1
dL, Py =Re 120D 5 D =3Q{
12 +12 4 (-1)°
Vay phuong trinh cia mit phdng (P) la:
X+y-~2+4=0hodcx+y-2-2=0

D-4
D-=-2

Cfu 5.
1. Xét bat phuong trinh:
3.25™ ¢! _ 152.15™ + 5.9 *1 <0 (*)
B4t phuong trinh (*) tuong duong vdi b4t phuong trinh:

Ziny inx
75.5%" _ 159 5" glnx 45 3% < § o 75, (gj - 152, [gj +45<0

inx
batt = (gj (t > 0), ta duge bat phuong trinh: -

752~ 152t + 45 <0 ¢ = <t < 2
25 3
Inx
Suyrais(f’—] s§ c>—2slnxslc>32- <x<e
25 3

3 e
. . 1 /
Vay ddpséla — <x<e.
e

2. a) Goi ban kinh cdc mat cAu tAm A, B,
C, D 14n luot 13 R,, R, Ry, Ry.
Mat cau (A) tiép xic véi mat cdu (B),
(C), (D) tai H, 1, J; mit clu (B) tiép
xuc véi cdc mat cdu (C), (D) tai K, L;
hai mit cdu (C) va (D) ti€p xie vdi
nhau tai M.
Nhu viy ta cé6:
AB+CD=R,+R;+Rs+ Ry,
vAC+BD=R;+R;+ R, + R,
AD + BC=R; + Ry + Ry + R;.
Vay AB+CD=AC + BD=AD + BC (®»
Pao lai: Gia sk ¢6 diéu kién (*), ta sé chiitng minh c6 4 mit cdu bdn kinh
R, Ry, R;, Ry saocho R, + R, = AB, R; + R; = BC, R; + R, = AC,
Ri+R(=AD,R; + Rg =BD, Rz + R, = CD.
That vay, ta xét cde s6 Ry, Ry, Rs, R, xde dinh nhu sau:

233



b) Tir cdc k&t qua trén ta suy ra K, L, M 1a tiép

234

AB + AC~-BC AB+BC- AC
“‘"‘aR‘Z="*"—,

2 2

M va R, = AD - R,.

2
Ta c6 R, = AD— R, = AD - 2B+AC-BC _ 2AD - AB- AC + BC

It

R,

Rq

1}

2 - 2
AD + (AD + BC) - (AB + AC)
Ry = 5
_ AD+(AB+CD)-(AB+AC) _ AD+CD-AC
- 2 - 2

Nhu vy cédce s6 Ry, Ro, Rs, R4 duge xdc dinh nhu trén déu 1A cac s& duong.
Ta dé thay: Ry + R, = AB,R, + Ry =BC,R; + R, = AC, R, + Ry = AD
Mat khéctacé: R, + Ry = -A—ll]?’zg_——ég + &%ﬂ

- 1 [(AB + CD) + (AD + BC) - 2AC]

— N

R+ Ry = 3 [2(AC + BD) - 2AC] = BD

Chitng minh tuong tu: Ry + Ry = CD
Do d6 cidc mat cdu tam A, B, C, D ¢6 ban kinh Ry, R, Rj, Ry tiép xic véi
nhau tung déi mét.

Vay bai todn duge chlmg minh,

diém cia dudng tron ni tiép trong ABCD
ti&p xuc vdi cdc canh clia tam gidc nay.
Goi A;. B, 1a tim dudmg tron ndi tiép cic
tam giac BCD va ACD, ta cé:
CD L AJM va CD 1 B;M nén CD 1 (A;BM).
Qua A, ké duong thidng A, vudng géc vdi
mat phidng (BCD) va qua B, dung dudng
thdng A, vudng géc vdi mit phdng (ACD).
Hai dudng théng Ay v A; cung ndm trong mat phing (A;B;M) nén chung
cit nhau. Goi O 12 giao diém clia A, va A,
Do AIK=AM=ALnén OK=0M=0L

B,I = BJ\M = B,J nén Ol = OM = OJ
Suy ra OK = OM = OL = Ol = OJ. Nhu thé diém O cach déu cdc canh BC,
CD, BD, AC, AD.
Do 46 ton tai mat cdu (O) tam O tiép xic véi 5 canh BC, CD, BD, AC, AD.
Lap luan tuong tu véi hai tam gidc BCD va ABC thi tdn tai mat c4u (O)
tam O tiép xic v6i BC, CD, BD, AB, ACtai K, M, L, I, H.
R6 rang hai mét ciu (O) va (O') bing nhau. (vi cing qua 4 di€fm K, M, L, 1)
Vay tén tai mét mat cdu ti€p xdc véi 6 canh ctia t& dién ABCD.
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